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Abstract— In this work, we propose novel families of space- side practically infeasible. This motivates the consinrcf
time (ST) block codes that can be associated with impulse réaal  new families of totally-real ST coding schemes.

ultra-wideband (IR-UWB) communication systems. The carrer- Given the high multi-path diversity offered by the UWB

less nature of this nonconventional totally-real transmision h Is. th tility of dditi | tial di "
technique necessitates the construction of new suitable ding channeis, the utility of an additional spatial diversity yna

schemes. In fact, the last generation of complex-valued Sodes D€ questionable. The benefits of merging multi-antenna-tech
(namely the perfect codes) can not be associated with IR-UWB niques with UWB systems over realistic indoor channels [8]
systems where the phase reconstitution at the receiver side was outlined in different contributions [3], [4], [9]. Desp
practically infeasible. On the other hand, while the perfet codes ihe high frequency selectivity of the UWB channels, profjtin

were considered mainly with QAM and HEX constellations, f lti-oath di it itat Rak verdh wit
IR-UWB systems are often associated with PPM and hybrid rom muiti-pa IVersity necessilales Rake receiversnwi

PPM-PAM constellations. In this paper, instead of adoptingthe  Very high orders. This follows from the very important delay
classical approach of constructing ST codes over infinite fids spread of these channels. In this context, the additioraiadp
(Z[i) or Z[j] for the perfect codes), we study the possibility degree of freedom can result in higher performance levels,
of constructing modulation-specific codes that are excluge to multiplexing gains and communication ranges. Given the low

PPM and PPM-PAM. The proposed full-rate codes are totally- dmissible t - | Is | d by th .
real, information-lossless and have a uniform average engy per admissible fransmission Ievels imposed Dy the various nor-

transmit antenna. They permit to achieve a full diversity oder ~Malization organizations all over the world [10], the lasimi
with any number of transmit antennas. In some situations, tee can be very critical for UWB systems. In this context, multi-
proposed schemes have an optimal non-vanishing coding gainantenna UWB systems can be one solution to the growing

and satisfy all the construction constraints of the perfectcodes yamand of a wide variety of indoor wireless applications for
in addition to the constraint of being totally-real. Simulations high-rate reliable communications

performed over realistic indoor UWB channels showed that tle

proposed schemes outperform the best-known codes constted One possible solution for constructing full rate, fully eirge

from cyclic division algebras. and totally-real ST codes is the application of the consimac
Index Terms— UWB, Space-Time, MIMO, PPM, PAM, PPAM, procedures that were adopted for constructing the lastrgene

modulation-specific codes. ation of ST codes [1], [6], [7]. In particular, cyclic divisn

algebras (CDA) [11]-[15] are appealing because they r@sult
a systematic code design. Moreover, the best known codes are

based on CDA. Designate ¥ the infinite extension of the

The. Iit_erature of space-t.ime. (ST) COdi”Q is huge. How,evetl:ansmitted constellation (for examplke = Q for PAM and
associating ST coding with impulse radio (IR) UWB is g _ Q(i) for QAM). The construction ofv x n codewords

recent and chqllenging f‘?seafCh area _[2]_[5]' This ap!hroaé:aus for the choice of a cyclic field extensid®/F of degree
can be a candidate solution for very high data rate erele7§s\,\/r]c)se Galois group is given b@al(K/F) = (o) with

persongl area networks (WPANSs). However, an ad(_j|t|0n9h — 1. Elements of the cyclic algebrd(K /F, #,~) have the
constraint related to the nature of the totally-real cafiess following matrix representation:

transmissions must be added. Because of this constraet, th
best known ST codes (namely the golden code [6] and theC(ky, ... k, ) =

I. INTRODUCTION AND PROBLEM FORMULATION

perfect codes [1], [7]) that can be associated with all naro ko ey o .

band and wide-band CDMA and OFDM systems can not vo(kn1) (ko) . o (kn_2)

be applied with this nonconventional transmission techaiq _ . . _ (1)
While phase rotations can be exploited in order to achiege th : " " :

transmit diversity in conventional narrow-band and wida yo k1) oo yo" Hkno1) o™ (ko)

systems, the very large bandwidth occupied by the trareuhitRNhere ko,...,kn_1 € K. ~ is chosen such that there is no
UWB pulses renders the phase reconstitution at the receiygr . nt inK ;/vrTose norm is equal to* fort = 1,...,n — 1.
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When~, ay,...,a,2 € Op (the ring of integers off), then with lower complexity [16]. This constellation is given by:
the resulting code has a non-vanishing determinant [13]. [1
Designate byG the n x n lattice generator matrix whose C={(2m' —1—M')emq1; m' =1,....M";
(i,4)-th element is equal to'~*(¢’~1). The perfect codes are m=0,...,M—1} (3)
based on CDAs and they verify a large number of interesting
properties: wheree,, is them-th column of theM x M identity matrix

« They achieve full rate and full diversity. Iy . C entails PPM and PAM as special cases.

« They have the best known non-vanishing coding gains. Equation (1) can be readily applied with PPM-PAM. In this

« They do not introduce any shaping lossési¢ unitary). case, the scalarg,, ..., a,: in eq. (2) are replaced by/-

« They are information lossless. dimensional vectors taken frothin eq. (3). In this case, the

« They are energy efficient codes that have a constditdeword in eq. (1) becomesmd/ x n matrix whose((n' —

average transmit energy per antenpg & 1). M + m, n’)-th entry corresponds to the_ amplitude of the

For example, the last property was verified by choosir@"se (if any) transmitted at thes-th _posmon of then’-th
v = iin [6] andy = % in [7] wherea + ib is a non- antenna during the”-th symbol durathn forn = 1,....,M
norm element in the considered field extension. This prgpefnd "/_7 n"ed{l,..., ”} Suppose that is an algebraic non-
results in important performance gains. In fact, whein= 1, NOrm integer and designate by, andday, - the coding gain
the different layers of the codeword given in eq. (1) ar@f €d. (1) overQ and overM-PPM-M’-PAM constellations
equally protected against the error events (even ST codggpectively, then it was proven in [5] that:
that do not have a non-vanishing det_erminant were based on Ady, © M =1,YM'
transcendental numbers whose magnitudes are equifil £). Ay = { 9. : M>1YM (4)

For IR-UWB, ~ can not be a complex number. In fact, when
~ is complex, it corresponds to a phase rotation. On the othedn Fig. 1, we plot a 3-PPM-4-PAM constellation and a 3-
hand, the transmitted UWB pulses occupy a bandwidth tHéimensional extension of the 4-PAM (which, for example,
extends over several GHz. Consequently, applying a ph#&sgresponds to the constellation transmitted in the case of
rotation (whose value is given by) on one frequency com- spatial multiplexing with 3 transmit antennas). This figure
ponent will not result in the same phase rotation on anothgftows the degree of sparsity and the non-linearity of the PPM
component (given that these components can be separatedl)! constellations. This particular structure can be ferth
several GHz). In other words, a phase rotatioryofan not exploited in order to leverage the performance of the emzpdi
be applied simultaneously on the different components ef ticheme.
spectrum without dividing this band into several smalleép-su  In this work, instead of adopting the classical approach of
bands and applying the rotation in each one of them. Sinee thpnstructing ST codes over infinite fieldZ {n the totally-
approach contradicts the nature of the time domain IR-UwBal case), we profit from the particular structure of the PPM
transmissions, we conclude that IR-UWB-specific codes mU3M constellations in order to construct new coding schemes
be totally-real. suitable for these modulations. The proposed schemes are

For totally-real codes that can be used in conjunction wignergy-efficient, information-lossless and they intraeum
IR-UWB, ~, F andK must be real. However, for totally-realshaping losses. However, unlike codes from CDA that can
constructions, energy efficiency can be obtained uniqugly be associated with any PPM, PAM or hybrid PPM-PAM
choosingy = +1. This shows the non-existence of totally-rea¢onstellation, the new codes are exclusive Mo6PPM-M'-
energy-efficient codes based on CDAs fop 3 sincey? =1 PAM constellations for specific values 1. Finally, we show
is always a norm. Fon = 2, energy efficiency comes at thethat for certain values of\/, it is possible to construct ST
expense of shaping losses and vice versa (whea —1 is codes that satisfy all the construction constraints of #régat
not a norm inkK, the generator matrix; can not be unitary codes in addition to the constraint of being totally-reahigt
and vice versa [5]). was impossible with codes from CDA for all constellations).

Moreover, choosingy| # 1 results in energy-unbalancedA fresh look is provided on the construction of PPM-PAM-
codes that do not have a uniform average energy per transsfiecific codes. The additional degree of freedom that sesult
antenna resulting in performance losses. For example,2 from the non-linearity of PPM-PAM constellations is exjpéul
results in a non-vanishing determinant whg€ns the maximal in order to overcome the constraint of having totally-real
real subfield of the cyclotomic field with € {2,...,6} [5]. transmissions. The new modulation-specific codes show the
However, even though this choice maximizes the coding gdiest known performance among the existing Space-Time (ST)
with n € {2,3}, the resulting coding gain is only a fractionUWB schemes. It turns out that constructing modulation-
of the coding gain achieved by the perfect codes [5]. specific codes might be more beneficial than the extension

On the other hand, IR-UWB is used in conjunction wittof modulation-nonspecific codes to PPM-PAM constellations
pulse amplitude modulation (PAM) and (or) pulse position Note that energy balanced schemes that are based on CDAs
modulation (PPM). In what follows, we use hybrid-PPM- were proposed in [5]. However, unlike these schemes that
M'-PAM constellations where the amplitude of the pulstake advantage of the pulse repetitions in Time-Hopping
transmitted during each position can takg possible values. UWB (TH-UWB) in order to introduce inter-pulse coding
This modulation scheme is appealing since it takes advantag joint inter-symbol and inter-pulse coding and balance th
of the high temporal resolution to deliver higher data ratésansmitted codewords, the codes that we propose in thik wor



* eq. 3) forp =1,...,Pandm = 0,...,M — 1. In other
words, A, = [ap0, - - - ,ap,A,f,l]T € C is composed of\/ — 1
zero values and one component that belongs toMHeary
PAM constellationaw(t) is the monocycle pulse waveform of
N * durationT,, normalized to have unit energW,; pulses are
used to convey each information symbol. Each one of these
pulses is emitted during one time frame of duratibp
is the modulation delay and is chosen to verfy> T,,. In
* * what follows, we suppose th&t; is larger than the channel
delay spread and, consequently, the considered system does
not suffer from inter frame interference (IFI) or inter syohb
interference (ISI). The normalization factéris introduced in
order to insure that the total transmitted energy is the sasne
in the single-antenna case.

Fig. 1.  The 3-PPM4-PAM constellation (in filled circles). The stars Note that eq. (6) models the TH-UWB systems that do not
corresponds to 44—PAM}? constellation. employ any kind of inter-pulse coding. In other words, fkig
pulses used to convey each information symbol have the same
amplitudes and the same modulation positions. It also nsodel
consequently they can be used with very high data rate TB'ﬂlsehrlgge?i?i?nS(tlj iyi;.ems that do not employ any kind of
UWB systems).

The rest of the paper is organized as follows. In section The signal received at theth antenna is given by:
Il, we present the system model of multi-antenna TH-UWB
systems. The two families of modulation-specific codes are

1%

can be applied even in the absence of pulse repetitions (

presented in section Il and section IV. The proposed codes a P
comparisons with the ST codes from CDAs in section V. SimZa(t) = Z sp(t) * ga.p(t — q.p) + nq(t) )
ulations over realistic indoor UWB channels are represkente p=1
in section VI while section VII concludes. 1 N 1M1

Notations. I,,x, denotes the firsin columns of then x = PN, Z Z ap,mhgp(t — Ty —ms) + ng(t)
n identity matrix I,,. 1,,x, and 0,,x, correspond to the p=1 n=0 m=0
m X n matrices whose elements are all equal to 1 and 0 )

respectively.0,, stands for then-dimensional vector whose

components are equal to zerostands for convolutiony for ) ) o

the Kronecker product ang{.) for the Dirac delta functionQ Wheren,(t) is the noise at the-th antenna which is supposed
denotes the field of rational numbers. The functiopsdand © be real AWGN with double sided spectral density,/2.
Trk /o denote the norm and trace of an element in the fie.»(t) stands for the impulse response of the frequency
extensionK/Q. diag X1, ...,X,) corresponds to stackmgselectlve channel between thpeth transmit antenna and the
the corresponding matrices on the principal diagonal(¥gc ¢-th receive antennas,,, corresponds to the time delay of

stands for stacking the columns of the matiixvertically. ~ the first arriving multi-path component qf, , (¢). In fact,
given the very small duration of the transmitted pulses, the

propagation delays introduced by the spacing of the elesnent

of the transmit or receive antenna arrays can be comparable
Consider a single-user multi-antenna TH-UWB system witfjith respect tdl’,,. These additional delays are calculated with

P transmit antennas an@ receive antennas. The antennas Ggspect to the first arriving ray. In other wordsin,, ,(c,,) =

the same user will share the same TH sequence, and sipcgn what follows, we fixh, ,(t) = w(t) * ggp(t — q.p)

multiple access interference is not considered in this wolignplying that the receiver is synchronized to the first multi

no reference to the TH sequence will be made hereafter. Th&h component between the transmit and the receive arrays.
signal transmitted from thg-th antenna can be expressed as:

Il. SYSTEM MODEL

In UWB systems, the interaction between the very short

1 Nyl pulses is limited resulting in better immunity against rault
sp(t) = 7W% Z w(t —nTy — dpo) (5) path fading. However, profiting from the multi-path divéysi
n=0 might necessitate the implementation of very high ordereRak
1 Negtmd receivers given the very large delay spread of the UWB
= \/P—Nj Z Z ap,mw(t —nTy —mb) (6) channels. In practice, TH-UWB systems are associated with
n=0 m=0 receivers having a limited number of Rake fingers. Consider

where a, and d, stand for the amplitude and the positiorthe case of alL-th order partial Rake (PRake) receiver that
of the symbol transmitted from the-th transmit antenna. combines thd. first arriving multi-path components [17]. Des-
apm = apd(d, — m) is the (m + 1)-th component of the ignate byA,; the delay of thé-th finger forl = 0,..., L—1. At

M-dimensional vectord,, that belongs to the sét given in the receiver sidel) LM decision variables are collected during



each symbol duration. These decision variables are given by Ill. CONSTRUCTION1: ACHIEVING FULL TRANSMIT
DIVERSITY VIA POSITION PERMUTATION

NyTy
Yglom = / 74 (£) W1, 1m0t For M-PPM-M’-PAM with n transmit antennas, the
0 minimal-delay codewords are given by:
[N; o~ k k k k
— /L ;o , —m’ 0 1 2 n—1
=\ /Zﬂ 2 Ay T (M —m')0 + ) + ngim Qo (k1) o (ko) (k) o)
S @ O=|n2) 90 buy) )l
where the reference signal is given by: anil(k,l) anil(;@) o anfl('kwl) Unfl'(ko)
(14
_ N1 where:
Wy, = Z w(t —nTy — A —mo) (20) .
n=0 k; = Z am-+j+16'j S OHIg ;oa,...,ap2 €C (15)
Equation (9) follows from the condition of no IFI and no ISl J=0
andrg (1) = fOTf hq,p(t)w(t —7)dt. The correlation between In comparison with eq. (1), the non-norm scalais replaced
the zero-mean noise terms is given by: by the M x M permutation matriX) given by:
NN, o .- . 0 17
B (g, mng ] = == (A1~ Ay + (m—m')8) b(g—q') 1 0 - 00
(11) L
wherey, (1) = [ w(t)w(t —7)dt. From eq. (11), it follows Q=10 1 - o (16)
that choosing\; = IMT,, forl =0, ..., L—1 results in white N
Gaussian noise terms singg (kT,,) = 6(k). In what follows, 0 --- 0 1 0

the multiplying factorNy will be removed from eq. (9) and , . .
eq. (11) since it has no impact on the signal to noise ratio. In!t ¢an be directly seen that the code in eq. (14) is not fully-
the same way, the multiplying factd? can be removed from diverse with PAM constellationsM{ = 1) since in this case
eq. (9) and included in the noise variance. eg. (14) corresponds to the code constructed from CDAs with

For a P x T space-time code, eq. (9) can be written ift = =1 which is not a non-norm element.
matrix form as: o
A. Diversity Order

Proposition 3.1: Forn transmit antennas, the association of
whereY and N are QLM x T matrices corresponding tothe codewords given in eq. (14) with the permutation matrix
the decision variables and the noise terms respecti¢glis  given in eq. (16) permits to achieve full transmit diversitigh
the PM x T codeword whosg(p — 1)M + m,t)-th entry M-PPM-M'-PAM constellations for all values af/” and for
corresponds to the amplitude of the pulse (if any) trangmhitt M/ > 2n — 1 or for the values ofM verifying (M) > n
at the m-th position of thep-th antenna during the-th wherey(.) stands for Euler’s function.
symbol duration forp = 1,....,P, m = 1,...,M and For example, the proposed scheme achieves full diversity
t=1,....,7.R= R --- RE|" istheQLM x PM channel with M-PPM-M’-PAM constellations for all values df/" and
matrix. R, = [RT, -~ RT, |7 is a LM x PM matrix for M >3, M > 5 {M =5M > 7}, {M =7,M > 9}
corresponding to the-th receive antenna fof = 1,...,Q. and{M = 7,9, M > 11} with n = 2, 3, 4, 5 and6 transmit
Ry1=[Rg11 - RyiplisaM x PMforl=0,...,L—1. antennas respectively.
Finally, R,,, is a M x M matrix forp = 1,...,P. The Proof: In order to get more insights on the properties of the
(m,m')-th element ofR, ,,; corresponds to the impact of theProposed code, we next present the proof of Proposition 3.1
signal transmitted during the’-th position of thep-th antenna With n = 2. The proof forn > 2'is given in Appendix I.
on them-th correlator placed after theth Rake finger of the ~ Designate byAC' (X, X5) the difference between any two
g-th receive antenna: codewords given in eq. (14):

Y =RC + N (12)

X1 Xo
QU(XQ) U(Xl)

Notice that increasing the spectral efficiency of the tranghereC andC’ are the codewords associated with the vector
mitted constellation by increasing the value &f results in pairs (ko, k1) and (k, k7) respectively wherékg, kg, k1, k7
high receiver complexity since the number of matched filteege M -dimensional vectors whose structure verifies eq. (15).
in eq. (10) is increased. However, this additional compyeisi X1 = ko — k{, and X, = k; — k] belong to the setd given
associated with better performance (measured by the azhieby:
symbol error rate in this case). On the other hand, incrgasin , , , , M
tge value of M’ results in iinportant performance Iogses A={la-a)+ (=)0 | a,a,bbeCHC O (18)
without an additional increase in the number of matcheddiltewhereC stands for theM/-PPM-)M’-PAM constellation given
deployed at the receiver. in eq. (3).

Ry pi(m,m') = rqp((m —m')0 + Ar) (13) AC(Xy, Xp) =C = C' = (17)



We will now show that all non-zero vector couples;, X») Since N¢/g(k) € Q, eq. (23) implies thatXy i, ..., X1 m
that result in a rank deficient matridAC(X;, X2) do not (and in an equivalent mannéXs 1, ..., X2 ps) must belong
belong to the setd given in eq. (18) for all values oM’. simultaneously to one of the following sefs, 0Z* or O'k.
In other words, according to the rank criterion given in [18] Following from the structure ofd in eq. (18), a maximum
full transmit diversity is achieved with\/-PPM-M'-PAM  number of two components oX; (or X3) can contain an
constellations if: integer or an integral multiple of. For M = 2, eq. (23) does

o 2 not contradict the structure ofl implying that the proposed
rank(AC(X1, Xz)) =2 ; V (X1, X3) € A2\{(Onr, OA,I()l}g) code is not fully diverse with/ — 2. Designate by,. ... v,

where 0, is the M-dimensional all-zero vector. In what®"Y four elements of thé/’-PAM constellation and by and

follows, AC(X1, X») will be referred to asAC' when there 7 WO Integers verifyingi, j € {1,2} andi # j. From eq.

1 * . N
is no ambiguity. Denote by ,,, the m-th component of the (18)’, both entries ofX, can belong taZ* whenb = b’ and
vector X; for i = 1,2 andm _ 1. M. (a,a") = (x1€;, 22¢5) (em IS them-th column of ;). In the

H * —
Proposition: if 3, m | X;., = 0 then rankAC(X1, X2)) = same W:';\y, both entries df_l can belong t@Z* whena = a
2 unlessX; = Xy = 0y and(b,b’) = (z1e;, z2€;). Finally, X; ; and X, » can both be

Proof : Designate byr the cyclic permutation given by: in Ok when X, takes the formX, = (a1 +0z2)e; + (23 +

. . ) 6‘164)6.7'.
m(@) =i mod (M)+1;i=1,....M (200 ForM =3, whenX,,, #0form =1,....M, X; €
7 defines a bijection ovef1,...,M} where r—1(i) = ‘A implies thatX; must belong to the set of all possible

i—2 mod (M)+1fori=1,...,M. The2M x 2 matrix Permutations of:

AC(X1,X>2) can be written as: : A — {[xl’x%xge];p’ [x17x297x39]T [0, 220, 73 +$49]T}
Xip 0 Xam o(Xor1y) 0 o(Xoxan) (24)
Xo1 - Xowm o(Xi1) o(X1.m) wherezxy,...,x4 € Z*. Therefore, a maximum number of

_ 21) components ofX; can be inZ* (or #Z*) at the same time
Suppose thatX,,, = 0 for a given value ofm. When whjle only one component can belong @'x. This is in

ranKAC) < 2, the two columns ofAC' have the same contradiction with eq. (23) which proves that the proposed
direction. Therefore, considering the fir8f rows of AC, code is fully diverse for/ = 3.

Xim = 0 = Xom = 0. Now we haveo(Xym) = 0 For M = 4, a vectorX; € A occupies four positions
(since X, = 0 and {1,60} is an integral basis o®k). without having any zero entry only if it is a permutation oéth
Considering the last\ rows of AC, o(X2m) = 0 = vector(zye; + 0260 + 3¢5 + 024¢4). This implies that there

0(X1,n(m)) = 0 = X1 x(m) = 0. Starting the same procedureare two components of; that belong tdZ* while the other 2
again withr(m) rather thann, we conclude by iteration that components belong t#*. Such vectors do not verify eq. (23)

Xim = Xinim) = - = Xy zm-1) = 0 and Xz,m = and, consequently, they do not result in rank deficient redri
Xor(m) =+ = Xoza-1() = 0 Xy = Xy = 0y SINCE  AC. Considering the last lemma and the cadés= 3 and

7 defines a bijection ovefl,..., M}. The same proof holds p7 — 4, we conclude that the proposed code achieves full
if 3m|Xsn = 0. diversity forn = 2, M > 3 andVM’.

Lemma: Forn = 2 transmit antennas, the code in eq. (14) For the general values of, the reader is referred to
achieves full diversity withA/-PPM-M"-PAM constellations Appendix I.

for M > 4 and for all values of\/’.

Proof: From the definition of4 in eq. (18),X; and X, are g Coding Gain
linear combinations of any four columns of théx M identity . . _ .
matrix I;. Therefore forM > 4, X; and X, each have at . Designate byda,y- the coding gain of the code given

) i o :
least one zero component resulting in full rank as shown gﬁ €q. (14) with M-PPM-M I.DAM -con§tellat|ons. we h;';\ve
the last proposition. N.M > O, for N > M since in this caseV-PPM-M'-

We must now verify thatAC has a full rank when all P’g':\/l/l ;\S/[f)gfli;'eq bylad(:ing nter\]/v ditrrr:enrs]ions to th<e(;niML
of its components are different from zero. In this case, "~ signal set. On the other hangh v- < du,m/

/ / H / H /
Xty Xom € O = Z* @ Z* & O'y for all values ofm or N’ > M’ since M’-PAM is a subset ofN’-PAM for

) S | .
whereO'x — {a+b0 | a,b € Z*}. When all the componentsN > M'’. Therefore, unlike the QAM constellations where

of AC are different from zero, rafidC) < 2 implies that; an increase in the spectral efficiency results in a possible
’ " reduction in the coding gain, the coding gain and the spectra

Xon _  _ Xowm _ efficiency of the hybrid PPM-PAM constellations can be

X1 Xi,m increased by increasing the dimensionality of the consiuler
o(X1,1) o(X1.m) b (22 constellation. Therefore, we can argue that far >> 1,
o(Xom11)) o o(Xor1an)) (22) dm,m keeps the same value for all values 8f’. This

follows from the fact that the multiplication by the matrix

Q simply permutes the coordinates of the information vectors

over the M -dimensional signal subspace without introducing

Xi1= (NK/@(l{))MH_m Xim ; m=M,M—1,...,2 any constellation expansion. Formally speaking, the psedo
(23) code verifies the following property:

wherek is any element ofK. After some manipulations, eq.
(22) becomes:



Proposition 3.2: For a system equipped with transmit such that = % and N’ is an integer that is relatively prime
antennas with\/-PPM-M’-PAM constellations, eq. (14) haswith N verifying o(N') > 2n.
a non-vanishing determinant fav/ > n? and for all values  Proof: The proof is provided in Appendix IV.

of M'. In order to have more insights on the properties of the
The proof is provided in Appendix II. constructed code, we further investigate the case M = 2
and N = 5. In this case,N’ can be chosen to verify
C. Shaping and Information Losses proposition 4.1 {V' = 7 for example). However, for this

In order to verify the shaping constraint, the basi%ﬂizl?L;ﬁ?fhvzzkzntﬁ;i\éﬁ;\?ﬁ fufl(l)rdngv.ersny can be actiieve
{1,0,...,6" 1} in eq. (14) can be replaced by a new ortho- 9 '

normal basis{v;}_,. In this case, eq. (14) takes the general | 0 1
i=1 Q= (28)
form: -1 0
n-t . As in eq. (17), denote bAC' the difference between two
H T T T i !
C= Z Diag (M @ Inr)[ani1 -+ afit1yn ] ) A (25)  codewords. Fonf — n — 2 and for( verifying eq. (28),AC
=0 can be expressed as:
For a nM-dimensional vector X, DiagX) = T
diag([X;--- X,]) where X; is the M-dimensional AC — [ X1 Xi2 0(Xp2) —0(X2a) ] (29)
vector composed of thej-th components of X for Xon Xpp o(X11)  o(X1p)

jo= (G —-—1)M+1,....iM wherei € {1,...,n}. The  A(C is rank deficient ifAC, = kAC; for a certain value
(i,4)-th element of M is equal too"~'(v;) and A is the | ¢ K whereAC; is thei-th column of AC. This results in:

nM x nM matrix given by: B _ 9 2 2
X271 = le,l = kU(k)XQ,Q =k O'(k)XLQ =—k (O’(k)) Xg,l

Onrx M I oo Omxm 5
: 0 - : == (NK/Q(k)) X21 (30)
A= ' MM ' (26) 9 o . .
: . (14 (Ng/g(k))?)X2,1 = 0 implies thatX, ; = 0 sincek is
OMQXM Onrens oo OJ{I]Z]VI real. From the first row oAAC, ranKAC) < 2 and X5 ; =0

= X1,1 = 0. Considering the third row ofAC, this implies
Concerning the choice of the bagis; };_,, the orthonormal that X, , = 0 which further results inX; , = 0 from the
basis constructed in [5] can be readily used for all values.of |inear dependence between the elements of the second row of
In the same wayM can be any fully diverse rotation matrixAcC. Therefore, only the all-zero matrix is rank-deficient and

[19], [20]. the code is fully diverse for all values aff’.

Proposition 3.3: The code given in eq. (25) is information For the special case @&PPM constellations/ = 2 and
lossless for all values af. M’ = 1), the following proposition holds:

The proof follows from the fact the bas{s; }i_, is ortho-  proposition 4.2: If ) has the structure given in eq. (28),
normal and that the matrik is unitary. A detailed proof is then the code is fully diverse wit2-PPM constellations and
provided in Appendix Ill. for all values ofn.

Proof: Designate byA4 the set whose elements consist of
IV. CONSTRUCTIONZ2: ACHIEVING FULL TRANSMIT the difference between twd/-dimensional vectors having the
DIVERSITY VIA POSITION COMBINING structure given in eq. (15). In other words:

In this section, we propose the construction of a new family n—1
of ST codes forM-PPM-M’-PAM constellations with the 4 = {Z(“i —al)0" ; ag,al,...,an_1,a,_, €C} (31)
values of M spanning intervals that are potentially different i—0

from the ones given in propositi(_)n 3.1. In particular, thﬁ/_herec stands for the PPM-PAM signal set. For binary
proposed codes can be applied with any number of transisb, constellations¢ = {[1 0]7,[0 1]7}. Following from

antenngs _for a}ll even values @ff. In order to achieve full this structure ofC, an elementd of A can be written as
transmit diversity with these values 81, we propose to keep 4 _ la — a|T wherea € K. For example, withn = 2

the same structure of the codewords (as in eq. (14)) and to fipd,smit antennas, consider the following matrix:
an appropriate structure of the x M matrix 2 that permits
to achieve this diversity order. For a given number of traihsm Qg0 1 e 1+0 1-0 32)
antennas{? is constructed as follows: 0 -1 -6 —-1-6 -1+96

Proposition 4.1: Forn transmit antennas, consider the codghen, the elements ofl are equal to the columns of the above
given in eq. (14) constructed ov&t(#) with 6 = 2cos(2wﬂ) matrix multiplied by-=1.
and o(N) = 2n (the maximal real subfield of the cyclotomic |5 Appendix V, we show that this particular structure of
M'-PAM constellations for all values of/" and for even matricesAC' and for all values ofn. Note that for binary
values of M if: PPM, full diversity can be achieved with the values ©f
cos(f')  sin(8) 27) respecting proposition 4.1 or witd as in eq. (28). It is better

Q=Tu; @ —sin(0") cos(¢) to choose the matrix form given in eq. (28) because in this



case the multiplication by2 does not result in an additional

constellation extension. Moreover, this choice{bfesults in

an additional advantage stated in the next proposition.
Proposition 4.3: If  has the structure given in eq. (28),

then the code proposed in eq. (14) and the perfect codes [1]

have the same coding gain withPPM constellations and for
all values ofn.
Proof: The proof is given in Appendix VI.

As in section llI, the basi{1,...,6"~1} can be replaced
by an orthonormal basis resulting in information losslesd a

shaping efficient codes obtained from the association of eq.

(25) with the values of) given in eq. (27) or eq. (28). The
proof is similar to the one given in Appendix Ill.

Finally, combining the constructions proposed in thisisect
and in section Il permits to achieve full transmit diveysitith
M-PPM-M'-PAM constellations for all values aoff’ and for
M >2,{M >2M+# 3}, {M >2,M # 3}, {M >
2, M # 3,5} and{M > 2, M # 3,5} with n = 2, 3, 4,

are known in the case of Gaussian random matrices,
the channel matrices characterizing the propagation of
UWB signals (in eq. (12)) do not lend themselves to
an analytical solution. Second, because it was proven
in [9] that an infinite diversity order can be reached for
asymptotic values of the SNR even with single-antenna
systems. Over the UWB channels, the absence of a direct
connection between the NVD property and the achievable
tradeoffs reduces the importance of the NVD property.
In [21], the tradeoff is achieved with a family of codes
whose spectral efficiency scales with the SNR. For QAM
constellations, this reduces the coding gain unless when
the code has a NVD. On the other hand, at high SNRs, the
spectral efficiency of\/-PPM-M’-PAM can be increased

by extending the constellation in the time domain (in-
creasingM) rather than the amplitude domain (increasing
M"). For construction 1, this extension does not introduce
a decrease in the coding gain since the dimensionality
of the signal subspace is increased with no additional

5 and 6 transmit antennas respectively. If a certain values of constellation expansion.

M verifies proposition 3.1 and proposition 4.1 simultanegusl « High order PAM constellations have a very poor per-
it is better to choose the matrix form given in eq. (16) that formance [23]. This is why, the highest order PAM
simply permutes the coordinates of the transmitted infoiona constellation used in the literature of the UWB was the
vectors rather than combining them. 2-PAM constellation.

Finally, the modulation-specific codes verify a large numbe
of constraints. 1) They are totally-real. 2) They achievié fu
rate and full diversity. 3) They introduce no shaping losses
4) They are information lossless. 5) They are energy efficien

They achieve the best known coding gains (those of the
complex-valued perfect codes) in the following cases:

o M-PPM-M'-PAM constellations for all values df/’ and

For the values of\f respecting proposition 3.2, construction for M > n? _W'th any number of transmit antennas
1 has a coding gain that does not decrease with the size of the (from proposmon_3.2). . .
embedded PAM constellatiod{’). However, this happens for * ﬁ;lj(?:loignpsrt:gggﬁigi VX'?) any number of fransmit anten-
M > n? which corresponds to constellations having a large =
number of dimensions and consequently for systems having 2-PPM-2-PAM, 2-PPM-4-PAM and 2-PPM-8-PAM con-
a high receiver complexity. For constellations with lincite stellat|_0ns \_N'thn = 2 transmit antennas (with the value
dimensions, the modulation specific codes do not have a non- of ©2 given in eq. (_28))'
vanishing determinant (NVD). The advantage of these codes’ M-PPM cons_tellatlons for all value_s Of > 3 and for
is that they are energy-efficient and information loss|€3s. n = 2 transmit antgnnas (construction 1). .
the other hand, totally-real codes from CDAs have a non-° M-PPM-2-PAM (bi-orthogonal) constellations and -
vanishing determinant. However, this comes at the expehse o PPM'A"PAM forM = 4 and forn = 2 transmit antennas
not having uniform average transmitted energy per antenna. (construction 1.
Moreover, these codes are not information lossless codes. Ene third case is verified by computer simulations. The last
UWB communications, we argue that energy efficiency cdWo cases follow _from the numerlc_al evaIt_Jat|on of the cpdmg
be more important than the NVD property for the following/@in of the code in eq. (25) associated with the valu€l o
reasons: eq. (16) with M-PPM andM-PPM-M'-PAM (M’ € {2,4})
« Over Rayleigh fading channels, codes with NVD ac:hievf((a)r M =3 ".mdM. =4 respet_:twely. _Smce the coding gain
: : . : . of construction 1 increases with/, this proves the last two
the diversity-multiplexing tradeoff of the underlying

channel [21]. However, UWB signals are subject tgondmonS,

lognormal fading [8]. For these channels, the asymptotic
analysis applied in [21] gives no insights whether or not
codes with NVD achieve the D-MG tradeoff over the The pulse waveformw(t) is chosen to be the second
UWB channels. First, studying the D-MG tradeoff for anylerivative of the Gaussian pulse with a duratioroéf ns and
number of transmit antennas necessitates the knowledgefix 6 = T3, = 0.5 ns. Ny has no effect on the performance

of the joint probability density function of the eigenvaduein single user situations and it is fixed 1o At a first time,

of the channel matrix [21], [22]. While these distributionshe PQ channels between the different antennas are generated

V. COMPARISON WITH CODES FROM CYCLIC DIVISION
ALGEBRAS

In what follows, we compare the modulation specific cod
with the totally-real codes constructed from cyclic divisi
algebras for the values a¥/ respecting proposition 3.1 or
proposition 4.1.

VI. SIMULATIONS AND RESULTS
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=0~ BPC, 2x2, 4-PPM-2-PAM, L=1 =0~ 2x2, BPC

=0~ STCL, 2x2, 4-PPM-2-PAM, L=1 =0~ 2x2, construction 2
=+= BPC, 2x2, 4-PPM-4-PAM, L=5 =—+= 3x3, BPC

== STCI, 2x2, 4-PPM-4-PAM, L=5 [§
== BPC, 3x3, 5-PPM-2-PAM, L=1
== STC1, 3x3, 5-PPM-2-PAM, L=1
=0- BPC, 4x4, 5-PPM, L=2
=8~ STCI, 4x4, 5-PPM, L=2

=

== 3x3, construction 2
=7~ 4x4, BPC E
=%~ 4x4, construction 2
=0~ 5x5, BPC

=B~ 5x5, construction 2
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Fig. 2. The best previously known code (BPC) [5] versus goetibn 1  Fig. 3. The best previously known code (BPC) [5] versus aontibn 2 on
(STC1) on CM2. CM2 with 2-PPM andL = 1.

independently according to the IEEE 802.15.3a channel mogéements of the antenna arrays are provided by this model
recommendation [8]. The channel is held constant over ofi , in eq. (7). We fix,P =3, Q = 1 and L = 5 with 4-
transmission block and is allowed to change from one blo&PM constellations. For the modulation-specific codesias
to another. The frame duratidfi is chosen to bd’y = 100 the structure given in eq. (27) with’ = 9 (since N = 7).
ns which is larger than the maximum delay spread of thwe consider profile that corresponds to an “office-to-office”
channel models CM1 and CM2 that correspond to line-o$cenario. We compare the cases where the distéhetween
sight and non-line-of-sight conditions respectively [8or the elements of the transmit antenna array is equalim and
simplicity, we assume that the relative time delays betweéh cm respectively. Results show that even though constmctio
the signals received at the different antennag,(in eq. 2 introduces an additional constellation extension, it®cjo
(7)) are negligible. In this way, simulations highlight theenergetic distribution results in a performance gain ofuabo
diversity and multiplexing advantages of the proposedmelse 1.2 dB with respect to totally-real codes from CDAs at a
independently from the relative orientations and posgtiofi SER of10~3. The slopes of the error curves of the ST coded
the transmit and receive arrays. The sphere decoder [24]systems highlight the enhanced diversity order with resfzec
used for detection. the uncoded MIMO systems. Closely separated antenna arrays
Fig. 2 compares the best previously known codes [5] (that = 5 cm) result in a performance loss of abéué dB with
are based on totally-real CDAs) with the modulation-speciffespect to arrays whose inter-antenna separation is equal t
codes usinglM -PPM-M’-PAM constellations. The values of15 cm. However, this performance loss is not associated with
M are chosen to verify proposition 3.1 and therefge any degradation in the diversity order and the same diyersit
can take the value given in eq. (16). Results show thadlvantage can be obtained for both inter-antenna sepasatio
the modulation-specific codes outperform codes from tptall In Fig. 5, the proposed modulation-specific codes are com-
real cyclic division algebras without the need of any pulgeared with the perfect codes for the values\éfand M’ that
repetitions or additional number of matched filters. Thieveh result in the best known coding gain (refer to section V). For
the importance of having energy-efficient codes. A gain @bmparison reasons, and even though it may seem practically
aboutl dB is observed at an error rate 63 using three infeasible, the UWB receivers are supposed to be equipped
transmit antennas aridPPM-2-PAM constellations. This gain with 1Q front ends. The results show the high performance
increases td.5 dB with four transmit antennas afidPPM.  levels of the proposed modulation-specific schemes. Even
In Fig. 3, we conside-PPM constellations on CM2. Thethough they are real-valued, they show exactly the same
receiver is equipped with a-finger PRake and we fiy>» = performance as the best known codes.
@ = nwheren = 2,...,5. Following from proposition 4.2 In Fig. 6, we compare the best known totally-real codes
can take the form given in eq. (28). In this case, the assoniatfrom CDAs [5] and the modulation-specific code (construttio
of construction 2 witt2-PPM achieves the best known codin@) with 2 transmit antennag, receive antenna ardPPM-)M’-
gain (proposition 4.3). As a result, performance gains & tlPAM constellations forM’ € {4,16,64} over CM1 using a
order of 2 dB can be obtained with respect to [5] with 5-finger PRake. It was previously shown that the code based on
transmit antennas at a BER v 3. CDAs has a non-vanishing determinant while the modulation-
In Fig. 4, we show the performance of the proposed Specific codes are information lossless. For the latter $ode
codes over the space-variant UWB channel model propodédre is no explicit expression of the coding gain given that
in [25], [26]. In this case, the relative delays between thibe determinants of the codewords are not rational integers
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=0= BPC, 2-PPM-4-PAM

=9~ construction 2, 2-PPM-4-PAM
=7- BPC, 2-PPM-16-PAM

=g~ construction 2, 2-PPM-16-PAM
=O- BPC, 2-PPM-64-PAM H
=©- construction 2, 2-PPM-64-PAM

SER
SER

=0~ Spatial Multiplexing, d=5 cm
=@~ Spatial Multiplexing, d=15 cm
== BPC, d=5cm
=%~ BPC, d=15cm
=0~ construction 2, d=5 cm
=8~ construction 2, d=15 cm

T
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Fig. 4. The best previously known code (BPC) [5] versus gaotibn 2 on Fig. 6. The best previously known code (BPC) [5] versus goirsibn 2 with
the Kunisch-Pamp channel model (profile 3) using 4-PEM= 3, Q = 1 2 transmit antennas} receive antenna ang-PPM-M’-PAM constellations

and L = 5. d corresponds to the inter-antenna separation. over CM1. A5-finger PRake is used.
10° : 10" T . ;
3" PC.2-PPM-4-PAM, 22,4 fingers 3 contructon 1, 6-PPM-2-PAM
== NC, 2-PPM-4-PAM, 2x2, 4 fingers construction 2' 6-PPM-4-PAM
- =0~ PC, 4-PPM-4-PAM, 2¢2, 5 fingers :g: construction 1, 6-PPM-4-PAM
10 =8~ NC, 4-PPM-4-PAM, 2:2, 5 fingers [§ =7~ construction 2, 6-PPM-8-PAM
=¥~ PC, 4-PPM-2-PAM, 2x2, 1 finger =%~ construction 1, 6~PPM-8-PAM
== NC, 4-PPM-2-PAM, 2x2, 1 finger 2 =0~= construction 2, 6-PPM-16-PAM
. -A- PC, 8-PPM-2-PAM, 222, 1 finger 0k =€~ construction 1, 6-PPM-16-PAM |1
10 =& NC, 8-PPM-2-PAM, 2x2, 1 finger [3
== PC, 2-PPM, 4x4, 2 fingers
=»= NC, 2-PPM, 4x4, 2 fingers
N -0- PC, 2-PPM, 6x6, 2 fingers
10 -B- NC, 2-PPM, 6x6, 2 fingers E

SER
SER
=
15)
T

10°E

10°F

107
20 10
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25 40

Fig. 5. The new modulation-specific codes (NC) versus théepecodes Fig. 7. Construction 1 versus construction 2 withtransmit antennas3
(PC) on CM2. receive antenna angtPPM-M’-PAM constellations over CM2.

rTmensionality of the transmitted constellatioR?(M/ = 54),
we apply the algorithm proposed in [27] for detection. This

the coding gain of the former remains constant. Howevg’?coqing algorithm is based on the S_chnprr-I_Eu(_:hner enu-
the results in Fig. 6 show the superiority of the modula’[ior{‘-]eraltlon strategy and a Fano-like metrlc_ bias is introduced
specific codes even at very high spectral efficiencies. Ndtb order to enhance th_e convergence time. Moreover, the
also that for large values off’, the performance losses ofIMSE-DFE preprocessing is performed [28]. As expected,

both codes are very important even at very large values of gignstruction 1 outperforms construction 2 and the simufati
SNR. Therefore, practical single-antenna and multi-amenr€sults show that the performance difference between these

UWB systems might not use these high order embedded pANe constructions becomes significant for large value/of
constellations While construction 2 shows practically the same perforreanc

. ;o .
In Fig. 7, we compare construction 1 and construction%Consnucuon 1foM’ = 2,4, the former construction results

with M-PPM-\’-PAM constellations for the values of that " & performance loss in the order @6 dB for M’ =8, 16.
verify proposition 3.1 and proposition 4.1 simultaneousty

particular, we perform simulations over CM2 with = 3 VII. CONCLUSION

transmit antennas3 receive antennas and kfinger Rake  We investigated the problem of constructing ST coding
for M = 6 and M’ € {2,4,8,16}. Given the high di- schemes suitable for UWB systems usihgPPM-M’-PAM

We might imagine that codes from CDAs will outperfor
the modulation-specific codes for large valuesMdf since
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as a candidate solution for very high data rate systems. TheéProof: We first give an example withh = 3. Inserting eq.
novel coding schemes are based on “position permutatiofi4) in eq. (35), we obtain:
and “position combining”. They solve the problem of the Y. — kX

. . - 3 = kX1 +kXo
nonexistence of energy-balanced, information lossless an
totally-real constructions and they outperform the clzalsi o(X3) Qkr0(X3) + koo (X1)
approach of constructing totally-real ST codes based oliccyc o2(X1) = Qko*(X2) + Qkao?(X3)
division algebras. In some situations, the modulatiorcdjoe Si
codes are capable in delivering the same performance Ievg
as the complex-valued prefect codes.

nce the entries of? are rational numbers, thenQ?) = Q
% the above equations can be written as:

X3 = kXi+kX
APPENDIX | Xo = Qo?(k1) X3+ 0% (k) X1
DIVERSITY ORDER OF CONSTRUCTIONL X1 = Qo(ki1) X2+ Qo(k2) X3

In this appendix, we determine the dimensions of the hybrid S0lving these equatio.ns', we conclude that the veciors
PPM-PAM constellation for which the code in eq. (14) is fullyfor @ = 1,..., 3 must verify:
diverse for a given value of. ) ([M + M0+ /\292) X; =0u (37)
Designate byAC(X71, ..., X, ) the difference between two 5 _
codewords having the structure given in eq. (1¥).is a M- M = = (Trejg(0® (k1)k2) + Nigg(k2)) 5 A2 = —Nigjg(k)

) . : 38)
dimensional vector that can be written &; = :cl(l) - xl@) L ) (
where: In the same way, witlm = 4 antennas, we have:

s . Ing + M+ X002 + X30%) X; = 0y (39)

eV ="Ml k=12 (33) ( )
J=0 )\1 g —NK/Q(kg) — TrK/Q(kla'(kg)) — TrK/Q(l{QU(kg)O'Q(kg))
1

where the vectors:z(.? belong to theM-PPM-M’-PAM con- — §TrK/Q(k202(k2))
stellationC given in eq. (3) fork = 1,2, i = 1,...,n and B 3 9 9 3
j =0,...,n— 1. In other words, the vectorX1, ..., X, Ay = _TrK/@(kQU(le)U (k1)o*(ks)) — T /q(kao™ (k1)o™ (k1))
belong to the sefd given by: + Ny o (ka) + §TrK/@(a(k1)03(k1)k3o—2(k3))

Az = —Ng/q(k1)

We return now to the general case. The columnsAdf

n—1

A= {Z(aj - a;-)t?j | ag,ag, ... an—1,a,_ €C} (34)
j=0
! are considered as-dimensional vectors composed of the

The proof now consists of finding the set of values\éffor parametric variable?, X;,...,X, and their conjugates.
which the following relation holds: rafRC(X1,...,X,)) = Therefore, eq. (35) results in linear equations. Taking the
n for (X1,...,X,) € A"\{(Ops,...,0n00)}. (n — i)-th conjugate of the-th equation fori = 2,...,n, eq.

For an elementt € K | k = Z;.:Ol k67, k; € Q (35) can be written as:
will be referred to as thg-th coordinate of. In eq. (34), X,
ag, ag, - - -, an-1,d,_, are integer multiples of the columns _
of the M x M identity matrix. Therefore, elements gf have R : =0un (40)
the property that at most two of their components can have Xn-1
their j-th coordinates different from zero fgr=10,...,n—1. Xn

AC(Xl, ce ,Xn) will be referred to asAC for SImp'ICIty where the matrixRk is given by
rank AC) < n if Jkq,..., k,—1 such that:

k1 ko kn—1 -1
n—1 n—1 . n—1 n—1
k . kn— -1 Q k
AC, =Y kAC; @y |7 " o e o k)
=1 . " . 90”72(161) 90”72(162)
where AC; is the i-th column of AC. Moreover, | o*(kn-1) -1 . . :
ki,...,kn_1 € K since all of the elements oAC are in -1 Qo(k1)  Qo(kz) QU(k‘n—ld)fl
K. The last equation is verified if: “
Proposition 1.1: Equation (35) is verified if the vectors q '
X1,...,X, verify the equation: defR)X; =0p ; i=1,...,n (42)

n—1 when calculating the determinari, is considered as a x n
MX,; = (Z NONX; =0y ;i=1,...,n (36) matrix andQ is taken as a parameter (rather than/ax M
=0 matrix). By rearranging the rows at, we obtain:

where Q is the permutation matrix given in eq. (16). det(R) = det([RL,RT | ... R RT|T) =det(R') (43)
Al .., An—1 € Q and g = 1 resulting inM € QM*M, ~
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where R; is the i-th row of . R’ has the same structure aghat verifiesMY = 0;; whenr =M —1isY = 0,,. As a
the matrix expression of the elements of a division algelora. conclusion, wherk = 1, the code is fully diverse for:

particular:
M > max{3,n} (48)

R =C(-1,0(k1),...,0(kn-1)) (44) ) )
_ o _ as a special case, when= 2, k € {0,1} and the code is
where the expression @f is given in eq. (1) (by replacing the fy|ly diverse for A7 > 3.
variabley with (). From [11], the coefficients of the powers For f; > 1, the components of can be parameterized by
of (2 in defC) are linear combinations of norms and traceg parameters. Without loss of generality, these parameters a

that belong toQ. Consequently, parameterized By de{R)  taken to be equal t¥y;_j1,.. ., Yas. The othen parameters
is a polynomial with rational coefficients having a degree Qfan pe expressed as:
n — 1. 1 .
e ,
detR) = SN 5 Aoy A €Q (45) Yin = ;WWM*’“H pm=1oor o (49)
=0
Moreover, it can be easily shown thag =1 and \,_; = whereﬁfﬁ), ceey () can not be equal to zero simultaneously
—Nk,q(k1). Finally, replacing the parametér by its corre- for m = 1,...,r. We will consider the two following cases.
sponding matrix form, we obtain eq. (36). Case 1: Suppose that there is only one element among
Consider the cas&/ > n. The matrixM in eq. (36) takes Yy x+1,..., Yy that has itsj-th coordinate different from
the form: zero for a given value of. In other words, there are no two or
-1 0 . 0 A1 -+ AT more elements that have the same coordinate taking a nonzero
value. Note that this can always happen sihce< n — 1.
i; /\11 (1) 0 0 0 s Denote byyj; the first nonzero coordinate &fy;_4;. Among
_ _ the firstr components oft” there arer; components whose
M= R (46) j;-th coordinates are not equal to zero with< r; < r
Y \ 1 0 : forl = 1,..., k. Along with Ya;_j4;, this results in a total
n—1 1 . . .
of m + 1 components ofY" having their j;-th components
. 0 /\n0—1 )\~ & A1 )\1 (1) different from zero. The: coefficientsg'Y. ..., 3% can not
| 1 e L

- be all equal to zero simultaneously for a given valuenof

where the number of zero entries in each rowMfis equal verifying 1 < m < r. This implies that there are at least

to M — n. nonzero coefficients amongf™, ..., 3 ... g .. "),
From eq. (46), it can be seen that the matrix composed Tis results in:Zf:1 >,

the first(M —n + 1) rows and the firs{AM/ —n+ 1) columns Y will fall outside of A (and consequently the code will

of M is a lower triangular matrix whose diagonal elementse fully diverse) whenevetl € {1,...,k} |+ 1 > 2. In

are all equal tal. Therefore, its determinant is equal to 1 an¢his case, the maximum size of the constellation for which

consequently it has a rank éff — n + 1. Designate by the Y remains in.A corresponds to the case when = 1 for

rank of M. Therefore,r > M — (n —1). In an equivalent | = 1,... k. Now, zle r; > r implies thatk > r. Given
manner: that the maximal value of is equal ton — 1, Y falls outside
r=M-—-k; ke{0,1,...,n—1} (47) of A whenr > k implying that:
Since eq. (36) is valid for all values of we fix Y = X;. M>2n—1 (50)
Denote byY,, the m-th component of” for m =1,..., M.
The j-th coordinate ofY;, is denoted byY,,; for j = When considering the second case, we limit ourselves to
0,...,n—1. the constellation sizes that respect eq. (50) (or equitiglen
Fork = 0, MY = 0); = Y = 0,,. Therefore, the only 7 > k).
matrix AC that is rank deficient is the all-zero matrix. Case 2: Following from the structure of, the comple-
For k = 1, the M components ofY’ can be determined mentary of case 1 takes place when there exist two distinct
from a single parametet. Without loss of generality, we valuesk’,k"” € {1,...,k} such thatYa; s andYas—pqpr

take t = Y. In this caseY,, = Gt with 5,, € Q* for have theirj-th coordinates different from zero for a certain
m=1,...,M—1sinceM € Q¥*M t =0 =Y =0y.In value ofj € {0,...,n—1}. Designate byl the k x k matrix

other words, if one of the components ¥fis equal to zero, whose(i, j)-th element is equal t@f” fori,j=1,...,k. T
thenk =1 and MY = 0,, imply thatY = 0,,. For nonzero describes the linear dependence of the firstomponents of
vectors, denote by), ; the first non-zero coordinate &fy; Y on Yy _i41,..., Y. Given the lower triangular structure

for a certain value ofj € {0,...,n — 1}. Since,, € Q*, of the matrix composed of the firét rows andk columns of
all the components oft” will have their j-th coordinates M and sincer > k, this implies thatY has a rankk.

different from zero. Therefor& will not belong to.A when Among the firstt components of’, designate by, < k
M > 3 since, from eq. (34), any element gf can have a the maximum number of components having thjeih compo-
maximum number of two components whosth coordinates nents equal to zero simultaneously. Since the nongehoco-
are different from zerd/j. Therefore, the only vector afl  ordinates are contained uniquely Ya;—x+x andYa, g1,
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this implies that there exists, indexesI(1),...,I(r;) such 1,...,n.For notational simplicity, we set” (z) = 2("). From

that: eq. (14),C" takes the following form:
s 1YM wii g + B YM Ktk =0 5 1=1,...,m (i) (i) (i) (i)
1(:) I(i J 51) X iy o Xy Xiao Xl
From eq. (51);1 = k implies that thek/-th and thek”-th C" = : : oL
columns of Y are linearly dependent which is in contradiction x® o x@ x@® X(’)
with the fact thatY has a full rank. Consequently < k and n—it1m(M) nm(M) LM " Z(55)

among the first components oft” there is a minimum of \yherer(.) stands for the cyclic permutation of ordegiven
r — (k — 1) components whosg-th coordinates are different

from zero. Along withY; 1, andYas x5, this will result " .

in a total ofr — (k— 3) components ot” having nonzerg’—th m(i) = (i+k—1) mod M +1 (56)
coordinatesY” will fall outside of A whenever — (k—3) >

implying that M/ > 2k — 1 or equivalentlyM > 2(n — 1) Let S = {Xi,..., X} be the set composed @fvectors
Therefore, the values af/ respecting eq. (50) will result in drawn randomly from the set given in eq. (34). FoAl > n?

fully diverse codes in this second case. among then vectors ofS, there exists: — 1 vectors whose

Form eq. (48) and eq. (50), we conclude that the proposedth coordinates are all equal to zero for a certain value of
code is fully diverse witt transmit antennas i#/ > 2n—1. ™ € {1,..., M}. This follows from the structure ofl whose

From eq. (46),M is a circulant matrix that can be expressegllements can contain a maximum number 20f nonzero
as: components. In what follows, we show that the code has a

; non-vanishing determinant fav/ > n2.
M= Zo‘iQ (52) Without loss of generality, suppose that ,, = --- =
Xn—1,m = 0 for a given value ofn € {1,..., M}.
whereay = Ao = 1 (sinceQM = Iy), oy = \; for i = Proposition 2.1: X;,, = --- = X,,_1.» = 0 implies that
1,...,n—1landa; =0fori=mn,..., M —1. From [29], the det{CTC) > 1 unlessX,, ,, = 0.
eigenvalues of\ can be expressed as: Proof: det{C”'C) verifies the following relation:
M—1
HE = Z whidv—i 3 k=0,...,M —1 (53) de{C”C)
=0 nM nM nM T 2
. _ T T

wherewy; = exp (4%) is the M-th root of unity. - Z _ Z Z (det([Cﬁ e G ))

Any subset composed ofn’ distinct elements of ~— “=le=ufl =il
{1,war,...,whi=1} forms a free set ove® if 2 < n/ < nM . . 2
w(M) wherego() is the Euler’s function. Consider the case = Z Z Z (det([Cil - ] ))
wherew(M) > n. In this caseu, #0fork=1,...,M —1 f=liz=M+1 Z":(" DM+1
since Ao, ..., A\,—1 multiply different elements of the set (0) (1)1 7T 2
{1,...,wM=1} and since\; = 1. Only yp = 327" \; can be Z Z Z (det({ i (G ) } ))
equal 0 zero Therefore,= rank M) > M — 1. From what a=lia=l  in=l (57)

precededMY =0, Yed; re {(M,M—-1} =Y =0y
for M > max{3,n}. The conditonM > max{3,n} is

o
verified by the values of\/ that respectp(M) > n (since Construct ther x n. matrix C* as:

M > (M) VM). This implies that the code is fully diverse o T o) \T onT 17
with all values of M respectingp(M) > n. ¢ = I (C 71(m)) (C ,1<m)) (Cm) }
Finally, the proposed scheme achieves full transmit dityers rox® o x® L o xM
with » transmit antennas and -PPM-)M’-PAM constellations ’ Lm(=1 (m) noLm D (m)
i- _ : . - . :
Me{m|m>2n—1yU{m | p(m)>n} (54) Xéﬁ;l) coxinoy anﬂill)(m)
Xim PN o Xncim Xn.m
Note that the above proof does not dependiMdh There- - b b ’ (58)
fore, full diversity is achieved for the values 8f respecting
eq. (54) and for all values aof/’. Since X, == X, 1., = 0, C" is upper triangular.
From eq. (57):
APPENDIX I
CODING GAIN OF CONSTRUCTION1 det(CTC) > (det(cf))2 = (NK/@(Xn,m))2 (59)

Consider the codewor@ given in eq. (14). Denote bg/(¥)
the M x n matrix composed of the rowd/ +1,..., (i+1)M Since, Nc/o(Xn,m) € Z* for X, . # 0, this completes the
of C for i=0,...,n—1. The j-th row of C¥) is denoted proof of proposition 2.1.
by C . In the same wayX; ,,, denotes then-th component  Proposition 2.2: X1 ,, = --- = X,_1,» = 0 implies that
of theM dimensional vectorX; for m = 1,...,M andi = def{C7C) > 1 unlessX,, (m) = 0.
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My (F(0) (£(0)) (£(0)) (£(0)) 7

I C’Sr{(o)) 1 X",J"(m) X7L,7r(m) Xl,m Xn’fl,m

/ Cr(r’jfl) (n—1) (n—1) (n—1) (n—1) (n—1)

' = C(O) = 2,m(m) Xn’,w(m) Xn’+1,7r(m) n,m(m) Xl,m

m(m) Xl,w(m) e n’/,w(m) X7L’+1,7r(m) Xnnr(m)

oY n=1) (F(n—1) Fn-1)  (f(n-1)) (F(n—1))
- (m) - Xn’+1,7'r2(m) Xn,Tr2(m) Xl,ﬂ(m) X7L’,7r(m) h

Proof: Construct the matrixC’ as: APPENDIX I

o= (@) ) ]

w(m)

()

1 1 1
7(1,7)1'(771) X1(,7)n Xr(z—)l,m
- (n.—l) (n—l) (n—l) (7;—1)
X2,7r(m) Xn—l,Tr(m) Xn,ﬂ'(m) ))((1,771
1,m(m) : n—1,m(m) n,m(m)
(6
Since X1, = -+ = Xp_1,m = 0, C' is lower triangular.

From eq. (57):

det(CTC) > (det(C"))” = (Ngjo(Xnx(m)”  (61)
completing the proof of proposition 2.2.

Proposition 2.3: X, =+ = Xp/1m = Xprg1,n(m) =
oo = X, m) = 0 implies that detC”C) > 1 unless
Xn/,rr(m) = 0.

Proof: For a given value ofi’, define the functiory(.) as:

fk)=01-n'"—k) modn+1 (62)

Construct then x n matrix C’ given at the top of the page.
For Xl,m = n'—1l,m — Xn/-l—l,ﬂ'(m) =
X rm) =0, C" is a lower triangular matrix. From eq. (57):

det(CTC) > (det(C"))” = (N /o (X nim)”  (63)
completing the proof of proposition 2.3.
Proposition 2.4: detC”C) > 1 unlessC = 0,,11xn-
Proof: Suppose thatX;,, = = X,_1m and

de{C?C) < 1. This implies thatX, , = X, rm) = 0

INFORMATION LOSSES OF CONSTRUCTION

Consider the codeword' given in eq. (25). Concatenating
the columns ofC vertically one after the other, we obtain:

veqC) = @ | 1" (64)

where® is an?M x n?M matrix. In what follows, we will
show that the matrixp is unitary.® can be written as:

T ..

© Qp2

o=[o7 ... d7]" (65)

Following from the layered structure of the codewords,
the constituent matrices of dimensiond/ x n2M take the
following form (k = 1,...,n):

oy, = U, MPYTH! (66)

whereY,, = Qz ® I, and Q,, is then x n permutation
matrix given by:
01><n :|

Qn - |: In—l

In this case, the permutation matrix in eq. (16) can be
written asQy;. ThenM x nM matrix ¥y, is given by:

U, = diag(IM QM QM)

k times n—k times

1

67
On><1 ( )

Int (68)

M is anM x n2M matrix related to the rotation matrixt
given in eq. (25) by:

M=M® Iy =diag(M; - M,,)® Iy (69)

where M, is thei-th row of M. Finally, the matrixP is given
by:

from proposition 2.1 and proposition 2.2 respectively. Now 10 0

Xim = -+ = Xyom = 0 and X, z,n) = 0 imply 0 1

that Xor(m) = -+ = Xn_1.x(m) = 0 from the recursive P=PoL=|. . .| @ L (70)
application of proposition 2.3 fon’ = n — 1,...,2. Finally, O 1 0

from proposition 2.1,X5 () = -+ = Xp_12m) = 0 _ _

implies thatX () = 0. For example, withn = 3 transmit antennas:

. Therefore X, = -+ = X,,_1,» = 0 and detC"C) < 1 [ Mi®In  Omxan Orrxnin
imply that them-th and=(m)-th components of(;, ..., X, O = | Ourrvarm Onrxarn Mo ® Qs
ared Ezj" ([ecq}ﬁgl)to ie.ro' IN(:\TI:X'[LW((m; t:h "'dzz(nsltﬁ(m) =0 Onrxvn M3z®@Qu Onrxrn
and de < 1 imply that7(m)-th andz?(m)-th compo- =

nents ofX,,..., X, are all equal to zero. Starting the same ~ , _ /8{"{%1”[” A(;ll ® In gMXM"
operation again we conclude that @&t C') < 1 only when N M OMXM" MMXA;ZH
X, =--- = X, = 0y sincer defines a bijection over the set L M Mn M M 3@ Sim
S = {1,...,M} and consequentlyr'(m),..., 71 (m)} O1xn Oixn M

spans the entire set for any value ofm € S. This proves 3= | Oixn Mz O1xn | @ In

that whenM > n?, de{C*C) > 1 for all values of M. L Mz Oixn O1xn
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From eq. (66), we hav®,®] = I, since the matrices Since® is unitary andR’ is block diagonal, then eq. (79)
U, M, P andY,, are all unitary (the matriXM is unitary can be written as:

since the rotation matriX\1 is unitary by construction). Now, 1 n
for any integersc andk’, we have: Cp,n,r) = —Erlog, ((det (Ir + gRRT)) ) (80)
3, @7, = U, MPY* 1 (¥ -1 TPTMT U], = Eglog, (det (Ir + gRRT)) (81)
= UM (P® L) (5% @ L) = C(p,n,7) (82)
(Qﬁlfl ® InM) (P" @ L) MTW, whereC/(p, n,r) is the capacity of the uncoded MIMO channel

(R). This proves that the code given in eq. (25) is information

_ kK —k pT T T
= VM (PQ” P e I"M) M= lossless for all number of transmit antennas.

— v, (sm (PQQ’*’“PT ® In) m? @ IM) vl (71)

APPENDIX IV
If a vector is multiplied byQ%, then itsi-th component is CHOICE OF{) FOR CONSTRUCTION2
permuted to ther; (i)-th position where: We write theM x M matrix Q given in eq. (27) as:
k(: . .
= k—1) mod 1 72 ¢ /
= e medn T @)= npeaw) ; aw)=] W )
In the same way, multi_ply.ing by (or P~1) is equivalent (83)
to the following permutation: Suppose tha®’ is chosen such that(€'(¢')) = Q'(#).
pn(i) = (1—14) modn +1 (73) This choice will be discussed at the end of this section. As

/ in Appendix I, designate bAC(X;, ..., X,,) the difference
Therefore, multiplying by the matriPQ* —*P7 is equiv- between two codewords that is associated with the vectors

alent to applying the permutation: Xi,...,X, belonging to the setd given in eq. (34). The
/ / linear dependence between the columnsAgf’ when this

N\ k' —k . _ k=K (;
Fn(@) = pn(my =" (Pa (@) = m ™" (7) (74 Jatter is rank-deficient results in eq. (36) sin@¢y’) remains

Given that the matriXt is block-diagonal, then the matrix invariant when applying the embeddingsTof Equation (36)
m (PQF-*PT @ 1, ) M7 in eq. (71) is avxn matrix having  can be written in a more convenient way as:
the property that each one of its rows can have at most one n—1
nonzero value. From eq. (74), the indices of the elements of M (0')X; = (Z /\ij(o’)> X=X, ; i=1,...,n
this matrix that can possibly have nonzero values are equal t
(i, £, 1(i)) for i = 1,...,n. Their values are given by: (84)
T T . , where\q, ..., \,_1 are rational numbers. ‘
MiMf,:l(i) = MiMﬁ;g’—k(i) =0k —k) ; i=1....n /(0" is a rotation matrix verifying(Q'(6")) = Q/(j6").
(75) This implies thatQ’(¢') = Q(j6') since Q(¢#') is a block-
The last equality follows from the fact that the fully divers diagonal matrix. Therefore, the matrix (¢’) in eq. (84) takes
rotation matrix M is constructed to be unitary [20]. the following form:
Finally, from eq. (71) it follows that:

x(¢) y@) 0 . 0
D@7, = Lid(k — k) (76) —y(@) @) 0 - 0
showing that the matri¥ given in eq. (65) is unitary. M(0") = ; ; (85)
As in [30], we write the input-output baseband relation in 0 o 00 z(0) ()
eq. (12) as: 0 e 00 —y(0") x(0")
0 where:
vedY) = \/; (IT ® R)vedC) + vedN) (77) ni:l
z(0") = A; cos(j0") (86)
= \/g(IT ®@R)® [af - aﬂf +vedN) (78) =
ER,—// n—1
9) = \; sin(j0’ 87
wherep is the SNR andl" = n is the temporal extension of y(®") ; s sin(6) ®87)
the ST code. _ _ ) _
From eq. (78), the capacity of equivalent (coded) channelFrom eq. (84),X; is an eigenvector of\M(¢') for i =
is given by: 1,...,n. Moreover, since we are limited to real-valued con-
1 stellations, thenX; can only be associated with the real
C®(p,n,r) = =Eglog, (det (Inr + L(Ro)(R®)T eigenvalues ofM (¢").
n n (79)  Solving the characteristic equation 8f((¢") results in:

M

wherer is the number of rows of? and the factor: follows , 5 2\
from the number of channel uses. ((50(9 ) =)+ () ) =0 (88)
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where i stands for the eigenvalue o¥1(6’). n is real only row of eq. (89) can be written as:

wheny(0) = 0. In this case X; is the eigenvector associated i

with the/ eE;envaIuep = x(@i)._‘l’he ideat is to ch_oose( such i T ) + Z Taiy  (91)
thatz(6") = 0 whenevery(6') = 0. In this case, ify(6’) # 0,

=1 n—i+1

X; is complex-valued and hence it does not belond t&Vhen i_l =

0) =0, theny = z(6') = 0 and X; is the all-zero vector __ i
fyo(r i)* 1 n p= ) | ‘ Y - g Tri () + Z ( T ( 7)) (92)

=1,...,n. j=1

From eq. (87), this can happen whgsin(¢’), . . ., sin((n— o B )
1)¢’)} forms aZ-basis of degree — 1. In this casey(¢') = 0 Whenz; = .-+ =z =0, this implies that:
implies that\; = --- = X\,_1 = 0 which implies that n—i
z(#") = 0 from eq. (86). As a special case, we choéssuch zi=—Y o' (kj)aq ) (93)
that {1,sin(¢’),...,sin((n — 1)¢’)} forms ann-dimensional j=1

Z-basis. Lety’ = 7. The set{l,exp(if),....exp((N = |nthe same way, the linear dependence between the columns
1)it")} forms a basis of degree(N’) over Z and con- of the (2(n — i) + 2)-th row of eq. (89) wheny; = - =
sequently the sets{1,cos(¢'),...,cos((N' — 1)¢)} and ;. | — 0 can be written as:
{1, sm(e’) .,sin((N" — 1)8")} form two basis of degree

30(12\/) overZ Therefore the desired property is obtained when ZO_
% > n implying thato(N') > 2n.

Finally, K is chosen to be the real subfield of the cyclotomic . .
field associated with th&/-th root of unity (K = Q(2 cos(37)) Equations (93) and (9_4) |mpty that; = 0. App'y”?g €da.
and o(N) = 2n). Therefores(Q(¢')) = Q(8') when N and (93) and eq._(94) recursively far= 2,... n along with eq.
N’ are relatively prime. (90) (for z1) imply thatz, = --- = z, = 0. From eq. (89),
this implies that the only rank-deficient matrixC is the all-
zero matrix. This shows that the choice(@fgiven in eq. (28)

APPENDIXV results in fully diverse ST codes with 2-PPM constellations
DIVERSITY ORDER OF CONSTRUCTION2 wiTH 2-PPM  for any number of transmit antennas.

71-1 (]) (94)

For 2-PPM constellations, the elements of the gegiven APPENDIX VI

in eq. (31) can be expressed|as-a|” wherea € K. In other CODING GAIN OF CONSTRUCTION2 WITH 2-PPM

words, for any elementl ¢ A, we haveQA = —A where() - T -
has the structure given in eq. (28). Therefore, the diffeeenf IIIn a Wayl s!mll.ar to eq. (57), deACTAC) verifies the
between two codewords takes the following form: ollowing relation:

det(ACTAC) >

AC(X1,..., Xn) = ,
[ m s SO det( [(AC® ACINT ))
-1 -T2 e —Tn Z: 12_21 < <[( ' ) ) }
—o(zy) o(x1) (95)
—o(zn)  —o(w1) (89) where A(Jj(.i) is the j-th row of the 2 x n matrix AC®)
"2 (r2) composed of thé2i + 1)-th and the2(i + 1)-th rows of AC.
? Following from eq. (89),AC® has the following form (for
: —o" % (22) 1=0,....,n—1):
—Un71(1'2) _Unfi(mn) o 11(:E1) . o - o .
i —_o"™ ($2) —_o"™ (Ccn) —o"™ (501) ] AO(’L) — gt ;nferl in x; ngl l
—dn—i4+1 Tt T T L] o T dn—1
whereX; € Ais written asX; = [z; —;]T fori=1,. (96)

> T 0) _ ) _ :
WhenAC is rank deficient, consider the relation g|ven in eq. Note thatAC}™ = —AC,” = [z1 -+ x,]. Given that the
(35) that follows from theK-linear dependence between th&bsolute value of the determmant ofa matrlx remalns iAW ri
columns ofAC. The dependence between the columns of theOne of its rows '3 multiplied by—1, then ACS” can be

last two rows of eq. (89) implies that: replaced by-ACY” in eq. (95). Therefore, eq. (95) can be
written as:
_ n—1 ) )
T = %;jlzl o (kj)zxy () (90) det(ACTAC)
x1 =225 o(kj)Tr ) 2
(de([ ACOYT (ACIHT ... (ACT—D)T ] ))

wherer” is the permutation given in eq. (72). Equation (90 iz ? "
implies that the linear dependence between the columns of 9 9
AC is possible only whem; = 0. In a more general way, the £ 9 Z Z (det(C' (ia, . . . ,in)))’ (97)

linear dependence between the columns of(#je —i)+1)-th P R —
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. . [ 0 i 1 i n—1
C(ig,-.yin) = | (ACT  (=1)2(AC)T .o (=1)n(ACT )T
I X1 i) I3 tee In
1o(n) o(er)  ofz) - o (n1)
— | J20*(zn-1) j20% () o*(x1) - 0% (Tn—2) (98)
| Jno10" " N@2)  guoao"Mas) oo ja10™ Nam) 0" (a)
C(.j1;~~~7jn—1)
where the matrixC’ (i, ..., i,) is given in eq. (98) at the it follows that:
top of the page. In the expression of this matrix, we fix= . ) . .
(_l)ik+1 fork=1....n—1 Z Zcm ,,,,, pn—l(jl?"'h]n*l)cp/l ..... p’n,l(le---aJnfl)
U o j1=41 jn_1=+1
Therefore, eq. (97) can be written as: , ,
= D> e Y G (104)
defACTAC) >2 > - Y (det(C(jr, .-, in-1))) hi=l Jnoi=t
ji==%1 Jn—1=%1 5 j ) _ { 0 ) L (pla"'7pn—l) # (pjla"'apin,fl) (105)
Pl (99) 2" (p17"'7pn—1) = (pla""pnfl)
Since j appears in only one row of(ji,...,jn_1) for ~ Therefore, from eq. (99):
k=0,...,n— 1, then the highest power g, that appears T S on 2
in the determinant o€ (j1,...,j.—1) IS equal to one for the de(ACTAC) > 2 Z o 11n1 procpn (106)
different values ofk. Consequently§(ji,...,jn,—1) can be n(pl’Q""p”’l)EQ{ 1
expressed as: > 2" (fo..0+ fi..1) (107)
n 2 2
5 ) =2 ((NK/Q(wl)) + (Ni/q(zn)) ) (108)
Jiy-- s In—1
2 Since N /q(z;) € Z for all values ofi, this implies that
, , de{ ACTAC) > 2™ unless when N/g(z1) = Ng/g(zn) =
= Z Cpiyeespr—1 (.71a s a]n—l)fpl,nwpnfl 0.
(Propn-1) €0, 1) dop)  Suppose that No(e1) = Nigjq(as) = 0 implying that
x, = 0. The only time whenj; appears in eq. (98), it is
= Z {Cm ,,,,, proa (J1s oy Jn=1)Cpl multiplied by o (x,,) which is equal to zero. Thereforg, will
P1pn €011 P not appear neither in the expressionedf ., . i, ..jn_1)
(P45 ply_p)E{0,13n 1 nor in that of§(j1, . .., jn—1). This implies that eq. (101) and
(rs. . 7jn—l)fpl,...,pnflfpg,...,p;,l} (101) €4 (102) can now be written as:
L . 6(.].27"'5]177.71):
where the coefficients,, . ,. ,(j1,-..,Jn—1) are given by: 2
n—1 ( Z Cp2,...,pn71(j27'"7jn71)fp2 ,,,,, Pn—1
. . _ . (P2ye--s n—1)€{0,1}n—2
CP1,~~~7P7171(¢71""a]n—l) - ll;[ljlpl (102) bz P ! (109)
. ) . ) where
fp1....pn_, IS @ certain function ofq, ..., x, and their con- , ’ n—l .
jugates (it can be equal to zero). For example, when 3: Cpayerpnoi (253 Jn—1) = H Ji (110)
1=2

fo,0 = Ng/g(21) with f1...1 = £Ng/g(zn—1). As in eq. (105), this implies
f1,0 = —220(w3)0? (1) that:
) — $1U($2)02(1‘3) — ,TgO’(SCl)UQ (,Tg)
)

fO,l i HK/Q(‘TQ det(ACTAC’) > gn Z 52 ..... - (111)
fl,l - K/Q(x3 (P2se 1) E{0,1}7—2 ’
n 2
From the structure of the matrix given in eq. (98), the > 2" (Ng/g(®n-1)) (112)

following relations hold for any value oft: implying that detACTAC) > 2" unlessa,,_; = 0. Proceed-

ing recursively in the same way, and noticing that at sStep
fo,...o =Ngjo(z1) 5 fi..1=(=1)""Ngsg(zs) (103) jis multiplied by the conjugates f,, ...,z r.1 in eq.

(98), we deduce that dexCTAC) > 2" unlessz; = --- =
Given thatp; € {0,1} forl =1,...,n—1, from eq. (102), z, = 0.



As in [1], [5], [6], limiting the construction in an ideal [17]
whose fundamental parallelotope has a volumé &f equiv-
alent to multiplying the codewords by a diagonal matrix
whose determinant is equal - whered is the absolute [18]
discriminant ofK. Therefore, the coding gain of the proposed

code with2-PPM andn transmit antennas is equal to:

[19]
o . T B oo %
Ommiin = AC()gIll)l‘I.l.,Xn) (det(AC AC)) = 2dy [20]
(X1s0s X0 ) EAPN{(0g 51,005 1)}
(113) (21

On 1the other hand, the pefrfect codes achieve a coding gain
of d, ™ overZ [1] (de = dy " in eq. (4)). From eq. (4), this
implies that the coding gain is equal mﬂg% and 2de with
PAM and M-PPM-M'-PAM constellations respectively (with
M > 1). This shows that the proposed scheme achieves {Bd
same coding gain as the perfect codes.

[22]
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