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Abstract— In this work, we propose novel families of space-
time (ST) block codes that can be associated with impulse radio
ultra-wideband (IR-UWB) communication systems. The carrier-
less nature of this nonconventional totally-real transmission
technique necessitates the construction of new suitable coding
schemes. In fact, the last generation of complex-valued ST codes
(namely the perfect codes) can not be associated with IR-UWB
systems where the phase reconstitution at the receiver sideis
practically infeasible. On the other hand, while the perfect codes
were considered mainly with QAM and HEX constellations,
IR-UWB systems are often associated with PPM and hybrid
PPM-PAM constellations. In this paper, instead of adoptingthe
classical approach of constructing ST codes over infinite fields
(Z[i] or Z[j] for the perfect codes), we study the possibility
of constructing modulation-specific codes that are exclusive to
PPM and PPM-PAM. The proposed full-rate codes are totally-
real, information-lossless and have a uniform average energy per
transmit antenna. They permit to achieve a full diversity order
with any number of transmit antennas. In some situations, the
proposed schemes have an optimal non-vanishing coding gain
and satisfy all the construction constraints of the perfectcodes
in addition to the constraint of being totally-real. Simulations
performed over realistic indoor UWB channels showed that the
proposed schemes outperform the best-known codes constructed
from cyclic division algebras.

Index Terms— UWB, Space-Time, MIMO, PPM, PAM, PPAM,
modulation-specific codes.

I. I NTRODUCTION AND PROBLEM FORMULATION

The literature of space-time (ST) coding is huge. However,
associating ST coding with impulse radio (IR) UWB is a
recent and challenging research area [2]–[5]. This approach
can be a candidate solution for very high data rate wireless
personal area networks (WPANs). However, an additional
constraint related to the nature of the totally-real carrier-less
transmissions must be added. Because of this constraint, the
best known ST codes (namely the golden code [6] and the
perfect codes [1], [7]) that can be associated with all narrow-
band and wide-band CDMA and OFDM systems can not
be applied with this nonconventional transmission technique.
While phase rotations can be exploited in order to achieve the
transmit diversity in conventional narrow-band and wide-band
systems, the very large bandwidth occupied by the transmitted
UWB pulses renders the phase reconstitution at the receiver
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side practically infeasible. This motivates the construction of
new families of totally-real ST coding schemes.

Given the high multi-path diversity offered by the UWB
channels, the utility of an additional spatial diversity may
be questionable. The benefits of merging multi-antenna tech-
niques with UWB systems over realistic indoor channels [8]
was outlined in different contributions [3], [4], [9]. Despite
the high frequency selectivity of the UWB channels, profiting
from multi-path diversity necessitates Rake receivers with
very high orders. This follows from the very important delay
spread of these channels. In this context, the additional spatial
degree of freedom can result in higher performance levels,
multiplexing gains and communication ranges. Given the low
admissible transmission levels imposed by the various nor-
malization organizations all over the world [10], the last point
can be very critical for UWB systems. In this context, multi-
antenna UWB systems can be one solution to the growing
demand of a wide variety of indoor wireless applications for
high-rate reliable communications.

One possible solution for constructing full rate, fully diverse
and totally-real ST codes is the application of the construction
procedures that were adopted for constructing the last gener-
ation of ST codes [1], [6], [7]. In particular, cyclic division
algebras (CDA) [11]–[15] are appealing because they resultin
a systematic code design. Moreover, the best known codes are
based on CDA. Designate byF the infinite extension of the
transmitted constellation (for exampleF = Q for PAM and
F = Q(i) for QAM). The construction ofn × n codewords
calls for the choice of a cyclic field extensionK/F of degree
n whose Galois group is given byGal(K/F) = 〈σ〉 with
σn = 1. Elements of the cyclic algebraA(K/F, σ, γ) have the
following matrix representation:

C(k0, . . . , kn−1) =



k0 k1 · · · kn−1

γσ(kn−1) σ(k0) · · · σ(kn−2)
...

. . .
. . .

...
γσn−1(k1) · · · γσn−1(kn−1) σn−1(k0)


 (1)

wherek0, . . . , kn−1 ∈ K. γ is chosen such that there is no
element inK whose norm is equal toγt for t = 1, . . . , n− 1.
Let K = F(θ) and designate bya1, . . . , an2 the information
symbols that belong to a constellation carved fromF, then:

ki =

n−1∑

j=0

ani+j+1θ
j (2)
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Whenγ, a1, . . . , an2 ∈ OF (the ring of integers ofF), then
the resulting code has a non-vanishing determinant [13], [15].
Designate byG the n × n lattice generator matrix whose
(i, j)-th element is equal toσi−1(θj−1). The perfect codes are
based on CDAs and they verify a large number of interesting
properties:

• They achieve full rate and full diversity.
• They have the best known non-vanishing coding gains.
• They do not introduce any shaping losses (G is unitary).
• They are information lossless.
• They are energy efficient codes that have a constant

average transmit energy per antenna (|γ| = 1).
For example, the last property was verified by choosing

γ = i in [6] and γ = a+ib
b+ai in [7] where a + ib is a non-

norm element in the considered field extension. This property
results in important performance gains. In fact, when|γ| = 1,
the different layers of the codeword given in eq. (1) are
equally protected against the error events (even ST codes
that do not have a non-vanishing determinant were based on
transcendental numbers whose magnitudes are equal to1 [12]).

For IR-UWB,γ can not be a complex number. In fact, when
γ is complex, it corresponds to a phase rotation. On the other
hand, the transmitted UWB pulses occupy a bandwidth that
extends over several GHz. Consequently, applying a phase
rotation (whose value is given byγ) on one frequency com-
ponent will not result in the same phase rotation on another
component (given that these components can be separated by
several GHz). In other words, a phase rotation ofγ can not
be applied simultaneously on the different components of the
spectrum without dividing this band into several smaller sub-
bands and applying the rotation in each one of them. Since this
approach contradicts the nature of the time domain IR-UWB
transmissions, we conclude that IR-UWB-specific codes must
be totally-real.

For totally-real codes that can be used in conjunction with
IR-UWB, γ, F andK must be real. However, for totally-real
constructions, energy efficiency can be obtained uniquely by
choosingγ = ±1. This shows the non-existence of totally-real
energy-efficient codes based on CDAs forn ≥ 3 sinceγ2 = 1
is always a norm. Forn = 2, energy efficiency comes at the
expense of shaping losses and vice versa (whenγ = −1 is
not a norm inK, the generator matrixG can not be unitary
and vice versa [5]).

Moreover, choosing|γ| 6= 1 results in energy-unbalanced
codes that do not have a uniform average energy per transmit
antenna resulting in performance losses. For example,γ = 2
results in a non-vanishing determinant whenK is the maximal
real subfield of the cyclotomic field withn ∈ {2, . . . , 6} [5].
However, even though this choice maximizes the coding gain
with n ∈ {2, 3}, the resulting coding gain is only a fraction
of the coding gain achieved by the perfect codes [5].

On the other hand, IR-UWB is used in conjunction with
pulse amplitude modulation (PAM) and (or) pulse position
modulation (PPM). In what follows, we use hybridM -PPM-
M ′-PAM constellations where the amplitude of the pulse
transmitted during each position can takeM ′ possible values.
This modulation scheme is appealing since it takes advantage
of the high temporal resolution to deliver higher data rates

with lower complexity [16]. This constellation is given by:

C = {(2m′ − 1 − M ′)em+1 ; m′ = 1, . . . , M ′ ;

m = 0, . . . , M − 1} (3)

whereem is them-th column of theM × M identity matrix
IM . C entails PPM and PAM as special cases.

Equation (1) can be readily applied with PPM-PAM. In this
case, the scalarsa1, . . . , an2 in eq. (2) are replaced byM -
dimensional vectors taken fromC in eq. (3). In this case, the
codeword in eq. (1) becomes anM × n matrix whose((n′ −
1)M + m, n′′)-th entry corresponds to the amplitude of the
pulse (if any) transmitted at them-th position of then′-th
antenna during then′′-th symbol duration form = 1, . . . , M
andn′, n′′ ∈ {1, . . . , n}. Suppose thatγ is an algebraic non-
norm integer and designate byd∞ anddM,M ′ the coding gain
of eq. (1) overQ and overM -PPM-M ′-PAM constellations
respectively, then it was proven in [5] that:

dM,M ′ =

{
4d∞ ; M = 1, ∀M ′

2d∞ ; M > 1, ∀M ′ (4)

In Fig. 1, we plot a 3-PPM-4-PAM constellation and a 3-
dimensional extension of the 4-PAM (which, for example,
corresponds to the constellation transmitted in the case of
spatial multiplexing with 3 transmit antennas). This figure
shows the degree of sparsity and the non-linearity of the PPM-
PAM constellations. This particular structure can be further
exploited in order to leverage the performance of the encoding
scheme.

In this work, instead of adopting the classical approach of
constructing ST codes over infinite fields (Z in the totally-
real case), we profit from the particular structure of the PPM-
PAM constellations in order to construct new coding schemes
suitable for these modulations. The proposed schemes are
energy-efficient, information-lossless and they introduce no
shaping losses. However, unlike codes from CDA that can
be associated with any PPM, PAM or hybrid PPM-PAM
constellation, the new codes are exclusive toM -PPM-M ′-
PAM constellations for specific values ofM . Finally, we show
that for certain values ofM , it is possible to construct ST
codes that satisfy all the construction constraints of the perfect
codes in addition to the constraint of being totally-real (which
was impossible with codes from CDA for all constellations).
A fresh look is provided on the construction of PPM-PAM-
specific codes. The additional degree of freedom that results
from the non-linearity of PPM-PAM constellations is exploited
in order to overcome the constraint of having totally-real
transmissions. The new modulation-specific codes show the
best known performance among the existing Space-Time (ST)
UWB schemes. It turns out that constructing modulation-
specific codes might be more beneficial than the extension
of modulation-nonspecific codes to PPM-PAM constellations.

Note that energy balanced schemes that are based on CDAs
were proposed in [5]. However, unlike these schemes that
take advantage of the pulse repetitions in Time-Hopping
UWB (TH-UWB) in order to introduce inter-pulse coding
or joint inter-symbol and inter-pulse coding and balance the
transmitted codewords, the codes that we propose in this work
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Fig. 1. The 3-PPM-4-PAM constellation (in filled circles). The stars
corresponds to a{4−PAM}3 constellation.

can be applied even in the absence of pulse repetitions (and
consequently they can be used with very high data rate TH-
UWB systems).

The rest of the paper is organized as follows. In section
II, we present the system model of multi-antenna TH-UWB
systems. The two families of modulation-specific codes are
presented in section III and section IV. The proposed codes are
comparisons with the ST codes from CDAs in section V. Sim-
ulations over realistic indoor UWB channels are represented
in section VI while section VII concludes.

Notations: Im×n denotes the firstm columns of then×
n identity matrix In. 1m×n and 0m×n correspond to the
m × n matrices whose elements are all equal to 1 and 0
respectively.0m stands for them-dimensional vector whose
components are equal to zero.∗ stands for convolution,⊗ for
the Kronecker product andδ(.) for the Dirac delta function.Q
denotes the field of rational numbers. The functions NK/Q and
TrK/Q denote the norm and trace of an element in the field
extensionK/Q. diag(X1, . . . , Xn) corresponds to stacking
the corresponding matrices on the principal diagonal. vec(X)
stands for stacking the columns of the matrixX vertically.

II. SYSTEM MODEL

Consider a single-user multi-antenna TH-UWB system with
P transmit antennas andQ receive antennas. The antennas of
the same user will share the same TH sequence, and since
multiple access interference is not considered in this work,
no reference to the TH sequence will be made hereafter. The
signal transmitted from thep-th antenna can be expressed as:

sp(t) =
1√
PNf

ap

Nf−1∑

n=0

w(t − nTf − dpδ) (5)

=
1√
PNf

Nf−1∑

n=0

M−1∑

m=0

ap,mw(t − nTf − mδ) (6)

where ap and dp stand for the amplitude and the position
of the symbol transmitted from thep-th transmit antenna.
ap,m = apδ(dp − m) is the (m + 1)-th component of the
M -dimensional vectorAp that belongs to the setC given in

eq. (3) for p = 1, . . . , P and m = 0, . . . , M − 1. In other
words,Ap = [ap,0, . . . , ap,M−1]

T ∈ C is composed ofM − 1
zero values and one component that belongs to theM ′-ary
PAM constellation.w(t) is the monocycle pulse waveform of
durationTw normalized to have unit energy.Nf pulses are
used to convey each information symbol. Each one of these
pulses is emitted during one time frame of durationTf . δ
is the modulation delay and is chosen to verifyδ ≥ Tw. In
what follows, we suppose thatTf is larger than the channel
delay spread and, consequently, the considered system does
not suffer from inter frame interference (IFI) or inter symbol
interference (ISI). The normalization factorP is introduced in
order to insure that the total transmitted energy is the sameas
in the single-antenna case.

Note that eq. (6) models the TH-UWB systems that do not
employ any kind of inter-pulse coding. In other words, theNf

pulses used to convey each information symbol have the same
amplitudes and the same modulation positions. It also models
very high data rate systems that do not employ any kind of
pulse repetitions (Nf = 1).

The signal received at theq-th antenna is given by:

rq(t) =

P∑

p=1

sp(t) ∗ gq,p(t − εq,p) + nq(t) (7)

=
1√
PNf

P∑

p=1

Nf−1∑

n=0

M−1∑

m=0

ap,mhq,p(t − nTf − mδ) + nq(t)

(8)

wherenq(t) is the noise at theq-th antenna which is supposed
to be real AWGN with double sided spectral densityN0/2.
gq,p(t) stands for the impulse response of the frequency
selective channel between thep-th transmit antenna and the
q-th receive antenna.εq,p corresponds to the time delay of
the first arriving multi-path component ofgq,p(t). In fact,
given the very small duration of the transmitted pulses, the
propagation delays introduced by the spacing of the elements
of the transmit or receive antenna arrays can be comparable
with respect toTw. These additional delays are calculated with
respect to the first arriving ray. In other words,minp,q(εq,p) =
0. In what follows, we fixhq,p(t) = w(t) ∗ gq,p(t − εq,p)
implying that the receiver is synchronized to the first multi-
path component between the transmit and the receive arrays.

In UWB systems, the interaction between the very short
pulses is limited resulting in better immunity against multi-
path fading. However, profiting from the multi-path diversity
might necessitate the implementation of very high order Rake
receivers given the very large delay spread of the UWB
channels. In practice, TH-UWB systems are associated with
receivers having a limited number of Rake fingers. Consider
the case of aL-th order partial Rake (PRake) receiver that
combines theL first arriving multi-path components [17]. Des-
ignate by∆l the delay of thel-th finger forl = 0, . . . , L−1. At
the receiver side,QLM decision variables are collected during
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each symbol duration. These decision variables are given by:

yq,l,m =

∫ Nf Tf

0

rq(t)w̃l,mdt

=

√
Nf

P

P∑

p′=1

M−1∑

m′=0

ap′,m′rq,p′ ((m − m′)δ + ∆l) + nq,l,m

(9)

where the reference signal is given by:

w̃l,m =

Nf−1∑

n=0

w(t − nTf − ∆l − mδ) (10)

Equation (9) follows from the condition of no IFI and no ISI
andrq,p(τ) =

∫ Tf

0 hq,p(t)w(t−τ)dt. The correlation between
the zero-mean noise terms is given by:

E [nq,l,mnq′,l′,m′ ]=
NfN0

2
γw (∆l−∆l′ + (m−m′)δ) δ(q−q′)

(11)
whereγw(τ) =

∫ Tw

0 w(t)w(t−τ)dt. From eq. (11), it follows
that choosing∆l = lMTw for l = 0, . . . , L−1 results in white
Gaussian noise terms sinceγw(kTw) = δ(k). In what follows,
the multiplying factorNf will be removed from eq. (9) and
eq. (11) since it has no impact on the signal to noise ratio. In
the same way, the multiplying factorP can be removed from
eq. (9) and included in the noise variance.

For a P × T space-time code, eq. (9) can be written in
matrix form as:

Y = RC + N (12)

where Y and N are QLM × T matrices corresponding to
the decision variables and the noise terms respectively.C is
the PM × T codeword whose((p − 1)M + m, t)-th entry
corresponds to the amplitude of the pulse (if any) transmitted
at the m-th position of thep-th antenna during thet-th
symbol duration forp = 1, . . . , P , m = 1, . . . , M and
t = 1, . . . , T . R = [RT

1 · · · RT
Q]T is theQLM×PM channel

matrix. Rq = [RT
q,0 · · · RT

q,L−1]
T is a LM × PM matrix

corresponding to theq-th receive antenna forq = 1, . . . , Q.
Rq,l = [Rq,l,1 · · · Rq,l,P ] is aM ×PM for l = 0, . . . , L−1.
Finally, Rq,l,p is a M × M matrix for p = 1, . . . , P . The
(m, m′)-th element ofRq,p,l corresponds to the impact of the
signal transmitted during them′-th position of thep-th antenna
on them-th correlator placed after thel-th Rake finger of the
q-th receive antenna:

Rq,p,l(m, m′) = rq,p((m − m′)δ + ∆l) (13)

Notice that increasing the spectral efficiency of the trans-
mitted constellation by increasing the value ofM results in
high receiver complexity since the number of matched filters
in eq. (10) is increased. However, this additional complexity is
associated with better performance (measured by the achieved
symbol error rate in this case). On the other hand, increasing
the value of M ′ results in important performance losses
without an additional increase in the number of matched filters
deployed at the receiver.

III. C ONSTRUCTION1: ACHIEVING FULL TRANSMIT

DIVERSITY VIA POSITION PERMUTATION

For M -PPM-M ′-PAM with n transmit antennas, the
minimal-delay codewords are given by:

C =

2666664 k0 k1 k2 · · · kn−1

Ωσ(kn−1) σ(k0) σ(k1) · · · σ(kn−2)
Ωσ2(kn−2) Ωσ2(kn−1) σ2(k0) · · · σ2(kn−3)

...
...

...
. . .

...
Ωσn−1(k1) Ωσn−1(k2) · · · Ωσn−1(kn−1) σn−1(k0)

3777775
(14)

where:

ki =

n−1∑

j=0

ani+j+1θ
j ∈ OM

K ; a1, . . . , an2 ∈ C (15)

In comparison with eq. (1), the non-norm scalarγ is replaced
by theM × M permutation matrixΩ given by:

Ω =




0 · · · · · · 0 1
1 0 · · · 0 0

0 1
. . .

...
...

...
. . .

. . . 0
...

0 · · · 0 1 0




(16)

It can be directly seen that the code in eq. (14) is not fully-
diverse with PAM constellations (M = 1) since in this case
eq. (14) corresponds to the code constructed from CDAs with
Ω = γ = 1 which is not a non-norm element.

A. Diversity Order

Proposition 3.1: Forn transmit antennas, the association of
the codewords given in eq. (14) with the permutation matrix
given in eq. (16) permits to achieve full transmit diversitywith
M -PPM-M ′-PAM constellations for all values ofM ′ and for
M ≥ 2n − 1 or for the values ofM verifying ϕ(M) ≥ n
whereϕ(.) stands for Euler’s function.

For example, the proposed scheme achieves full diversity
with M -PPM-M ′-PAM constellations for all values ofM ′ and
for M ≥ 3, M ≥ 5, {M = 5, M ≥ 7}, {M = 7, M ≥ 9}
and{M = 7, 9, M ≥ 11} with n = 2, 3, 4, 5 and6 transmit
antennas respectively.

Proof : In order to get more insights on the properties of the
proposed code, we next present the proof of Proposition 3.1
with n = 2. The proof forn > 2 is given in Appendix I.

Designate by∆C(X1, X2) the difference between any two
codewords given in eq. (14):

∆C(X1, X2) = C − C′ =

[
X1 X2

Ωσ(X2) σ(X1)

]
(17)

whereC andC′ are the codewords associated with the vector
pairs (k0, k1) and (k′

0, k
′
1) respectively wherek0, k

′
0, k1, k

′
1

areM -dimensional vectors whose structure verifies eq. (15).
X1 = k0 − k′

0 andX2 = k1 − k′
1 belong to the setA given

by:

A = {(a − a′) + (b − b′)θ | a, a′, b, b′ ∈ C} ⊂ OM
K (18)

whereC stands for theM -PPM-M ′-PAM constellation given
in eq. (3).
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We will now show that all non-zero vector couples(X1, X2)
that result in a rank deficient matrix∆C(X1, X2) do not
belong to the setA given in eq. (18) for all values ofM ′.
In other words, according to the rank criterion given in [18],
full transmit diversity is achieved withM -PPM-M ′-PAM
constellations if:

rank(∆C(X1, X2)) = 2 ; ∀ (X1, X2) ∈ A2\{(0M ,0M )}
(19)

where 0M is the M -dimensional all-zero vector. In what
follows, ∆C(X1, X2) will be referred to as∆C when there
is no ambiguity. Denote byXi,m the m-th component of the
vectorXi for i = 1, 2 andm = 1, . . . , M .

Proposition: if ∃ i, m |Xi,m = 0 then rank(∆C(X1, X2)) =
2 unlessX1 = X2 = 0M .

Proof : Designate byπ the cyclic permutation given by:

π(i) = i mod (M) + 1 ; i = 1, . . . , M (20)

π defines a bijection over{1, . . . , M} where π−1(i) =
i − 2 mod (M) + 1 for i = 1, . . . , M . The 2M × 2 matrix
∆C(X1, X2) can be written as:
[

X1,1 · · · X1,M σ(X2,π−1(1)) · · · σ(X2,π−1(M))
X2,1 · · · X2,M σ(X1,1) · · · σ(X1,M )

]T

(21)
Suppose thatX1,m = 0 for a given value ofm. When

rank(∆C) < 2, the two columns of∆C have the same
direction. Therefore, considering the firstM rows of ∆C,
X1,m = 0 ⇒ X2,m = 0. Now we haveσ(X2,m) = 0
(since X2,m = 0 and {1, θ} is an integral basis ofOK).
Considering the lastM rows of ∆C, σ(X2,m) = 0 ⇒
σ(X1,π(m)) = 0 ⇒ X1,π(m) = 0. Starting the same procedure
again withπ(m) rather thanm, we conclude by iteration that
X1,m = X1,π(m) = · · · = X1,πM−1(m) = 0 and X2,m =
X2,π(m) = · · · = X2,πM−1(m) = 0 ⇔ X1 = X2 = 0M since
π defines a bijection over{1, . . . , M}. The same proof holds
if ∃m |X2,m = 0.

Lemma: For n = 2 transmit antennas, the code in eq. (14)
achieves full diversity withM -PPM-M ′-PAM constellations
for M > 4 and for all values ofM ′.

Proof : From the definition ofA in eq. (18),X1 andX2 are
linear combinations of any four columns of theM×M identity
matrix IM . Therefore forM > 4, X1 and X2 each have at
least one zero component resulting in full rank as shown in
the last proposition.

We must now verify that∆C has a full rank when all
of its components are different from zero. In this case,
X1,m, X2,m ∈ O∗

K = Z∗ ⊕ θZ∗ ⊕ O′
K for all values ofm

whereO′
K = {a + bθ | a, b ∈ Z∗}. When all the components

of ∆C are different from zero, rank(∆C) < 2 implies that:

X2,1

X1,1
= · · · =

X2,M

X1,M
=

σ(X1,1)

σ(X2,π−1(1))
= · · · =

σ(X1,M )

σ(X2,π−1(M))
= k (22)

wherek is any element ofK. After some manipulations, eq.
(22) becomes:

X1,1 =
(
NK/Q(k)

)M+1−m
X1,m ; m = M, M − 1, . . . , 2

(23)

Since NK/Q(k) ∈ Q, eq. (23) implies thatX1,1, . . . , X1,M

(and in an equivalent mannerX2,1, . . . , X2,M ) must belong
simultaneously to one of the following setsZ∗, θZ∗ or O′

K.
Following from the structure ofA in eq. (18), a maximum

number of two components ofX1 (or X2) can contain an
integer or an integral multiple ofθ. For M = 2, eq. (23) does
not contradict the structure ofA implying that the proposed
code is not fully diverse withM = 2. Designate byx1, . . . , x4

any four elements of theM ′-PAM constellation and byi and
j two integers verifyingi, j ∈ {1, 2} and i 6= j. From eq.
(18), both entries ofX1 can belong toZ∗ when b = b′ and
(a, a′) = (x1ei, x2ej) (em is them-th column ofIM ). In the
same way, both entries ofX1 can belong toθZ∗ whena = a′

and(b, b′) = (x1ei, x2ej). Finally, X1,1 andX1,2 can both be
in O′

K whenX1 takes the form:X1 = (x1 + θx2)ei + (x3 +
θx4)ej .

For M = 3, when X1,m 6= 0 for m = 1, . . . , M , X1 ∈
A implies that X1 must belong to the set of all possible
permutations of:

A′ =
{
[x1, x2, x3θ]

T , [x1, x2θ, x3θ]
T , [x1, x2θ, x3 + x4θ]

T
}

(24)
wherex1, . . . , x4 ∈ Z∗. Therefore, a maximum number of2
components ofX1 can be inZ∗ (or θZ∗) at the same time
while only one component can belong toO′

K. This is in
contradiction with eq. (23) which proves that the proposed
code is fully diverse forM = 3.

For M = 4, a vectorXi ∈ A occupies four positions
without having any zero entry only if it is a permutation of the
vector(x1e1 + θx2e2 +x3e3 + θx4e4). This implies that there
are two components ofXi that belong toZ∗ while the other 2
components belong toθZ∗. Such vectors do not verify eq. (23)
and, consequently, they do not result in rank deficient matrices
∆C. Considering the last lemma and the casesM = 3 and
M = 4, we conclude that the proposed code achieves full
diversity for n = 2, M ≥ 3 and∀M ′.

For the general values ofn, the reader is referred to
Appendix I.

B. Coding Gain

Designate byδM,M ′ the coding gain of the code given
in eq. (14) with M -PPM-M ′-PAM constellations. We have
δN,M ′ ≥ δM,M ′ for N ≥ M since in this caseN -PPM-M ′-
PAM is obtained by adding new dimensions to the initialM -
PPM-M ′-PAM signal set. On the other hand,δM,N ′ ≤ δM,M ′

for N ′ ≥ M ′ since M ′-PAM is a subset ofN ′-PAM for
N ′ ≥ M ′. Therefore, unlike the QAM constellations where
an increase in the spectral efficiency results in a possible
reduction in the coding gain, the coding gain and the spectral
efficiency of the hybrid PPM-PAM constellations can be
increased by increasing the dimensionality of the considered
constellation. Therefore, we can argue that forM >> 1,
δM,M ′ keeps the same value for all values ofM ′. This
follows from the fact that the multiplication by the matrix
Ω simply permutes the coordinates of the information vectors
over theM -dimensional signal subspace without introducing
any constellation expansion. Formally speaking, the proposed
code verifies the following property:
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Proposition 3.2: For a system equipped withn transmit
antennas withM -PPM-M ′-PAM constellations, eq. (14) has
a non-vanishing determinant forM > n2 and for all values
of M ′.

The proof is provided in Appendix II.

C. Shaping and Information Losses

In order to verify the shaping constraint, the basis
{1, θ, . . . , θn−1} in eq. (14) can be replaced by a new ortho-
normal basis{vi}

n
i=1. In this case, eq. (14) takes the general

form:

C =
n−1∑

i=0

Diag((M⊗ IM )[ aT
in+1 · · ·a

T
(i+1)n

]
T
)
Λi (25)

For a nM -dimensional vector X , Diag(X) =
diag([X1 · · ·Xn]) where Xi is the M -dimensional
vector composed of thej-th components of X for
j = (i − 1)M + 1, . . . , iM where i ∈ {1, . . . , n}. The
(i, j)-th element ofM is equal toσi−1(vj) and Λ is the
nM × nM matrix given by:

Λ =

2666640M×M IM · · · 0M×M

... 0M×M

. . .
...

0M×M

...
. . . IM

Ω 0M×M · · · 0M×M

377775 (26)

Concerning the choice of the basis{vi}
n
i=1, the orthonormal

basis constructed in [5] can be readily used for all values ofn.
In the same way,M can be any fully diverse rotation matrix
[19], [20].

Proposition 3.3: The code given in eq. (25) is information
lossless for all values ofn.

The proof follows from the fact the basis{vi}
n
i=1 is ortho-

normal and that the matrixΩ is unitary. A detailed proof is
provided in Appendix III.

IV. CONSTRUCTION2: ACHIEVING FULL TRANSMIT

DIVERSITY VIA POSITION COMBINING

In this section, we propose the construction of a new family
of ST codes forM -PPM-M ′-PAM constellations with the
values ofM spanning intervals that are potentially different
from the ones given in proposition 3.1. In particular, the
proposed codes can be applied with any number of transmit
antennas for all even values ofM . In order to achieve full
transmit diversity with these values ofM , we propose to keep
the same structure of the codewords (as in eq. (14)) and to find
an appropriate structure of theM ×M matrix Ω that permits
to achieve this diversity order. For a given number of transmit
antennas,Ω is constructed as follows:

Proposition 4.1: Forn transmit antennas, consider the code
given in eq. (14) constructed overK(θ) with θ = 2 cos(2π

N )
andϕ(N) = 2n (the maximal real subfield of the cyclotomic
field with degreen). This code is fully diverse withM -PPM-
M ′-PAM constellations for all values ofM ′ and for even
values ofM if:

Ω = IM/2 ⊗

[
cos(θ′) sin(θ′)
− sin(θ′) cos(θ′)

]
(27)

such thatθ = 2π
N ′ andN ′ is an integer that is relatively prime

with N verifying ϕ(N ′) ≥ 2n.
Proof: The proof is provided in Appendix IV.
In order to have more insights on the properties of the

constructed code, we further investigate the casen = M = 2
and N = 5. In this case,N ′ can be chosen to verify
proposition 4.1 (N ′ = 7 for example). However, for this
special case, we can prove that full diversity can be achieved
if the matrix Ω takes the following form:

Ω =

[
0 1
−1 0

]
(28)

As in eq. (17), denote by∆C the difference between two
codewords. ForM = n = 2 and forΩ verifying eq. (28),∆C
can be expressed as:

∆C =

[
X1,1 X1,2 σ(X2,2) −σ(X2,1)
X2,1 X2,2 σ(X1,1) σ(X1,2)

]T

(29)

∆C is rank deficient if∆C2 = k∆C1 for a certain value
k ∈ K where∆Ci is the i-th column of∆C. This results in:

X2,1 = kX1,1 = kσ(k)X2,2 = k2σ(k)X1,2 = −k2(σ(k))2X2,1

= −
(
NK/Q(k)

)2
X2,1 (30)

(1+(NK/Q(k))2)X2,1 = 0 implies thatX2,1 = 0 sincek is
real. From the first row of∆C, rank(∆C) < 2 andX2,1 = 0
⇒ X1,1 = 0. Considering the third row of∆C, this implies
that X2,2 = 0 which further results inX1,2 = 0 from the
linear dependence between the elements of the second row of
∆C. Therefore, only the all-zero matrix is rank-deficient and
the code is fully diverse for all values ofM ′.

For the special case of2-PPM constellations (M = 2 and
M ′ = 1), the following proposition holds:

Proposition 4.2: If Ω has the structure given in eq. (28),
then the code is fully diverse with2-PPM constellations and
for all values ofn.

Proof: Designate byA the set whose elements consist of
the difference between twoM -dimensional vectors having the
structure given in eq. (15). In other words:

A = {
n−1∑

i=0

(ai − a′
i)θ

i ; a0, a
′
0, . . . , an−1, a

′
n−1 ∈ C} (31)

where C stands for the PPM-PAM signal set. For binary
PPM constellations,C = {[1 0]T , [0 1]T }. Following from
this structure ofC, an elementA of A can be written as
A = [a − a]T where a ∈ K. For example, withn = 2
transmit antennas, consider the following matrix:

A =

[
0 1 θ 1 + θ 1 − θ
0 −1 −θ −1 − θ −1 + θ

]
(32)

then, the elements ofA are equal to the columns of the above
matrix multiplied by±1.

In Appendix V, we show that this particular structure of
the elements ofA results in rank(∆C) = n for non-zero
matrices∆C and for all values ofn. Note that for binary
PPM, full diversity can be achieved with the values ofΩ
respecting proposition 4.1 or withΩ as in eq. (28). It is better
to choose the matrix form given in eq. (28) because in this
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case the multiplication byΩ does not result in an additional
constellation extension. Moreover, this choice ofΩ results in
an additional advantage stated in the next proposition.

Proposition 4.3: If Ω has the structure given in eq. (28),
then the code proposed in eq. (14) and the perfect codes [1]
have the same coding gain with2-PPM constellations and for
all values ofn.

Proof: The proof is given in Appendix VI.

As in section III, the basis{1, . . . , θn−1} can be replaced
by an orthonormal basis resulting in information lossless and
shaping efficient codes obtained from the association of eq.
(25) with the values ofΩ given in eq. (27) or eq. (28). The
proof is similar to the one given in Appendix III.

Finally, combining the constructions proposed in this section
and in section III permits to achieve full transmit diversity with
M -PPM-M ′-PAM constellations for all values ofM ′ and for
M ≥ 2, {M ≥ 2, M 6= 3}, {M ≥ 2, M 6= 3}, {M ≥
2, M 6= 3, 5} and {M ≥ 2, M 6= 3, 5} with n = 2, 3, 4,
5 and 6 transmit antennas respectively. If a certain values of
M verifies proposition 3.1 and proposition 4.1 simultaneously,
it is better to choose the matrix form given in eq. (16) that
simply permutes the coordinates of the transmitted information
vectors rather than combining them.

V. COMPARISON WITH CODES FROM CYCLIC DIVISION

ALGEBRAS

In what follows, we compare the modulation specific codes
with the totally-real codes constructed from cyclic division
algebras for the values ofM respecting proposition 3.1 or
proposition 4.1.

For the values ofM respecting proposition 3.2, construction
1 has a coding gain that does not decrease with the size of the
embedded PAM constellation (M ′). However, this happens for
M > n2 which corresponds to constellations having a large
number of dimensions and consequently for systems having
a high receiver complexity. For constellations with limited
dimensions, the modulation specific codes do not have a non-
vanishing determinant (NVD). The advantage of these codes
is that they are energy-efficient and information lossless.On
the other hand, totally-real codes from CDAs have a non-
vanishing determinant. However, this comes at the expense of
not having uniform average transmitted energy per antenna.
Moreover, these codes are not information lossless codes. For
UWB communications, we argue that energy efficiency can
be more important than the NVD property for the following
reasons:

• Over Rayleigh fading channels, codes with NVD achieve
the diversity-multiplexing tradeoff of the underlying
channel [21]. However, UWB signals are subject to
lognormal fading [8]. For these channels, the asymptotic
analysis applied in [21] gives no insights whether or not
codes with NVD achieve the D-MG tradeoff over the
UWB channels. First, studying the D-MG tradeoff for any
number of transmit antennas necessitates the knowledge
of the joint probability density function of the eigenvalues
of the channel matrix [21], [22]. While these distributions

are known in the case of Gaussian random matrices,
the channel matrices characterizing the propagation of
UWB signals (in eq. (12)) do not lend themselves to
an analytical solution. Second, because it was proven
in [9] that an infinite diversity order can be reached for
asymptotic values of the SNR even with single-antenna
systems. Over the UWB channels, the absence of a direct
connection between the NVD property and the achievable
tradeoffs reduces the importance of the NVD property.

• In [21], the tradeoff is achieved with a family of codes
whose spectral efficiency scales with the SNR. For QAM
constellations, this reduces the coding gain unless when
the code has a NVD. On the other hand, at high SNRs, the
spectral efficiency ofM -PPM-M ′-PAM can be increased
by extending the constellation in the time domain (in-
creasingM ) rather than the amplitude domain (increasing
M ′). For construction 1, this extension does not introduce
a decrease in the coding gain since the dimensionality
of the signal subspace is increased with no additional
constellation expansion.

• High order PAM constellations have a very poor per-
formance [23]. This is why, the highest order PAM
constellation used in the literature of the UWB was the
2-PAM constellation.

Finally, the modulation-specific codes verify a large number
of constraints. 1) They are totally-real. 2) They achieve full
rate and full diversity. 3) They introduce no shaping losses.
4) They are information lossless. 5) They are energy efficient.
6) They achieve the best known coding gains (those of the
complex-valued perfect codes) in the following cases:

• M -PPM-M ′-PAM constellations for all values ofM ′ and
for M > n2 with any number of transmit antennasn
(from proposition 3.2).

• 2-PPM constellations with any number of transmit anten-
nas (from proposition 4.3).

• 2-PPM-2-PAM, 2-PPM-4-PAM and 2-PPM-8-PAM con-
stellations withn = 2 transmit antennas (with the value
of Ω given in eq. (28)).

• M -PPM constellations for all values ofM ≥ 3 and for
n = 2 transmit antennas (construction 1).

• M -PPM-2-PAM (bi-orthogonal) constellations andM -
PPM-4-PAM forM ≥ 4 and forn = 2 transmit antennas
(construction 1).

The third case is verified by computer simulations. The last
two cases follow from the numerical evaluation of the coding
gain of the code in eq. (25) associated with the value ofΩ in
eq. (16) withM -PPM andM -PPM-M ′-PAM (M ′ ∈ {2, 4})
for M = 3 and M = 4 respectively. Since the coding gain
of construction 1 increases withM , this proves the last two
conditions.

VI. SIMULATIONS AND RESULTS

The pulse waveformw(t) is chosen to be the second
derivative of the Gaussian pulse with a duration of0.5 ns and
we fix δ = Tw = 0.5 ns.Nf has no effect on the performance
in single user situations and it is fixed to1. At a first time,
thePQ channels between the different antennas are generated
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Fig. 2. The best previously known code (BPC) [5] versus construction 1
(STC1) on CM2.

independently according to the IEEE 802.15.3a channel model
recommendation [8]. The channel is held constant over one
transmission block and is allowed to change from one block
to another. The frame durationTf is chosen to beTf = 100
ns which is larger than the maximum delay spread of the
channel models CM1 and CM2 that correspond to line-of-
sight and non-line-of-sight conditions respectively [8].For
simplicity, we assume that the relative time delays between
the signals received at the different antennas (εq,p in eq.
(7)) are negligible. In this way, simulations highlight the
diversity and multiplexing advantages of the proposed schemes
independently from the relative orientations and positions of
the transmit and receive arrays. The sphere decoder [24] is
used for detection.

Fig. 2 compares the best previously known codes [5] (that
are based on totally-real CDAs) with the modulation-specific
codes usingM -PPM-M ′-PAM constellations. The values of
M are chosen to verify proposition 3.1 and thereforeΩ
can take the value given in eq. (16). Results show that
the modulation-specific codes outperform codes from totally-
real cyclic division algebras without the need of any pulse
repetitions or additional number of matched filters. This shows
the importance of having energy-efficient codes. A gain of
about1 dB is observed at an error rate of10−3 using three
transmit antennas and5-PPM-2-PAM constellations. This gain
increases to1.5 dB with four transmit antennas and5-PPM.

In Fig. 3, we consider2-PPM constellations on CM2. The
receiver is equipped with a1-finger PRake and we fixP =
Q = n wheren = 2, . . . , 5. Following from proposition 4.2,Ω
can take the form given in eq. (28). In this case, the association
of construction 2 with2-PPM achieves the best known coding
gain (proposition 4.3). As a result, performance gains in the
order of 2 dB can be obtained with respect to [5] with3
transmit antennas at a BER of10−3.

In Fig. 4, we show the performance of the proposed ST
codes over the space-variant UWB channel model proposed
in [25], [26]. In this case, the relative delays between the
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Fig. 3. The best previously known code (BPC) [5] versus construction 2 on
CM2 with 2-PPM andL = 1.

elements of the antenna arrays are provided by this model
(εq,p in eq. (7)). We fix,P = 3, Q = 1 and L = 5 with 4-
PPM constellations. For the modulation-specific codes,Ω has
the structure given in eq. (27) withN ′ = 9 (sinceN = 7).
We consider profile3 that corresponds to an “office-to-office”
scenario. We compare the cases where the distanced between
the elements of the transmit antenna array is equal to5 cm and
15 cm respectively. Results show that even though construction
2 introduces an additional constellation extension, its good
energetic distribution results in a performance gain of about
1.2 dB with respect to totally-real codes from CDAs at a
SER of10−3. The slopes of the error curves of the ST coded
systems highlight the enhanced diversity order with respect to
the uncoded MIMO systems. Closely separated antenna arrays
(d = 5 cm) result in a performance loss of about0.6 dB with
respect to arrays whose inter-antenna separation is equal to
15 cm. However, this performance loss is not associated with
any degradation in the diversity order and the same diversity
advantage can be obtained for both inter-antenna separations.

In Fig. 5, the proposed modulation-specific codes are com-
pared with the perfect codes for the values ofM andM ′ that
result in the best known coding gain (refer to section V). For
comparison reasons, and even though it may seem practically
infeasible, the UWB receivers are supposed to be equipped
with IQ front ends. The results show the high performance
levels of the proposed modulation-specific schemes. Even
though they are real-valued, they show exactly the same
performance as the best known codes.

In Fig. 6, we compare the best known totally-real codes
from CDAs [5] and the modulation-specific code (construction
2) with 2 transmit antennas,1 receive antenna and2-PPM-M ′-
PAM constellations forM ′ ∈ {4, 16, 64} over CM1 using a
5-finger PRake. It was previously shown that the code based on
CDAs has a non-vanishing determinant while the modulation-
specific codes are information lossless. For the latter codes,
there is no explicit expression of the coding gain given that
the determinants of the codewords are not rational integers.
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Fig. 5. The new modulation-specific codes (NC) versus the perfect codes
(PC) on CM2.

We might imagine that codes from CDAs will outperform
the modulation-specific codes for large values ofM ′ since
the coding gain of the former remains constant. However,
the results in Fig. 6 show the superiority of the modulation-
specific codes even at very high spectral efficiencies. Note
also that for large values ofM ′, the performance losses of
both codes are very important even at very large values of the
SNR. Therefore, practical single-antenna and multi-antenna
UWB systems might not use these high order embedded PAM
constellations.

In Fig. 7, we compare construction 1 and construction 2
with M -PPM-M ′-PAM constellations for the values ofM that
verify proposition 3.1 and proposition 4.1 simultaneously. In
particular, we perform simulations over CM2 withP = 3
transmit antennas,3 receive antennas and a1-finger Rake
for M = 6 and M ′ ∈ {2, 4, 8, 16}. Given the high di-
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Fig. 6. The best previously known code (BPC) [5] versus construction 2 with
2 transmit antennas,1 receive antenna and2-PPM-M ′-PAM constellations
over CM1. A 5-finger PRake is used.

10 15 20 25 30 35 40
10

−5

10
−4

10
−3

10
−2

10
−1

S
E

R

SNR per bit (dB)

construction 2, 6−PPM−2−PAM
construction 1, 6−PPM−2−PAM
construction 2, 6−PPM−4−PAM
construction 1, 6−PPM−4−PAM
construction 2, 6−PPM−8−PAM
construction 1, 6−PPM−8−PAM
construction 2, 6−PPM−16−PAM
construction 1, 6−PPM−16−PAM

Fig. 7. Construction 1 versus construction 2 with3 transmit antennas,3
receive antenna and6-PPM-M ′-PAM constellations over CM2.

mensionality of the transmitted constellation (P 2M = 54),
we apply the algorithm proposed in [27] for detection. This
decoding algorithm is based on the Schnorr-Euchner enu-
meration strategy and a Fano-like metric bias is introduced
in order to enhance the convergence time. Moreover, the
MMSE-DFE preprocessing is performed [28]. As expected,
construction 1 outperforms construction 2 and the simulation
results show that the performance difference between these
two constructions becomes significant for large values ofM ′.
While construction 2 shows practically the same performance
as construction 1 forM ′ = 2, 4, the former construction results
in a performance loss in the order of0.5 dB for M ′ = 8, 16.

VII. CONCLUSION

We investigated the problem of constructing ST coding
schemes suitable for UWB systems usingM -PPM-M ′-PAM
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as a candidate solution for very high data rate systems. The
novel coding schemes are based on “position permutation”
and “position combining”. They solve the problem of the
nonexistence of energy-balanced, information lossless and
totally-real constructions and they outperform the classical
approach of constructing totally-real ST codes based on cyclic
division algebras. In some situations, the modulation-specific
codes are capable in delivering the same performance levels
as the complex-valued prefect codes.

APPENDIX I
DIVERSITY ORDER OF CONSTRUCTION1

In this appendix, we determine the dimensions of the hybrid
PPM-PAM constellation for which the code in eq. (14) is fully
diverse for a given value ofn.

Designate by∆C(X1, . . . , Xn) the difference between two
codewords having the structure given in eq. (14).Xi is a M -
dimensional vector that can be written as:Xi = x

(1)
i − x

(2)
i

where:

x
(k)
i =

n−1∑

j=0

x
(k)
i,j θj ; k = 1, 2 (33)

where the vectorsx(k)
i,j belong to theM -PPM-M ′-PAM con-

stellationC given in eq. (3) fork = 1, 2, i = 1, . . . , n and
j = 0, . . . , n − 1. In other words, the vectorsX1, . . . , Xn

belong to the setA given by:

A = {

n−1∑

j=0

(aj − a′
j)θ

j | a0, a
′
0, . . . , an−1, a

′
n−1 ∈ C} (34)

The proof now consists of finding the set of values ofM for
which the following relation holds: rank(∆C(X1, . . . , Xn)) =
n for (X1, . . . , Xn) ∈ An\{(0M , . . . ,0M )}.

For an elementk ∈ K | k =
∑n−1

j=0 kjθ
j , kj ∈ Q

will be referred to as thej-th coordinate ofk. In eq. (34),
a0, a

′
0, . . . , an−1, a

′
n−1 are integer multiples of the columns

of theM ×M identity matrix. Therefore, elements ofA have
the property that at most two of their components can have
their j-th coordinates different from zero forj = 0, . . . , n−1.

∆C(X1, . . . , Xn) will be referred to as∆C for simplicity.
rank(∆C) < n if ∃k1, . . . , kn−1 such that:

∆Cn =

n−1∑

i=1

ki∆Ci (35)

where ∆Ci is the i-th column of ∆C. Moreover,
k1, . . . , kn−1 ∈ K since all of the elements of∆C are in
K.

Proposition 1.1: Equation (35) is verified if the vectors
X1, . . . , Xn verify the equation:

MXi = (

n−1∑

j=0

λjΩ
j)Xi = 0M ; i = 1, . . . , n (36)

where Ω is the permutation matrix given in eq. (16).
λ1, . . . , λn−1 ∈ Q andλ0 = 1 resulting inM ∈ QM×M .

Proof: We first give an example withn = 3. Inserting eq.
(14) in eq. (35), we obtain:

X3 = k1X1 + k2X2

σ(X2) = Ωk1σ(X3) + k2σ(X1)

σ2(X1) = Ωk1σ
2(X2) + Ωk2σ

2(X3)

Since the entries ofΩ are rational numbers, thenσ(Ω) = Ω
and the above equations can be written as:

X3 = k1X1 + k2X2

X2 = Ωσ2(k1)X3 + σ2(k2)X1

X1 = Ωσ(k1)X2 + Ωσ(k2)X3

Solving these equations, we conclude that the vectorsXi

for i = 1, . . . , 3 must verify:
(
IM + λ1Ω + λ2Ω

2
)
Xi = 0M (37)

λ1 = −
(
TrK/Q(σ2(k1)k2) + NK/Q(k2)

)
; λ2 = −NK/Q(k1)

(38)
In the same way, withn = 4 antennas, we have:

(
IM + λ1Ω + λ2Ω

2 + λ3Ω
3
)
Xi = 0M (39)

λ1 = −NK/Q(k3) − TrK/Q(k1σ(k3)) − TrK/Q(k2σ(k3)σ
2(k3))

−
1

2
TrK/Q(k2σ

2(k2))

λ2 = −TrK/Q(k2σ(k2)σ
3(k1)σ

2(k3)) − TrK/Q(k2σ
2(k1)σ

3(k1))

+ NK/Q(k2) +
1

2
TrK/Q(σ(k1)σ

3(k1)k3σ
2(k3))

λ3 = −NK/Q(k1)

We return now to the general case. The columns of∆C
are considered asn-dimensional vectors composed of the
parametric variablesΩ, X1, . . . , Xn and their conjugates.
Therefore, eq. (35) results inn linear equations. Taking the
(n− i)-th conjugate of thei-th equation fori = 2, . . . , n, eq.
(35) can be written as:

R




X1

...
Xn−1

Xn


=0Mn (40)

where the matrixR is given by:266666664 k1 k2 · · · kn−1 −1

σn−1(k2)
. . . σn−1(kn−1) −1 Ωσn−1(k1)

...
. . .

. . . Ωσn−2(k1) Ωσn−2(k2)

σ2(kn−1) −1
. . .

. . .
...

−1 Ωσ(k1) Ωσ(k2) · · · Ωσ(kn−1)

377777775
(41)

The last equation is verified if:

det(R)Xi = 0M ; i = 1, . . . , n (42)

when calculating the determinant,R is considered as an× n
matrix andΩ is taken as a parameter (rather than aM × M
matrix). By rearranging the rows ofR, we obtain:

det(R) = det([RT
n , RT

n−1, . . . , R
T
2 , RT

1︸ ︷︷ ︸
R′

]T ) = det(R′) (43)
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whereRi is the i-th row of i. R′ has the same structure as
the matrix expression of the elements of a division algebra.In
particular:

R′ = C (−1, σ(k1), . . . , σ(kn−1)) (44)

where the expression ofC is given in eq. (1) (by replacing the
variableγ with Ω). From [11], the coefficients of the powers
of Ω in det(C) are linear combinations of norms and traces
that belong toQ. Consequently, parameterized byΩ, det(R)
is a polynomial with rational coefficients having a degree of
n − 1:

det(R) =
n−1∑

i=0

λiΩ
i ; λ0, . . . , λn−1 ∈ Q (45)

Moreover, it can be easily shown thatλ0 = 1 andλn−1 =
−NK/Q(k1). Finally, replacing the parameterΩ by its corre-
sponding matrix form, we obtain eq. (36).

Consider the caseM ≥ n. The matrixM in eq. (36) takes
the form:

M =

26666666666664
1 0 · · · 0 λn−1 · · · λ1

λ1 1 0 · · · 0
. . .

...
λ2 λ1 1 0 · · · 0 λn−1

...
. . .

. . .
. . .

. . .
. . .

...

0 λn−1 · · · λ1 1 0
...

... 0 λn−1 · · · λ1 1 0
0 · · · 0 λn−1 · · · λ1 1

37777777777775 (46)

where the number of zero entries in each row ofM is equal
to M − n.

From eq. (46), it can be seen that the matrix composed of
the first(M −n + 1) rows and the first(M −n + 1) columns
of M is a lower triangular matrix whose diagonal elements
are all equal to1. Therefore, its determinant is equal to 1 and
consequently it has a rank ofM − n + 1. Designate byr the
rank of M. Therefore,r ≥ M − (n − 1). In an equivalent
manner:

r = M − k ; k ∈ {0, 1, . . . , n − 1} (47)

Since eq. (36) is valid for all values ofi, we fix Y = Xi.
Denote byYm the m-th component ofY for m = 1, . . . , M .
The j-th coordinate ofYm is denoted byYm,j for j =
0, . . . , n − 1.

For k = 0, MY = 0M ⇒ Y = 0M . Therefore, the only
matrix ∆C that is rank deficient is the all-zero matrix.

For k = 1, the M components ofY can be determined
from a single parametert. Without loss of generality, we
take t = YM . In this case,Ym = βmt with βm ∈ Q∗ for
m = 1, . . . , M − 1 sinceM ∈ QM×M . t = 0 ⇒ Y = 0M . In
other words, if one of the components ofY is equal to zero,
thenk = 1 andMY = 0M imply thatY = 0M . For nonzero
vectors, denote byYM,j the first non-zero coordinate ofYM

for a certain value ofj ∈ {0, . . . , n − 1}. Sinceβm ∈ Q∗,
all the components ofY will have their j-th coordinates
different from zero. Therefore,Y will not belong toA when
M ≥ 3 since, from eq. (34), any element ofA can have a
maximum number of two components whosej-th coordinates
are different from zero∀j. Therefore, the only vector ofA

that verifiesMY = 0M whenr = M − 1 is Y = 0M . As a
conclusion, whenk = 1, the code is fully diverse for:

M ≥ max{3, n} (48)

as a special case, whenn = 2, k ∈ {0, 1} and the code is
fully diverse forM ≥ 3.

For k > 1, the components ofY can be parameterized by
k parameters. Without loss of generality, these parameters are
taken to be equal toYM−k+1, . . . , YM . The otherr parameters
can be expressed as:

Ym =

k∑

j=1

β(j)
m YM−k+j ; m = 1, . . . , r (49)

whereβ
(1)
m , . . . , β

(k)
m can not be equal to zero simultaneously

for m = 1, . . . , r. We will consider the two following cases.
Case 1: Suppose that there is only one element among

YM−k+1, . . . , YM that has itsj-th coordinate different from
zero for a given value ofj. In other words, there are no two or
more elements that have the same coordinate taking a nonzero
value. Note that this can always happen sincek ≤ n − 1.
Denote byjl the first nonzero coordinate ofYM−k+l. Among
the first r components ofY there arerl components whose
jl-th coordinates are not equal to zero with1 ≤ rl ≤ r
for l = 1, . . . , k. Along with YM−k+l, this results in a total
of rl + 1 components ofY having their jl-th components
different from zero. Thek coefficientsβ(1)

m , . . . , β
(k)
m can not

be all equal to zero simultaneously for a given value ofm
verifying 1 ≤ m ≤ r. This implies that there are at leastr

nonzero coefficients amongβ(1)
1 , . . . , β

(k)
1 , . . . , β

(1)
r , . . . , β

(k)
r .

This results in:
∑k

l=1 rl ≥ r.
Y will fall outside of A (and consequently the code will

be fully diverse) whenever∃l ∈ {1, . . . , k} | rl + 1 > 2. In
this case, the maximum size of the constellation for which
Y remains inA corresponds to the case whenrl = 1 for
l = 1, . . . , k. Now,

∑k
l=1 rl ≥ r implies thatk ≥ r. Given

that the maximal value ofk is equal ton− 1, Y falls outside
of A whenr > k implying that:

M ≥ 2n − 1 (50)

When considering the second case, we limit ourselves to
the constellation sizes that respect eq. (50) (or equivalently
r > k).

Case 2: Following from the structure ofA, the comple-
mentary of case 1 takes place when there exist two distinct
valuesk′, k′′ ∈ {1, . . . , k} such thatYM−k+k′ andYM−k+k′′

have theirj-th coordinates different from zero for a certain
value ofj ∈ {0, . . . , n− 1}. Designate byΥ thek× k matrix
whose(i, j)-th element is equal toβ(j)

i for i, j = 1, . . . , k. Υ
describes the linear dependence of the firstk components of
Y on YM−k+1, . . . , YM . Given the lower triangular structure
of the matrix composed of the firstk rows andk columns of
M and sincer > k, this implies thatΥ has a rankk.

Among the firstk components ofY , designate byr1 ≤ k
the maximum number of components having theirj-th compo-
nents equal to zero simultaneously. Since the nonzeroj-th co-
ordinates are contained uniquely inYM−k+k′ andYM−k+k′′ ,
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this implies that there existsr1 indexesI(1), . . . , I(r1) such
that:

β
(k′)
I(i)YM−k+k′ ,j + β

(k′′)
I(i) YM−k+k′′,j = 0 ; i = 1, . . . , r1

(51)
From eq. (51),r1 = k implies that thek′-th and thek′′-th

columns ofΥ are linearly dependent which is in contradiction
with the fact thatΥ has a full rank. Consequentlyr1 < k and
among the firstr components ofY there is a minimum of
r − (k − 1) components whosej-th coordinates are different
from zero. Along withYM−k+k′ andYM−k+k′′ , this will result
in a total ofr− (k−3) components ofY having nonzeroj-th
coordinates.Y will fall outside ofA wheneverr−(k−3) > 2
implying that M > 2k − 1 or equivalentlyM ≥ 2(n − 1).
Therefore, the values ofM respecting eq. (50) will result in
fully diverse codes in this second case.

Form eq. (48) and eq. (50), we conclude that the proposed
code is fully diverse withn transmit antennas ifM ≥ 2n−1.

From eq. (46),M is a circulant matrix that can be expressed
as:

M =

M∑

i=1

αiΩ
i (52)

whereαM = λ0 = 1 (sinceΩM = IM ), αi = λi for i =
1, . . . , n−1 andαi = 0 for i = n, . . . , M −1. From [29], the
eigenvalues ofM can be expressed as:

µk =

M−1∑

i=0

ωki
MλM−i ; k = 0, . . . , M − 1 (53)

whereωM = exp
(

2πi
M

)
is theM -th root of unity.

Any subset composed ofn′ distinct elements of
{1, ωM , . . . , ωM−1

M } forms a free set overQ if 2 ≤ n′ ≤
ϕ(M) whereϕ(.) is the Euler’s function. Consider the case
whereϕ(M) ≥ n. In this case,µk 6= 0 for k = 1, . . . , M − 1
since λ0, . . . , λn−1 multiply different elements of the set
{1, . . . , ωM−1

M } and sinceλ0 = 1. Only µ0 =
∑n−1

i=0 λi can be
equal to zero. Therefore,r = rank(M) ≥ M − 1. From what
preceded,MY = 0M ; Y ∈ A; r ∈ {M, M −1} ⇒ Y = 0M

for M ≥ max{3, n}. The conditionM ≥ max{3, n} is
verified by the values ofM that respectϕ(M) ≥ n (since
M > ϕ(M) ∀M ). This implies that the code is fully diverse
with all values ofM respectingϕ(M) ≥ n.

Finally, the proposed scheme achieves full transmit diversity
with n transmit antennas andM -PPM-M ′-PAM constellations
if:

M ∈ {m | m ≥ 2n − 1} ∪ {m | ϕ(m) ≥ n} (54)

Note that the above proof does not depend onM ′. There-
fore, full diversity is achieved for the values ofM respecting
eq. (54) and for all values ofM ′.

APPENDIX II
CODING GAIN OF CONSTRUCTION1

Consider the codewordC given in eq. (14). Denote byC(i)

theM×n matrix composed of the rowsiM +1, . . . , (i+1)M
of C for i = 0, . . . , n − 1. The j-th row of C(i) is denoted
by C

(i)
j . In the same way,Xi,m denotes them-th component

of the M -dimensional vectorXi for m = 1, . . . , M and i =

1, . . . , n. For notational simplicity, we setσn(x) = x(n). From
eq. (14),C(i) takes the following form:

C(i) =




X
(i)
n−i+1,π(1) · · · X

(i)
n,π(1) X

(i)
1,1 · · · X

(i)
n−i,1

... · · ·
...

... · · ·
...

X
(i)
n−i+1,π(M) · · · X

(i)
n,π(M) X

(i)
1,M · · · X

(i)
n−i,M




(55)
whereπk(.) stands for the cyclic permutation of orderk given
by:

πk(i) = (i + k − 1) mod M + 1 (56)

Let S = {X1, . . . , Xn} be the set composed ofn vectors
drawn randomly from the setA given in eq. (34). ForM > n2,
among then vectors ofS, there existsn − 1 vectors whose
m-th coordinates are all equal to zero for a certain value of
m ∈ {1, . . . , M}. This follows from the structure ofA whose
elements can contain a maximum number of2n nonzero
components. In what follows, we show that the code has a
non-vanishing determinant forM > n2.

Without loss of generality, suppose thatX1,m = · · · =
Xn−1,m = 0 for a given value ofm ∈ {1, . . . , M}.

Proposition 2.1: X1,m = · · · = Xn−1,m = 0 implies that
det(CT C) ≥ 1 unlessXn,m = 0.

Proof: det(CT C) verifies the following relation:

det(CT C)

=

nM∑

i1=1

nM∑

i2=i1+1

· · ·

nM∑

in=in−1+1

(
det

([
CT

i1 · · · CT
in

]T
))2

≥

M∑

i1=1

2M∑

i2=M+1

· · ·

nM∑

in=(n−1)M+1

(
det

([
CT

i1 · · · CT
in

]T
))2

=
M∑

i1=1

M∑

i2=1

· · ·
M∑

in=1

(
det

([
(C

(0)
i1

)T · · · (C
(n−1)
in

)T
]T

))2

(57)

Construct then × n matrix C′ as:

C′ =
[ �

C
(1)

π−1(m)

�T

· · ·

�
C

(n−1)

π−1(m)

�T �
C

(0)
m

�T
]T

=




X
(1)
n,m X

(1)

1,π(−1)(m)
· · · · · · X

(1)

n−1,π(−1)(m)

...
. . .

. . .
. . .

...
X

(n−1)
2,m · · · · · · X

(n−1)
n,m X

(n−1)

1,π−1(m)

X1,m · · · · · · Xn−1,m Xn,m




(58)

SinceX1,m = · · · = Xn−1,m = 0, C′ is upper triangular.
From eq. (57):

det
(
CT C

)
≥ (det(C′))

2
=

(
NK/Q(Xn,m)

)2
(59)

Since, NK/Q(Xn,m) ∈ Z∗ for Xn,m 6= 0, this completes the
proof of proposition 2.1.

Proposition 2.2: X1,m = · · · = Xn−1,m = 0 implies that
det(CT C) ≥ 1 unlessXn,π(m) = 0.
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C′ =




C
(f(0))
m

...
C

(n−1)
m

C
(0)

π(m)

...
C

(f(n−1))

π(m)




=




X
(f(0))

n′,π(m)
· · · · · · X

(f(0))

n,π(m)
X

(f(0))
1,m · · · X

(f(0))

n′−1,m

...
. . .

. . .
. . .

. . .
. . .

...

X
(n−1)

2,π(m)
· · · X

(n−1)

n′,π(m)
X

(n−1)

n′+1,π(m)
· · · X

(n−1)

n,π(m)
X

(n−1)
1,m

X1,π(m) · · · · · · Xn′,π(m) Xn′+1,π(m) · · · Xn,π(m)

...
. . .

. . .
. . .

. . .
. . .

. . .
...

X
(f(n−1))

n′+1,π2(m)
· · · X

(f(n−1))

n,π2(m)
X

(f(n−1))

1,π(m)
· · · · · · X

(f(n−1))

n′ ,π(m)




Proof: Construct the matrixC′ as:

C′ =
[ �

C
(1)
m

�T

· · ·

�
C

(n−1)
m

�T �
C

(0)

π(m)

�T
]T

=




X
(1)
n,π(m) X

(1)
1,m · · · · · · X

(1)
n−1,m

...
. . .

. . .
. . .

...

X
(n−1)
2,π(m) · · · X

(n−1)
n−1,π(m) X

(n−1)
n,π(m) X

(n−1)
1,m

X1,π(m) · · · · · · Xn−1,π(m) Xn,π(m)




(60)

SinceX1,m = · · · = Xn−1,m = 0, C′ is lower triangular.
From eq. (57):

det
(
CT C

)
≥ (det(C′))

2
=

(
NK/Q(Xn,π(m))

)2
(61)

completing the proof of proposition 2.2.
Proposition 2.3: X1,m = · · · = Xn′−1,m = Xn′+1,π(m) =

· · · = Xn,π(m) = 0 implies that det(CT C) ≥ 1 unless
Xn′,π(m) = 0.

Proof: For a given value ofn′, define the functionf(.) as:

f(k) = (1 − n′ − k) mod n + 1 (62)

Construct then×n matrix C′ given at the top of the page.
For X1,m = · · · = Xn′−1,m = Xn′+1,π(m) = · · · =

Xn,π(m) = 0, C′ is a lower triangular matrix. From eq. (57):

det
(
CT C

)
≥ (det(C′))

2
=

(
NK/Q(Xn′,π(m))

)2
(63)

completing the proof of proposition 2.3.
Proposition 2.4: det(CT C) ≥ 1 unlessC = 0nM×n.
Proof: Suppose thatX1,m = · · · = Xn−1,m and

det(CT C) < 1. This implies thatXn,m = Xn,π(m) = 0
from proposition 2.1 and proposition 2.2 respectively. Now,
X1,m = · · · = Xn−2,m = 0 and Xn,π(m) = 0 imply
that X2,π(m) = · · · = Xn−1,π(m) = 0 from the recursive
application of proposition 2.3 forn′ = n − 1, . . . , 2. Finally,
from proposition 2.1,X2,π(m) = · · · = Xn−1,π(m) = 0
implies thatX1,π(m) = 0.

Therefore,X1,m = · · · = Xn−1,m = 0 and det(CT C) < 1
imply that them-th andπ(m)-th components ofX1, . . . , Xn

are all equal to zero. Now,X1,π(m) = · · · = Xn−1,π(m) = 0
and det(CT C) < 1 imply thatπ(m)-th andπ2(m)-th compo-
nents ofX1, . . . , Xn are all equal to zero. Starting the same
operation again we conclude that det(CT C) < 1 only when
X1 = · · · = Xn = 0M sinceπ defines a bijection over the set
S = {1, . . . , M} and consequently{π1(m), . . . , πM−1(m)}
spans the entire setS for any value ofm ∈ S. This proves
that whenM > n2, det(CT C) ≥ 1 for all values ofM ′.

APPENDIX III
INFORMATION LOSSES OF CONSTRUCTION1

Consider the codewordC given in eq. (25). Concatenating
the columns ofC vertically one after the other, we obtain:

vec(C) = Φ
[
aT
1 · · · aT

n2

]T
(64)

whereΦ is a n2M × n2M matrix. In what follows, we will
show that the matrixΦ is unitary.Φ can be written as:

Φ =
[
ΦT

1 · · · ΦT
n

]T
(65)

Following from the layered structure of the codewords,
the constituent matrices of dimensionsnM × n2M take the
following form (k = 1, . . . , n):

Φk = ΨkMPΥk−1
n (66)

where Υn = ΩT
n ⊗ InM and Ωn is the n × n permutation

matrix given by:

Ωn =

[
01×n 1
In−1 0n×1

]
(67)

In this case, the permutation matrix in eq. (16) can be
written asΩM . ThenM × nM matrix Ψk is given by:

Ψk = diag(IM · · · IM︸ ︷︷ ︸
k times

ΩM · · · ΩM︸ ︷︷ ︸
n−k times

) (68)

M is anM ×n2M matrix related to the rotation matrixM
given in eq. (25) by:

M = M ⊗ IM = diag(M1 · · · Mn) ⊗ IM (69)

whereMi is thei-th row ofM. Finally, the matrixP is given
by:

P = P ⊗ InM =




1 0 · · · 0
0 0 · · · 1
...

...
.. .

...
0 1 · · · 0


 ⊗ InM (70)

For example, withn = 3 transmit antennas:

Φ1 =




M1 ⊗ IM 0M×Mn 0M×Mn

0M×Mn 0M×Mn M2 ⊗ ΩM

0M×Mn M3 ⊗ ΩM 0M×Mn




Φ2 =




0M×Mn M1 ⊗ IM 0M×Mn

M2 ⊗ IM 0M×Mn 0M×Mn

0M×Mn 0M×Mn M3 ⊗ ΩM




Φ3 =




01×n 01×n M1

01×n M2 01×n

M3 01×n 01×n


 ⊗ IM
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From eq. (66), we haveΦkΦT
k = InM since the matrices

Ψk, M, P and Υn are all unitary (the matrixM is unitary
since the rotation matrixM is unitary by construction). Now,
for any integersk andk′, we have:

ΦkΦT
k′ = ΨkMPΥk−1

n (Υk′−1
n )T

P
T
M

T ΨT
k′

= ΨkM (P ⊗ InM )
(
Ω1−k

n ⊗ InM

)
(
Ωk′−1

n ⊗ InM

) (
PT ⊗ InM

)
M

T ΨT
k′

= ΨkM

(
PΩk′−k

n PT ⊗ InM

)
M

T ΨT
k′

= Ψk

(
M

(
PΩk′−k

n PT ⊗ In

)
M

T ⊗ IM

)
ΨT

k′ (71)

If a vector is multiplied byΩk
n, then itsi-th component is

permuted to theπk
n(i)-th position where:

πk
n(i) = (i + k − 1) mod n + 1 (72)

In the same way, multiplying byP (or P−1) is equivalent
to the following permutation:

pn(i) = (1 − i) mod n + 1 (73)

Therefore, multiplying by the matrixPΩk′−k
n PT is equiv-

alent to applying the permutation:

fn(i) = pn(πk′−k
n (pn(i))) = πk−k′

n (i) (74)

Given that the matrixM is block-diagonal, then the matrix
M

(
PΩk′−k

n PT ⊗ In

)
M

T in eq. (71) is an×n matrix having
the property that each one of its rows can have at most one
nonzero value. From eq. (74), the indices of the elements of
this matrix that can possibly have nonzero values are equal to
(i, f−1

n (i)) for i = 1, . . . , n. Their values are given by:

MiM
T
f−1

n (i)
= MiM

T

πk′−k
n (i)

= δ(k′ − k) ; i = 1, . . . , n

(75)
The last equality follows from the fact that the fully diverse
rotation matrixM is constructed to be unitary [20].

Finally, from eq. (71) it follows that:

ΦkΦT
k′ = InM δ(k − k′) (76)

showing that the matrixΦ given in eq. (65) is unitary.
As in [30], we write the input-output baseband relation in

eq. (12) as:

vec(Y ) =

√
ρ

n
(IT ⊗ R) vec(C) + vec(N) (77)

=

√
ρ

n
(IT ⊗ R)︸ ︷︷ ︸

R′

Φ
[
aT
1 · · · aT

n2

]T
+ vec(N) (78)

whereρ is the SNR andT = n is the temporal extension of
the ST code.

From eq. (78), the capacity of equivalent (coded) channel
is given by:

C(c)(ρ, n, r) =
1

n
ER log2

(
det

(
Inr +

ρ

n
(R′Φ)(R′Φ)T

))

(79)
wherer is the number of rows ofR and the factor1n follows
from the number of channel uses.

SinceΦ is unitary andR′ is block diagonal, then eq. (79)
can be written as:

C(c)(ρ, n, r) =
1

n
ER log2

((
det

(
Ir +

ρ

n
RRT

))n)
(80)

= ER log2

(
det

(
Ir +

ρ

n
RRT

))
(81)

= C(ρ, n, r) (82)

whereC(ρ, n, r) is the capacity of the uncoded MIM0 channel
(R). This proves that the code given in eq. (25) is information
lossless for all number of transmit antennas.

APPENDIX IV
CHOICE OFΩ FOR CONSTRUCTION2

We write theM × M matrix Ω given in eq. (27) as:

Ω(θ′) = IM/2 ⊗ Ω′(θ′) ; Ω′(θ′) =

[
cos(θ′) sin(θ′)
− sin(θ′) cos(θ′)

]

(83)
Suppose thatθ′ is chosen such thatσ(Ω′(θ′)) = Ω′(θ′).

This choice will be discussed at the end of this section. As
in Appendix I, designate by∆C(X1, . . . , Xn) the difference
between two codewords that is associated with the vectors
X1, . . . , Xn belonging to the setA given in eq. (34). The
linear dependence between the columns of∆C when this
latter is rank-deficient results in eq. (36) sinceΩ(θ′) remains
invariant when applying the embeddings ofK. Equation (36)
can be written in a more convenient way as:

M(θ′)Xi =




n−1∑

j=1

λjΩ
j(θ′)


 Xi = Xi ; i = 1, . . . , n

(84)
whereλ1, . . . , λn−1 are rational numbers.

Ω′(θ′) is a rotation matrix verifying(Ω′(θ′))j
= Ω′(jθ′).

This implies thatΩj(θ′) = Ω(jθ′) since Ω(θ′) is a block-
diagonal matrix. Therefore, the matrixM(θ′) in eq. (84) takes
the following form:

M(θ′) =




x(θ′) y(θ′) 0 · · · 0
−y(θ′) x(θ′) 0 · · · 0

...
. . .

. . .
. . .

...
0 · · · 0 x(θ′) y(θ′)
0 · · · 0 −y(θ′) x(θ′)




(85)

where:

x(θ′) =

n−1∑

j=1

λj cos(jθ′) (86)

y(θ′) =

n−1∑

j=1

λj sin(jθ′) (87)

From eq. (84),Xi is an eigenvector ofM(θ′) for i =
1, . . . , n. Moreover, since we are limited to real-valued con-
stellations, thenXi can only be associated with the real
eigenvalues ofM(θ′).

Solving the characteristic equation ofM(θ′) results in:
(
(x(θ′) − µ)

2
+ (y(θ′))

2
)M

2

= 0 (88)
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whereµ stands for the eigenvalue ofM(θ′). µ is real only
wheny(θ′) = 0. In this case,Xi is the eigenvector associated
with the eigenvalueµ = x(θ′). The idea is to chooseθ′ such
that x(θ′) = 0 whenevery(θ′) = 0. In this case, ify(θ′) 6= 0,
Xi is complex-valued and hence it does not belong toA. When
y(θ′) = 0, thenµ = x(θ′) = 0 and Xi is the all-zero vector
for i = 1, . . . , n.

From eq. (87), this can happen when{sin(θ′), . . . , sin((n−
1)θ′)} forms aZ-basis of degreen−1. In this case,y(θ′) = 0
implies that λ1 = · · · = λn−1 = 0 which implies that
x(θ′) = 0 from eq. (86). As a special case, we chooseθ′ such
that {1, sin(θ′), . . . , sin((n − 1)θ′)} forms ann-dimensional
Z-basis. Letθ′ = 2π

N ′ . The set{1, exp(iθ′), . . . , exp((N ′ −
1)iθ′)} forms a basis of degreeϕ(N ′) over Z and con-
sequently the sets{1, cos(θ′), . . . , cos((N ′ − 1)θ′)} and
{1, sin(θ′), . . . , sin((N ′ − 1)θ′)} form two basis of degree
ϕ(N ′)

2 overZ. Therefore, the desired property is obtained when
ϕ(N ′)

2 ≥ n implying thatϕ(N ′) ≥ 2n.
Finally, K is chosen to be the real subfield of the cyclotomic

field associated with theN -th root of unity (K = Q(2 cos(2π
N ))

andϕ(N) = 2n). Therefore,σ(Ω(θ′)) = Ω(θ′) whenN and
N ′ are relatively prime.

APPENDIX V
DIVERSITY ORDER OF CONSTRUCTION2 WITH 2-PPM

For 2-PPM constellations, the elements of the setA given
in eq. (31) can be expressed as[a −a]T wherea ∈ K. In other
words, for any elementA ∈ A, we haveΩA = −A whereΩ
has the structure given in eq. (28). Therefore, the difference
between two codewords takes the following form:

∆C(X1, . . . , Xn) =


x1 x2 · · · xn

−x1 −x2 · · · −xn

−σ(xn) σ(x1)
. . .

...

−σ(xn) −σ(x1)
. . .

...
...

. . .
. . . σn−2(x2)

...
. . .

. . . −σn−2(x2)
−σn−1(x2) · · · −σn−1(xn) σn−1(x1)
−σn−1(x2) · · · −σn−1(xn) −σn−1(x1)




(89)

whereXi ∈ A is written asXi = [xi −xi]
T for i = 1, . . . , n.

When∆C is rank deficient, consider the relation given in eq.
(35) that follows from theK-linear dependence between the
columns of∆C. The dependence between the columns of the
last two rows of eq. (89) implies that:

{
x1 = −

∑n−1
j=1 σ(kj)xπ1

n(j)

x1 =
∑n−1

j=1 σ(kj)xπ1
n(j)

(90)

whereπk
n is the permutation given in eq. (72). Equation (90)

implies that the linear dependence between the columns of
∆C is possible only whenx1 = 0. In a more general way, the
linear dependence between the columns of the(2(n−i)+1)-th

row of eq. (89) can be written as:

xi = −

n−i∑

j=1

σi(kj)xπi
n(j) +

n−1∑

j=n−i+1

σi(kj)xπi
n(j) (91)

= −

n−i∑

j=1

σi(kj)xπi
n(j) +

i−1∑

j=1

σi
(
kπ−i

n (j)

)
xj (92)

Whenx1 = · · · = xi−1 = 0, this implies that:

xi = −

n−i∑

j=1

σi(kj)xπi
n(j) (93)

In the same way, the linear dependence between the columns
of the (2(n − i) + 2)-th row of eq. (89) whenx1 = · · · =
xi−1 = 0 can be written as:

xi =

n−i∑

j=1

σi(kj)xπi
n(j) (94)

Equations (93) and (94) imply thatxi = 0. Applying eq.
(93) and eq. (94) recursively fori = 2, . . . , n along with eq.
(90) (for x1) imply that x1 = · · · = xn = 0. From eq. (89),
this implies that the only rank-deficient matrix∆C is the all-
zero matrix. This shows that the choice ofΩ given in eq. (28)
results in fully diverse ST codes with 2-PPM constellations
for any number of transmit antennas.

APPENDIX VI
CODING GAIN OF CONSTRUCTION2 WITH 2-PPM

In a way similar to eq. (57), det(∆CT ∆C) verifies the
following relation:

det(∆CT ∆C) ≥
2∑

i1=1

· · ·

2∑

in=1

(
det

([
(∆C

(0)
i1

)T · · · (∆C
(n−1)
in

)T
]T

))2

(95)

where ∆C
(i)
j is the j-th row of the 2 × n matrix ∆C(i)

composed of the(2i + 1)-th and the2(i + 1)-th rows of∆C.
Following from eq. (89),∆C(i) has the following form (for
i = 0, . . . , n − 1):

∆C(i) = σi

[
−xn−i+1 · · · −xn x1 · · · xn−i

−xn−i+1 · · · −xn −x1 · · · −xn−i

]

(96)
Note that∆C

(0)
1 = −∆C

(0)
2 = [x1 · · · xn]. Given that the

absolute value of the determinant of a matrix remains invariant
if one of its rows is multiplied by−1, then ∆C

(i)
2 can be

replaced by−∆C
(i)
2 in eq. (95). Therefore, eq. (95) can be

written as:

det(∆CT ∆C) ≥

2
2∑

i2=1

· · ·
2∑

in=1

(
det

([
(∆C

(0)
1 )T (∆C

(1)
i2

)T · · · (∆C
(n−1)
in

)T
]T

))2

, 2
2∑

i2=1

· · ·
2∑

in=1

(det(C′(i2, . . . , in)))
2 (97)
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C′(i2, . . . , in) =
[

(∆C
(0)
1 )T (−1)i2(∆C

(1)
i2

)T · · · (−1)in(∆C
(n−1)
in

)T
]T

=




x1 x2 x3 · · · xn

j1σ(xn) σ(x1) σ(x2) · · · σ(xn−1)
j2σ

2(xn−1) j2σ
2(xn) σ2(x1) · · · σ2(xn−2)

...
. . .

. . .
. . .

...
jn−1σ

n−1(x2) jn−1σ
n−1(x3) · · · jn−1σ

n−1(xn) σn−1(x1)




︸ ︷︷ ︸
C(j1,...,jn−1)

(98)

where the matrixC′(i2, . . . , in) is given in eq. (98) at the
top of the page. In the expression of this matrix, we fixjk =
(−1)ik+1 for k = 1, . . . , n − 1.

Therefore, eq. (97) can be written as:

det(∆CT ∆C) ≥ 2
∑

j1=±1

· · ·
∑

jn−1=±1

(det(C(j1, . . . , jn−1)))
2

︸ ︷︷ ︸
δ(j1,...,jn−1)

(99)
Since jk appears in only one row ofC(j1, . . . , jn−1) for

k = 0, . . . , n − 1, then the highest power ofjk that appears
in the determinant ofC(j1, . . . , jn−1) is equal to one for the
different values ofk. Consequently,δ(j1, . . . , jn−1) can be
expressed as:

δ(j1, . . . , jn−1)

=




∑

(p1,...,pn−1)∈{0,1}n−1

cp1,...,pn−1(j1, . . . , jn−1)fp1,...,pn−1




2

(100)

=
∑

(p1,...,pn−1)∈{0,1}n−1

(p′
1,...,p′

n−1
)∈{0,1}n−1

{
cp1,...,pn−1(j1, . . . , jn−1)cp′

1,...,p′
n−1

(j1, . . . , jn−1)fp1,...,pn−1fp′
1,...,p′

n−1

}
(101)

where the coefficientscp1,...,pn−1(j1, . . . , jn−1) are given by:

cp1,...,pn−1(j1, . . . , jn−1) =

n−1∏

l=1

jpl

l (102)

fp1,...,pn−1 is a certain function ofx1, . . . , xn and their con-
jugates (it can be equal to zero). For example, whenn = 3:





f0,0 = NK/Q(x1)
f1,0 = −x2σ(x3)σ

2(x1)
f0,1 = NK/Q(x2) − x1σ(x2)σ

2(x3) − x3σ(x1)σ
2(x2)

f1,1 = NK/Q(x3)

From the structure of the matrix given in eq. (98), the
following relations hold for any value ofn:

f0,...,0 = NK/Q(x1) ; f1,...,1 = (−1)n+1NK/Q(xn) (103)

Given thatpl ∈ {0, 1} for l = 1, . . . , n− 1, from eq. (102),

it follows that:
∑

j1=±1

· · ·
∑

jn−1=±1

cp1,...,pn−1(j1, . . . , jn−1)cp′
1,...,p′

n−1
(j1, . . . , jn−1)

=
∑

j1=±1

(j
p1+p′

1
1 ) · · ·

∑

jn−1=±1

(j
pn+p′

n

n−1 ) (104)

=

{
0 ; (p1, . . . , pn−1) 6= (p′1, . . . , p

′
n−1)

2n−1 ; (p1, . . . , pn−1) = (p′1, . . . , p
′
n−1)

(105)

Therefore, from eq. (99):

det(∆CT ∆C) ≥ 2n
∑

(p1,...,pn−1)∈{0,1}n−1

f2
p1,...,pn−1

(106)

≥ 2n
(
f2
0,...,0 + f2

1,...,1

)
(107)

= 2n
((

NK/Q(x1)
)2

+
(
NK/Q(xn)

)2
)

(108)

Since NK/Q(xi) ∈ Z for all values ofi, this implies that
det(∆CT ∆C) ≥ 2n unless when NK/Q(x1) = NK/Q(xn) =
0.

Suppose that NK/Q(x1) = NK/Q(xn) = 0 implying that
xn = 0. The only time whenj1 appears in eq. (98), it is
multiplied byσ(xn) which is equal to zero. Therefore,j1 will
not appear neither in the expression ofcp1,...,pn−1(j1,...,jn−1

)
nor in that ofδ(j1, . . . , jn−1). This implies that eq. (101) and
eq. (102) can now be written as:

δ(j2, . . . , jn−1) =



∑

(p2,...,pn−1)∈{0,1}n−2

cp2,...,pn−1(j2, . . . , jn−1)fp2,...,pn−1




2

(109)

where:

cp2,...,pn−1(j2, . . . , jn−1) =

n−1∏

l=2

jpl

l (110)

with f1,...,1 = ±NK/Q(xn−1). As in eq. (105), this implies
that:

det(∆CT ∆C) ≥ 2n
∑

(p2,...,pn−1)∈{0,1}n−2

f2
p2,...,pn−1

(111)

≥ 2n
(
NK/Q(xn−1)

)2
(112)

implying that det(∆CT ∆C) ≥ 2n unlessxn−1 = 0. Proceed-
ing recursively in the same way, and noticing that at stepk,
jk is multiplied by the conjugates ofxn, . . . , xn−k+1 in eq.
(98), we deduce that det(∆CT ∆C) ≥ 2n unlessx1 = · · · =
xn = 0.
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As in [1], [5], [6], limiting the construction in an ideal
whose fundamental parallelotope has a volume of1 is equiv-
alent to multiplying the codewords by a diagonal matrix
whose determinant is equal to1√

dK

wheredK is the absolute
discriminant ofK. Therefore, the coding gain of the proposed
code with2-PPM andn transmit antennas is equal to:

δmin = min
∆C(X1,...,Xn)

(X1,...,Xn)∈An\{(02×1,...,02×1)}

(
det

(
∆CT ∆C

)) 1
n = 2d

− 1
n

K

(113)
On the other hand, the perfect codes achieve a coding gain

of d
− 1

n

K over Z [1] (d∞ = d
− 1

n

K in eq. (4)). From eq. (4), this

implies that the coding gain is equal to4d
− 1

n

K and2d
− 1

n

K with
PAM andM -PPM-M ′-PAM constellations respectively (with
M > 1). This shows that the proposed scheme achieves the
same coding gain as the perfect codes.
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