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Abstract—In this paper, we study the effect of the presence amplify-and-forward (AF) relaying was studied in [6], [7]
of inter-relay connections on the performance of cooperatie and the solutions in [6], [8]-[15] were based on decode-and-
free-space optical (FSO) networks. Unlike the existing ldrature forward (DF) cooperation. While the solutions in [6]-[12]

where conventional cooperation in FSO systems is realized two based tivati I ilabl | | olect
steps through source-relay (S-R) followed by relay-destation are based on acuvaling all avallable relays, a relay serec

(R-D) communications, we propose and analyze a novel three- 2pproach was adopted in [13] where a single relay is selected
stage cooperation methodology. The proposed scheme is baseto participate in the cooperation effort. The performante o
on exploiting the potential presence of FSO links between selective relaying and the corresponding reductions in the
neighboring relays for the sake of complementing the S-R and 5 qing variance were derived in [14]. Within the same coytex

R-D steps with an intermediate inter-relay communication $ep . . L “
that serves in enhancing the fidelity of signal reconstructin at the it was proven in [15] that under the quantum-limit scenahie t

relays before retransmitting to the destination. For the proposed Optimal strategy consists of transmitting all data eithieng
scheme, we derive closed-form expressions for the conditial the direct link or along one of the indirect links via one Kela

error probability with any number of relays. We also proposea that is appropriately chosen among all available relaye Th
closed-form power allocation strategy (PAS) in the case wie the implementation of the relay selection protocols in [13B][1

background noise is negligible. This PAS is based on minimiizg . - . .
an asymptotic upper-bound on the conditional error probabiity necessitates acquiring the CSI of the underlying links.

by applying the method of Lagrange multipliers with the solution On the other hand, none of the existing relay-assisted
satisfying the Karush-Kuhn-Tucker (KKT) conditions. Results FSO systems exploited the potential existence of FSO links

show that the presence of inter-relay connections, assotéal with  interconnecting the relays. For example, the parallelyial
an appropriate cooperation scheme and PAS, can significamtl schemes in [6]-[15] are based on a two-phase strategy where a
boost the performance of relay-assisted FSO systems. . . ; . .
_ _ signal is transmitted from S to the relays in the first phask an
Index Terms—Free-space optics, FSO, cooperation, relay, co- then forwarded from these relays to D in the second phase.
operative diversity, spatial diversity, fading channels. In this paper, we analyze for the first time cooperative FSO
networks in the presence of inter-relay connections. As in
I. INTRODUCTION parallel-relaying, a signal is first transmitted from S t@ th

o . relays; however, instead of directly forwarding the preess
Recently, there has been a growing interest in Free-Spagenals to D, the relays cooperate with each other to enhance

Optical (FSO) communi‘cations_ as an attractive and cosfe fidelity of the corresponding reconstructed signaloteef
effective solution to the “last mile” problem [1]. The natur ¢o\yarding these signals to D. This can be better illustrae

of propagation of optical signals through the atmosphere ifgjg 1 that shows a typical FSO Metropolitan Area Network
poses several limitations on the achievable performanvedse (MAN). It is assumed that the transceivers on buildings (2)

In this context, turbulence-induced scintillation (or if&®) ang (3) are available for cooperation in order to enhance
constitutes a critical |_mpa|rment that severely degrades tihe communication reliability between buildings (1) and. (4
performance of FSO links. o Relabeling buildings (1), (2), (3) and (4), these will beereéd

In order to combat fading and maintain acceptable perfqi 55 S, R, R, and D, respectively. Note how, given the
mance levels, several fading mitigation techniques weee phon.proadcast nature of FSO transmissions, one couple of
posed for FSO transmissions. These include collocateddadizso transceiver units is dedicated for each link. In presiou
mitigation techniques where multiple apertures are degloycontributions [6]-[17], the influence of the potential pese
at the transmitter and/or receiver [2]-[5]. The second §pe of 5 FSO link between buildings (2) and (3) was not studied.
fading mitigation techniques corresponds to the disteBu0- | our work, the possible presence of links of this kind was
lutions which are based on user cooperation where neighporpyp|oited for further boosting the performance of coopieeat
nodes serve as relays between a source node and a destingi&y networks. Note that the FSO connection between build-
node [6]-{17]. These recent relay-assisted FSO solutioa tings (2) and (3) is not established for the purpose of rewjizi
are attracting an increased research effort were inspid f jnter_relay cooperation; however, it is established aflii to
the well known cooperative Radio-Frequency (RF) systerafiow the exchange of information between buildings (2) and
that were extensively investigated for more than a deca@l§ |t this additional resource is shared in the context of
[18]. In the context of relay-assisted FSO communicationsgliaborative communications, our paper studies the efiec

_ _ _ this additional degree of freedom on the system performance
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sake of unifying the notation, S and D will be denoted hy R
and Ry1.

The turbulence-induced fading gain (irradiance) between
nodes R, and R, is dented by, ,,. In this work, we adopt the
gamma-gamma fading model [10]-[13] where the probability
density function of the irradiancé > 0 is given by:

2(aB)(@th)/2 (4 8)/2—1
10 ="Fra ! Ka_p (2 aﬁ]) 1)
>y w w
W w v w whereI'(.) is the Gamma function anft’.(.) is the modified
@) w Bessel function of the second kind of order For a link
W distanced, the parametera and /5 can be written as:

: - -1
Fig. 1. An example of a mesh FSO network. Cooperation is meg@mong _ 2 12/5 7/6\ _
the transceivers on buildings (1), (2), (3) and (4). a(d) - {exp (OAQUR(d)/(l +11le (d)) ) 1} (2)

A(d) = {exp (0.510§(d)/(1 +0.690 12/5(d))5/6) - 1} '3
of background radiation with any number of relays and for
any distribution of the available transmit power among th&herec%(d) is the Rytov variance:
FSO links. Our second contribution consists of proposing an
adapted power allocation strategy (PAS) that is crucial for oR(d) = 1'23C2k7/6dll/6 (4)
the usefulness of the cooperation scheme in order to avgvﬂerek is the wave number and
spreading out the power inefficiently among the numero
links. In fact, for a N-relay network, the number of links
increases fromN+1 in the absence of inter-relay connections
(1 S-D, N S-R andN R-D links) to 3N in the presence
of inter-relay connectionsN —1 R-R links are added) a
shown in Fig. 3 forN = 3. The proposed PAS is base
on analytically minimizing the asymptotic conditional @rr P.T, /Q E,
probability in the case of negligible background radiation As =1 he/ A hc/)\
The minimization is performed by applying the method of
Lagrange multipliers with the solution satisfying the Ksinu WhereT is the symbol duration} is Planck’s constant; is
Kuhn-Tucker (KKT) conditions [19] for ensuring non-negati the speed of lightA = 1550 nm is the wavelength ang= 0.5
powers. In this context, we are adopting the classical ai§-the detector’'s quantum efficiency, stands for the optical
proach of designing fading mitigation techniques and PASInal power that is incident on the receiver did= P.7,/Q
for asymptotic signal-to-noise ratios where the expressif Corresponds to the received optical energy per PPM slogalon
the error probability are simpler and lend themselves tot@e direct link S-D. Based on the above notations, the agerag
simple analytical evaluation. The adopted approach result Number of photoelectrons generated by background radiatio
a closed-form PAS that can be easily implemented in realis@nd dark currents) in a PPM slot is given by [2]:
FSO systems where the deployment of numerical optimization BT,
. Py L ; _ BT/Q _ E

algorithms at the communicating nodes is infeasible from a Ap =1 he/ hc/)\ (6)
practical point of view.

The rest of the paper is organized as follows. In sectiaghere P, is the power of background noise afi stands for
Il, the main system parameters and the proposed cooperatig® energy of noise per PPM slot.
strategy are described. The performance of the proposedransmissions occur in frames (or packets) each comprising
scheme and the PAS are derived in section Il first for tW(a number of information and redundant Symb0|5 and occupy-
relay systems followed by-relay systems. Numerical resultsing a time interval that will be referred to as a slot. Error-
over gamma-gamma fading channels are provided in secti@ecting codes are implemented and a cyclic redundancy

denotes the refractive
¥dex structure parameter.

Consider Q-ary pulse position modulation (PPM) with
|nten5|ty modulation and direct-detection (IM/DD). Theea
S age number of photoelectrons generated by the incident ligh
dS|gnaI in a PPM slot is given by [2]:

(®)

IV while section V concludes the paper. check (CRC) is performed at each receiving node to determine
whether the corresponding frame is correctly detected tr no
Il. SYSTEM MODEL AND COOPERATIONSTRATEGY We denote by, ,, the frame transmitted from,Rto R,. The

Consider the case whel¥ relays are present in the geo-otationC,, ,, = 1 (resp.0) means that the CRC evaluated at
graphical vicinity of a source node S and a destination no& corresponding to the frame transmitted from, ks valid
D where we assume the presence of a direct link betwegasp. not valid) implying that the framf, ,, was correctly
S and D. The relays will be denoted by;,R .., Ry in (resp. erroneously) decoded. Finally, the relatfgn, = 0
what follows. Each relay is connected to both S and D aniddicates the absence of transmissions along the lipk-R,,.
contrary to the existing literature, we also assume thatawny  The proposed cooperation strategy is realized avéttime
consecutive relays Rand R,;; are interconnected. For theslots divided into four phases of transmission as follows.



Link Slot #1 | Slot #2 § Slot #3 | Slot #4 § Slot #5 | Slot #6
S>D c.0
S>R1 [X]
S>R2 c.2
S>R3 c3
R1->R2 C.4
R2->R3
R3->R2 C.6
R2->R1 c.7
R1->D c.8
R2->D Cc.9
R3->D 1 1 c.10

C.5

Fig. 2. Cooperation protocol wittN = 3 relays.

Fig. 3. Two-relay FSO network with interconnected relays.

Phase-I, S-D and S-R transmissions extending over one slot.
In this phase, the link§S—D,S—R;,...,.S—Ry} are simul-
taneously activated where a frarfie(to be communicated to
D) is transmitted from S to D and to the relays in stot= 0. D by simultaneously activating the linkR, —D,. . .,Ry—D}.
Phase-ll, forward inter-relay (R-R) transmissions exY + 1 decision signals are available at D corresponding to
tending over N — 1 slots. In this phase, the linksthe N framesf; yi1,...,fx nv11 € {0,F} transmitted by
Ri—Rs,...,Ry_1—Ry are sequentially activated: the relays and the frami 1 = F transmitted by S. The
] [ F, (Com=1) 0 (Corn =1, n#1) , destination decides in favo-r of any framfe having :-alvahd CRC-:.
nn+l1=93 g otherwise. () The proposed cooperation protocol is better illustrated in
Fig. 2 in the case ofV = 3 relays. The conditions for

In other words, transmissions are initiated along the link

o ., activating the communications C.0-C.10 are as followssEha
R,—Ry1 under the condition that,Rhas correctly acquired I: C.0-C.3 are always activated. Phase-Il: C.4 is activated
the frameF. Note that, at this levelF could have been _ ~ '~ ~’ y ; -

acquired either from S in slot O or from the previous relaRl was able to acquire the franféfrom S (through C.1); C.5
quire . : b % activated if R was able to acquirE from either S (through
R,_1 (if any) in slotn — 1 (in the case where # 1). In other

words, if a valid CRC is attained along one of the links'B,, Eéf)rgée?/e(tg:?l:ﬁ; C].c;lg.mP;z(atier(-)Illjl: r? g |53) Z%t:j\/?svdaf gl)(lje
or R,_1—R, (or both), then R retransmits the fram#& that yming gh >

has been correctly decoded to the next relgy R otherwise, tnoofl rcgggi\?g ;rnortnhii (tfr; LO;%;](ti'rﬁ)Lj %élz)ags\éaéexézg?e
R,, switches off in then-th slot. ything 9 '

. o to acquireF from either S (through C.2) or Rthrough C.6).
Phase-lll, backward inter-relay (R-R) transmissions e)Ighascelz-IV' C.8is activated( if RV\?as abl)e toﬁcquirg‘ from)
tending over N — 1 slots. In this phase, the links o Ny

. : . either S (through C.1) or R(through C.7); C.9 is activated
Ry—Ry-1....,Re—Ry are sequentially activated: if R, was able to acquir® from S, R or Ry (through C.2,

£, = C.4 or C.6, respectively); C.10 is activated if Ras able to
" acquireF from either S (through C.3) or R(through C.5).
{F, 110 = 0] & [(Con = 1) OF (Cosi =1, n £ N)J; 2% (through C.3) or Rithrough C.5)

)

0, otherwise. Note that since the different transmissions are occurring
(8) over parallel non-interfering channels, then the proposed

In other words, two conditions need to be satisfied foSrCheme does not suffer from any data-rate reduction com-

initiating backward transmissions along the link RR,,_;. pared to non-cooperative systems. In fact, after phaseel, t

. . . transmission of a new frame can be initiated from S to D

(): No frame was transmitted from,R; to R, in phase- L

I (f — 0) which shows (from (7)) that R ; did not and the relays. For example, for communicating the frames
n—1ln — 1

O e i -
acquireF justifying the interest of backward transmissions].? B, .., Fig. 3 shows the state of a two-relay network

Note that wherf,, ;. # 0, C,,_1., might be equal to 0 o 1; during the fourth slot. Overall, the proposed scheme rgsult

but both cases indicate that transmissions occurred frpm R lszl_mplzy 'r.'r? ﬂecodmlg dela;]y OjN _d'l sIot]cs.hFo]E ex?mple, mk
along R, ,—R, implying that R, , has acquired the value Ilg. W|tI three relays, the decoding of the first frame takes
of F and there is no need to retransmit this frame along tRece at slog.
link R,,—R,_1. (i)): R, has acquired the value &f where, in Finally, note that while the proposed protocol can be
this caseF could have been acquired either from S in slot @ssociated with any PAS (in particular with uniform power
(Co,n, = 1) or from the next relay (if any) Ri1 (Cr41., =1 allocation), we will prove in the following section that the
for n # N). optimal asymptotic PAS corresponds to activating a unique
Phase-IV, R-D transmissions extending over one slot. In thath between S and D which significantly simplifies the
last slot, the relays that acquir@(either from S or from the practical implementation of the proposed solution comgare
subsequent and previous relays) forward the decoded frameéa the above2 N-slot scheme.



[1l. PERFORMANCEANALYSIS AND POWERALLOCATION  while all other quantities are just constants. For simplicif

The proposed cooperation strategy ensures that the infaptation, we define:
relay communication occurs only in one direction, that is o 2 9eGmnlmn s (14)
along either R—R,,+1 (phase-Il) or R+1—R, (phase-Ill).
In both cases, the fraction of the total power dedicatedHisr t Where v, — Prnkmn for Ay < Ag; that is, when the
communication will be denoted b#,, ., 1. In the same way, power of background noise is negligible compared to theadign
we denote byF, , and P,, y4+1 the fractions of the power POWEr.
allocated to links S-Rand R,-D forn =1,...,N+1and  Note thatG,, ,, = Gy, from (13). On the other hand, we
m = 1,..., N, respectively. Transmitting the same power a@ssume thai,, , = I,, . following from the reciprocity of the
non-cooperative systems implies that: optical channel [22]. From (14), this implies thaf, . = kn .
for all values ofm andn. In the same wayy,, » = Vnm-

N-1 . . . .
_ The PAS is first derived for a 2-relay system and will be
Zl Pon+ Z Ponr+ Zl P =1 ©) " further extended to & -relay system.

=1

N+1 N

where the previous contributions in the literature follow a

special cases by setting, ;1 =0 for n=1,...,N — 1, for A TWo Relays

example [15]. Note that in the proposed cooperation schemeSince a correct decision is guaranteed at D when a valid
(as in the case of serial and parallel relaying), a numb€RC is attained along the direct link S-D, the conditionaPFE
of relays might remain idle; however, this effect can not bean be written as:

included in the power normalization. In fact, even when the

distances and path gains between the nodes are known it=Po,3 [P1,3P2,301 + (1 — P1,3)P2,3¢2

is impossible to predict which nodes will be idle since this +p1,3(1 —p2,3)gz + (1 —p13)(1 —p23)qa] (15)
depends on the specific realization of noise (that impa@s th . )
CRC's). Therefore, the power normalization in (9) correstm whereqs, . . ., g4 Stand for the error probabilities under differ-

to the worst case scenario (in terms of power consumption)§At States of the R-D links. Evidently, = 1 since in this
the sense that all links that can be active are effectiveiyac c2S€ Whether any of the relays Rnd R is switched off
Similar approaches were adopted in [6], [13], for example. or tr_ansm_lttlng_ a nonzero frgme, the corresponding CRC at
The proposed PAS is based on minimizing the asympto&w'” b_e invalid. For evaluatingys, _the CRC_ correspor!dlng
conditional Frame Error Probability (FEP) where a frame 1o the link R—D can not be valid following from either

declared incorrect if at least one of its symbols is erroseol€ Switching off of R or from the impairments along the

Denote byp.,.. the probability that a nonzero frame transI_|nk R,—D. In this case, the decision at D will be based on

mitted by nodem results in an invalid CRC at node From the signal it receives from R If Ry is switched off an error
[14], this probability can be approximated by: will occur at D; otherwise, the nonzero frame transmitted by

R; will result in a correct decision at D. Consequentjy,
Pmn =Pr(Cpmn=0]f,, #0) (10) corresponds to the probability that B’ switching off. Now,
R Y7 ey ey s wew vl vy LN (11) R; switches off when it receives invalid CRCs via the parallel
paths S-R; and S-Ry;—R;:
where the Chernoff bound was applied, as in [20], and where ¢ =po [l — (1 - po2)(l - pai)]
the above expression becomes very close to the exact error ot o2 s s —as
probability for large values of\,/)\,. The coding gaing,. =e 00 [eT0 4 T — e 02e ] (16)
depends on the structure of the frames a_nd is rough_ly_eqp@khe same wayys = ¢ 02 [0 4 M2 — e N01 M 2),
to the rate of the implemented error-detecting code migtbl oy evaluating;,, a nonzero frame transmitted from either R
by its minimum distance for hard decision detection [21]. or R, will result in a correct decision at D. In other words,
From (11), the termy,, , is defined as: no valid CRC will be observed at D only if both;Rand R,
2 are switching off which in turn can occur only because of the
Ymn = (\/chm,nfm.,an.,n)\s + A~V /\b) (12) simultaneous failure of the S;Rand S-R links irrespective

. . . . . of the state of the RR; link: g4 = po.1po2 = e~ 10:te™ 0.2,
whereG is a gain factor associated with the link,RR . . A .
S . : " Repl th d babilit 15 unlt
that might be shorter than the direct link S-D. In this case,ep acing the corresponding probabilities in (15) resilts

GO,N+1 =1 and from [6] P, =¢ 03 [e—%,z (e_’)’o,l _|_6—71,3_6—V0,16—’Yl,3)
2 —"0,2 —72,3 _ 5,770,2,772,3 _p M1,2
G = M e~ (dm,n—do,n+1) (13) (e te € e ) +(1—e )

m,n d/m,n (6*70,16*70,2 +6*71,36*’Y2,3 _6*70,16*70,26*71,36*’72,3)]

whereg is the attenuation coefficient an, ,, is the distance (17)
between R, and R,. The last expression does not lend itself to an analytical
Equations (11) and (12) constitute the basis of the subseinimization and, consequently, we will resort to an asymp-
guent analysis that can be applied with any coding schentetic analysis for deriving the PAS. Following from the rdpi
Note that (12) depends primarily on the irradianég, exponential decay of the probability in (11), the terms that



[1,0,0,0,0,0], i=1
0,0, fi(ko,1,k1,3), f2(ko,1,K1,3),0,0], i=2;
P= [O,O,O,O,fl(ko_rz,k2_’3),f2(l€072,/€273)] R 7= 3; (21)

[0, fa(ko,1, k1,2, k2,3), f1(Ko,1, k1,2, k2,3), f3(Ko,1, k1,2, k2,3),0,0], @ =4;

0, fa(ko,2, k2,1, k1,3),0,0, fi(ko,2, k2,1, k1,3), fa(ko,2, k2,1, k1,3)], ©=5.
correspond to the product of more than three exponentialsRf -R;, 11, ..., Riy_-Ri,_+1 While realizing correct decisions
€703 P, can be safely neglected. Replacing, ,, by Py, nkm.n, along the remainingV — 1 — N, links interconnecting two
(17) tends to the following asymptotic value: consecutive relays. The probability of occurrence of this

- [ - P o P scenario can be written as:

Pe i67 0,3170,3 67 0,1 0,167 0,2470,2 _|_€7 1,3 1,367 2,3472,3

+e_k1,2pl,2 (e—k}o’lpowle—klzwgpgwg +e_k0,2P0,26_k1,3P1,3):| (18) H e_’YJvJ+1 H (1 — e_’Y]wJ‘Fl) (23)
JE{i1, 0N, } Je{1,....,N=1}\{é1,...,in. }

where z = y means thatz and y are asymptotically
equal. In what follows, we define the vect®# as: P =
[Po,3, P12, Po1, P13, Po,2, Pa3l.

Proposition 1: For negligible background noise levels, th
vector P that minimizes the asymptotic expression in (18
subject to (9) can be obtained as follows. Construct th& se

Under the above scenario, thé relays can be partitioned
into the following clusters{1,... 41}, {i1 +1,... 42}, ...,
{in, + 1,..., N} where the relays in each cluster are inter-
onnected (owing to valid CRCs if the relays are not switched
ff or, equivalently, correct detection of nonzero framksg
the corresponding links). A given cluster ensures forwagdi

as follows: the frameF from S to D in all cases except when all links

1 1 1 1 1 from S to this cluster fail simultaneously or when all links

1= {E’ ko1 T k13 ko2 T kos from the cluster to D fail simultaneously. In other wordsg th

1 11 1 probability of not observing any valid CRC at D via the cluste
EerﬂL@,@JrEJFE} (19) {ix_1 +1,...,ix} can be written as:

123 ik ik
_ H e~ 100 4 H e~ ViN+1 _ H e~ 0.5 g™V N+1 (24)
i = argmin[Z] (20) j=ir_1t1 J=in_1H J=in_1H

and define the integeras:

The optimal solution is given in (21) shown at the top ofvhereip 2 0 andiy, ., = N.

the page where the functiorfs(.) are defined as: Finally, combining (23) and (24) results in:
L+>7" i111(ﬁ) N-1
1 =1 c; cj
fi(cla"'acn):_ Jn ]1 - 5 izla"'an Pe:e_707N+lz Z
i i1 o Ne=0 (3, inyezNe)  7Ne)
(22) N GO
Proof: The proof is provided in Appendix A. The con- No+1
strained minimization is based on the method of Lagrange H e~ Vit H (1 _e—w,jﬂ) H
multipliers with the solution satisfying the Karush-Kuhn- ;.7 v e N0\ finyenin, ) 1

Tucker (KKT) conditions [19] to ensure non-negative powers i . i
The performed minimization shows that the optimal solutio o N+l N0 o= Vi N4

corresponds to activating only one path among the paths S-D, H e +H e ) H e e (25)

S-R-D, S-R;-D, S-Ri-R.-D and S-R-R;-D. The selection of £ ' /=% Ittt

the best path is based on (19)-(20) while the distributiothef where 7V .. 7{N<)  are all possible subsets of

power among the corresponding hops is determined by (2%1— N-1) havinév?\f elements each

(22). An element ofZ quantifies the inverse of the strength o Wéll,’lext resort o uppiar—bounding (25)' so that an analytical

the corresponding path from S to D and (20) is equivalent g%lution of the power allocation can be obtained from this

selecting the path with the maximum strength. Note that the

solution obtained in [15] follows as a special case by sg:ttiﬁs'mple bound. The approach for upper-bounding (25) is to

k1,2=k21=0. In this case, the fourth and fifth elementsZof ignore all terms im%’NHPe correspongling o the product of
in7(19) will tend to infinity and, hence, will never satisfyQ more thanN +1_ decreasing exponential functions. Note that
' ' eVo.N+1 P contains terms that correspond to the producivof
and N + 1 exponential functions and the bound is based on
B. N Relays keeping only these terms. For example, for= 2, the bound
We next evaluate the conditional FEP witN relays. in (18) one™3 P, keeps only the terms corresponding to the
Consider the case whem¥,. “cuts” occur among theV —1 product of 2 and 3 exponential functions.
links interconnecting the relays and denote the indicebhege  Since all the relays are partitioned over the different clus
cuts byii,...,in,. These cuts correspond to the erroneousrs, the last term in (25)]_[?;?1[- --]) corresponds to the
detection of the nonzero frames transmitted along¥hdinks summation of different terms consisting of the productN\of



N-—1 N—-1 [ [ i
e’Yo,N+1Pe(Nc:1) _ E e Vivit1 (1 _ e—’Yj,j+1) H e 05 4 H e ViN+1 _ H e 0. g Vi, N+1
=1 j=1; j#i j=1 j=1 j=1
N N N
H e 0 4 H e~ Vi N+1 _ H e~ 0.5 Vi N+1
j=it1 j=it1 j=it1
N_
- E —Vi,i+1 He ’YOJ+H6 ’YJN+1_|_H€ ’YOJH e ’Y]N+1_|_He ’YJN+1H 0. (27)
=1 = j=i+1 Jj=1+1

or more exponential functions. In the same way, the terNote that paths of the form-SR,,—R,,_1—--- —R,,_n, —D

]'[j e ii+1 corresponds to the product d¥. exponential can also be selected based on the proposed cooperation
functions while the term[].(1 — e~7i+1) is composed of strategy. Overall, there are 1 one-hop pathtwo-hop paths,
terms corresponding to the product of 0 or more exponentiHIN — 1) three-hop paths2(N — 2) four-hop paths,...
functions. Consequently, for obtaining the upper-bou¥idjs resulting in a total ofV2 + 1 possible paths.

restricted to either 0 or 1 in (25). F&F. =0, the corresponding  Note that the proposed PAS corresponds to an asymptotic

term in (25) can be written as: solution that holds for negligible levels of background

N_1 radiation. For scenarios where the power of backgrouncenois

eY0.N+1 p(Ne=0) _ H (1_67%,#1) is high, the optimal solution might necessitate activating
e

more than one path between the source and destination.

=1
! Note also that the implementation of the proposed PAS
N N N : ) . A
H e 4 H o= ViNAL _ H 605 g= V5N 41 requires the knowledge of th&N-dimensional vectol =
(ko,N+1, k0,1, - - kons kN, - kv s B, - ke, ]
and hence necessitates the estimation of the additivnall
N-1 N N H H
) o o o parameterg; o, ..., ky_1,n Of the inter-relay links compared
= (1= e e + [[ev ] (26) o parallel-relaying [15]. However, this additional coreyity
J=t J=1 J=t is associated with significant performance gains as will be

For N, =1, the corresponding term in (25) can be writteftighlighted in the next section. In this context, the praggbs
as shown in (27) at the top of the page (whefei;). Finally, solution can take advantage from the large coherence times
combining (26) and (27) and replacing, ,, by Py, k.. for of the FSO channels. Note also that all element¥ofare
large signal-to-noise ratios results in (28) shown at thitono  Proportional tog.As implying that the selection of the best
of the page. path is independent from the signal strength. In other words

Proposition 2: For negligible background noise levels, thém,» can be replaced b, ;.1 » in (19)-(20).

PAS that minimizes the asymptotic expression in (28) subjec

to (9) corresponds to selecting a unique path between S and D IV. NUMERICAL RESULTS

and distributing the power among its hops according to (22).\We setC? = 1.7x 10~ m—2/3 and o = 0.43 dB/km
The path with the minimum sum of inverse path gaiks)( in (4) and (13), respectively. We show the simulation result
is selected. for a FSO network characterized by the following geometrica

Proof: The proof is provided in Appendix B. parameters. (i): The distance between S and D is set to

For example, consider the(N, + 2)-hop path S- g, ., = 5 km. (ii): The distances of the first relay from
Ry —Ryi1— - =Ry n, —D. The inverse-strength of thiss and D are set talp; = 2 km anddi v = 4 km,
path |S—+Zm 1 kn+m11 — T kn+Ni e where the path respectively. (iii): The N-th relay occupies a symmetrical
with the minimum inverse-strength (or maximum strength) isosition characterized by the following distancds;y = 4
selected in analogy with (19) and (20) in the caseVo&= 2. km anddy n+1 = 2 km. (iv): The remainingV — 2 relays
From (22), the power allocated to theth hop of this path are placed equidistantly between relaysaRd Ry. Following
is given by fi(kon, knnt1s - s kntNy—1,n+N,» kntN,, N+1)-  from (5) and (14), the performance of the proposed system wil

N N N—-1
P = e—ko,N+1 Py N1 H e—ko,jpo,j + H e—kj,N+1 Pj n41 + E e_k?i,H»l Piit1 o
j=1 j=1 i=1

He ko,j Po,; H e_ij+]P]N+1_j’_He kj N+1Pj Nt1 H e —ko,j Po,j (28)

Jj=1+1 j=i+1
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Fig. 4. Impact of the signal energy with all-active relaying Fig. 6. Impact of the noise energy &tg = —170 dBJ.
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Fig. 5. Impact of the signal energy &, = —185 dBJ. Fig. 7. The proposed scheme versus serial relayinat= —172 dBJ and

E, = —180 dBJ.

be parameterized bis £ ¢.E,. This approach is adopted for
the sake of rendering the presented results independent froumerically minimizing the exact error probability expsess
the structure of the implemented error-detecting code. in (17) and (25). Under all simulation setups, the FEP curves
In Fig. 4 we compare the proposed cooperation strateg9rresponding to the above approaches were undistindiesha
(with interconnected-relays) to the parallel-relayingattgy thus highlighting the interest of the proposed closed-from
(with non interconnected-relays) in the case of all-activasymptotically-optimal solution.
relaying with uniform power allocation. In other words, for In Fig. 5 and Fig. 6 we compare the proposed cooperation
non interconnected-relays the transmit power is evenlit smtrategy with the parallel-relaying strategy in the casengh
among the2N+1 S-D, S-R and R-D links [6]. On the otheran optimized PAS is applied. For the case of interconnected-
hand, for interconnected-relays the transmit power is lgvenelays the proposed PAS is applied while for non inter-
splitamong th& N S-D, S-R, R-D and R-R links. Fig. 4 showsconnected relays the PAS proposed in [15] is applied. Note
the performance as a function &fy for £, = —175 dBJ as that both our work and [15] apply a similar PAS in the sense of
well as for the quantum limit with no background radiatiomdequately spreading the transmit power among the hops of th
(where the only source of noise is the shot noise). This figusrongest path connecting S to D. In particular, the safuitio
shows that comparable performance trends are observed in[ttb] follows as a special case of proposition 1 and propasiti
presence or absence of background noise. Moreover, resglty setting the inter-relay gains to zero. Fig. 5 shows the
show the superiority of the proposed scheme despite the fpetformance as a function ofs for £, = —185 dBJ.
that the transmit power is spread over a larger number o$linkResults show the high performance levels that can be aachieve
In the subsequent figures, the proposed PAS is appliedscenarios where inter-relay connections are availdbbe.
resulting in further enhancements in the performance seveéxample, atP, = 10~*, the performance gains are 2 dB
A numerical analysis showed that the proposed PAS whichaad 2.5 dB withN = 2 and N = 5, respectively. These
based on analytically minimizing the asymptotic exprassiogains follow from the possibility of transmitting along pat
in (18) and (28) is extremely close to the strategy based oamprising more than two hops. For example, fér= 3 in



the absence of inter-relay connections, 1-hop and 2-hdgs lin APPENDIXA
are selected arountb% and 84% of the time, respectively, POWERALLOCATION WITH TWO RELAYS
while in the presence of inter-relay connections, 1-hopppg;
3-hop and 4-hop links are selected arounéh, 50%, 31% and ~ Construct  the set S as S =
8% of the time, respectively. Fig. 6 investigates the impact df0,3), (1,2), (0,1),(1,3),(0,2),(2,3)}.  In order to
background radiation on the error performanc&at= —170 Minimize  (18) subject to the equality constraint
dBJ. The enhancements resulting from the presence of int&ktm nycs Pmn = 1 (wWhich is equivalent to (9)) and
relay connections are evident for all valuesif. Moreover, the six inequality constraints P, , < 0 for (m,n) € S, we
the performance gap between systems deploying inter-regnstruct the Lagrangian function:
cooperation and those not deploying this solution increase
with the number of relays. For example, with four inter- £ = e *0370s [emFoaFoag=ho2fbo 4 o=hisPise=kaabas
connected relays, error rates as small@s'> can be achieved | ,~k12P1 (ekoaPorg=kzaPos 4 o=ho2Po2g=k13P1s)]
at £, = —195 dBJ.

Fig. 7 compares the proposed cooperation scheme with se-
rial relaying where all information messages are relayedgl i Z Frn =1 = Z HmnPmn - (29)
the (V + 1)-hop shortest path S1R - --Ry-D at Es = —172
dBJ andE;, = —180 dBJ. Serial relaying is associated with For the sake of notational simplicity, we defidg, , 2

both the uniform power allocation strategy (as in [6]) ag P . Atthe optimal poin®?, £ must satisfy the follow-
well as the proposed PAS. Moreover, in order to show thﬁg’ equétions:

importance of distributing the available power among thpsho

(m,n)eS (m,n)eS

L

accordingl to (22), we investigate a simplifigd PAS that can9f  _ —koze %0 [6—60,16—60,2 Le e 023 4 o012
be associated with the proposed cooperation scheme. TKi50.3
simplified PAS corresponds to evenly distributing the power <e*‘5°’le*‘52’3 + e*““%*“lﬁ)] +A—po3=0 (30)

among the hops once the strongest path is selected acctoding e s s e s
a . . . - — 0,3 0,1 0,2 1,2 2,3 —
proposition 2. This approach avoids the estimatiorzgfand 2Po1 —ko,1e e [6 te € ]+/\—u0,1 =0
the evaluation of the logarithmic function in (22). Resshew ’ (31)
the superiority of the proposed inter-relay cooperatidreste o
compared to serial relaying especially for large number opp,, ~
relays. The importance of implementing the proposed PAS is (32)
also highlighted in this figure. Note that despite the faatth 9L _ oy ge 00301 [6752,3+6751,26750,2] A =0
the path S-R--- - - Ry-D comprises the shortest hops (havingdFu,s ’ '
the smallest fading variances according to the adoptednethan (33)
model), in the proposed asymptotically optimal solutidrist
path is selected only around.5%, 8%, 6% and4.8% of the
time for N = 2, 3, 4 and5, respectively. Note that the other o,
(N + 1)-hop path S-R-----R;-D is almost never selected 9P,
following from the geometry of the network. (34)
8?)[1:’2 _ —k172€760’3€76]’2 [6*50,16*52,3 +e*5o,2e*51,3]
V. CONCLUSION ) FA— 2 =0 (35)
L
Despite the huge progress and high performance gains re- ax Pos+ Prot PoatPrs+ oo Pz =1=0 (36)
orted in the literature of relay-assisted FSO commurocati . : i
?urther enhancements are sti}lll possible based on the cbncer;rhe KKT conditions are given by:
of inter-relay cooperation; an idea introduced in this pagrel
that constitutes an important degree of freedom that hasrnev
been investigated before. Taking advantage of the presence Pmn 20
of inter-relay connections can significantly boost the perf ) ) )
mance of cooperative FSO networks since the fading variancd! £1.2 = 0, the proposed cooperation strategy is equivalent
along a FSO link decreases with its distance. In particuldp, [15] where inter-relay cooperation is not considereanfr
substantial improvements were observed over an aggregatet) the optimal solution corresponds to selecting thehpat
channel model that takes into consideration both pathdags 2M0ng S-D, S-RD and S-R-D having the maximum str?ngth
turbulence-induced fading. The proposed solution thatireg Where the inverse-strengths of these paths are givep by
the knowledge of the CSI can take advantage from the largg; + 75 and - + ¢, (the first three elements & in
coherence time of FSO systems where the estimates of {48)), respectively.
underlying channels, and hence the transmitted powersptio n We next investigate the solutions for whiéh 5 # 0.
need to be updated very often. We hope that this work will Solution 1: Py 1 # 0, P12 # 0, P» 3 # 0 and the remaining
trigger more research effort in this promising direction. components oP are zero. From (37)0.1 = p1,2 = p2,3 =0

—4 —4 —4 -4 -4
k0726 0,3790,2 [e 0.1 4o %12, 1,3]_‘_/\_’“0’2:0

as well as the equations:

—4 —& -4 -4 —4
= —kase 0,3,792,3 [e 13 e 0120 0,1]_1_)\_“273:0

/Lm,npm.,n =0 ) (m, n) esS (37)
(m,n) €S (38)



and the corresponding inequalities in (38) are satisfiedldge A similar analysis holds for the symmetrical caBgs # 0,
ing these values in (31), (35) and (34) results in: Pio # 0, P 3 # 0 (path S-R-R;-D rather than S-RRs-
D) by permuting the subscripts 1 and 2. The strength of path

A=k —d0,1 1 —01,2 ,—02,3 =k —d0,1 39 ) 1 )
oae” 0t [L+emre ] = hoe B9 S R-R-Dis (L+ﬁ+ﬁ) andi = 5 in (20).

-k —d1,2 [,—00,1 ,—92,3 1] = & —01,2 40 ) ko,2
A 1’26_6 [e _66 _;_ ] . 1’26_6 (40) While the cases € {1,2,3} and: € {4,5} are covered by
A =kage " [14 e 2em 00 ] = kg ge 02 (41) [15] and the above analysis, respectively, we next prove tha

Solving the above equations in addition to (36) (that can 6%' othe_r nontrivial solutions are not feasible.
Solution 2: P071 7§ 0, PLQ }é 0, P273 }é 0, P173 7§ 0 and the

written asPy 1 + P12 + P> 3 = 1) results in the solution given o .
in (22) ' ' ' remaining components @ are zero. We will next prove that
Sinceuo 5 > 0 from (38), equation (30) can be written asthis _solutlon w_h|ch c_orrespond_s to simultaneously adtieat

’ the links reaching D is not feasible. From (37),1 = p1.2 =

to3 =\— ko3 [6—50,1 e %23 4 o012 (6—50,16—52,3 +1)]  p23=p3=0 resulting, from (31), (35), (34) and (33), in:
=\ — k0,3 [6—50,1 + e 923 + 6_61'2}

. . . A =ko1e % [1+ e 02e7%23] = kg e %0 (49)

= A — koA T =+ Ton + . >0 (42) A= k172€*51,2 [6760’16752’3 + 6761’3] = k1726761’26761’3
0,1 2,3 1,2 (50)

n/]h?re (39)-(41) were invoked in (42). Finally, (42) implies , _ k2,3e—52,3 [6—51,3 _i_e—(sl,ze—ao,l] - k2736—62,36—61,3
o+ 1111 (51)
Fox s T has = os (43) A= hgemto [t 4 o] (52)

Since .2 > 0 from (38), equation (32) can be written as: Equations (50)-(52) imply tha;ﬂl_g _ ﬁ + k%@ Since
this equality among the parametétss, k> and k3 that
] >0 depend on the random path gains does not hold in general,
(44) then solution 2 is not feasible. Note that this equality shitve
implying thatﬁ + Flz < le Adding the ter% to both important result that for the power to be split among thedink
sides of this inequality resulits in: ’ R;-D and R -Rq-D (both emerging from R, these links must
have exactly the same strength which is impossible follgwin

L1 < L (45) from the randomness of the path gains. In general, one of
koa = ki2 k23 T ko2 ko these links will be stronger than the other implying that one
of the links S-R-D and S-R-R;-D can be activated at a time.

Since 3 > 0 from (38), equation (33) can be written as:” s ) )
Finally, the non-feasibility of the solution for which, » # 0,

_ _ 1 1 P15 #0, P35 #0, P 3 # 0 can be obtained by symmetry.
:A _ k 52,3 51,2 :A _ k )\ - = > 0 172 1 2,3 1 1,3
H1.3 13 [e7 00 e 13 [/4273 +k1,2] = Solution 3: Py,1 # 0, Pa #0, P23 #0, Py2 # 0 and the
_ _ . ) ) _ . (46) remaining components @ are zero. We will next prove that
implying that 77— + - < . Adding the term;— to both  thjs solution which corresponds to simultaneously adtigat

1 1
to2=A— ko2 [6_50’1 +€_61'2} =X —ko2A [——i——
ko1 k12

sides of this inequality results in: the links emerging from S is not feasible. From (3i2),; =
1 1 1 1 1 1,2 = p23 = po,2 = 0. Replacing these values in (31), (35),
ol + T + Tos < ol + s (47)  (34) and (32), respectively, results in:

Finally, adding the inequalitie@i+ﬁ < ﬁ andﬁ;r A = kg pe~%01 [em002 4 g~Or2=02a] = fy 001002
— < & and adding the termL to both sides of the (53)

obtained inequality results ig{}—l + kf—z + k%@ < WZ + %2 + A= kyge 2 [e790 17023 e 002] = kg pe 012 %02
ﬁ which implies that (since all involved terms are positive (54)
and kg,l = kl,g): A= k273€752’3 [1 + 6751’26760’1} (55)
1 1 1 1 1 1 A = koge %02 [e7 %1 4 7012 (56)

<——+—+.— (49 : ]

koqn  kio2  kos T koo ko ki3 ] ]
_ _ Equations (53), (55) and (56) imply that— = - +
_F!nally, equations .(43)’ (45)'1 (“7) 1and (f8) shqw th_at th% (links S-R, and S-R-R, have exactly the same strength)
minimum of the sef in (19) is TR, ks andi =41in _which is not possible. In the same way, the symmetrical case
(20). Based on the above calculations and on [15], equatio. §1 £0, Po#0, Py #0and Py # 0 is not feasible.

(43), (45), (47) and (48) show that solution 1 correspon SOSqution 4 Py # 0, Pro # 0, Pog # 0, Py # 0,

to the case where the path S-R.-D is stronger than the Py» # 0 and the remaining components Bf are zero (the

paths S-D, S-RD, S-R-D and S-R-R;-D, respectively. links emerging from S and the links reaching D are activated
The strength of this 3-hop selected path is measured Y
-1 Simultaneously). From (3701 = p1,2 = po3 = 1,3 =

(ﬁ + ﬁ + ﬁ) ' to,2 = 0. Replacing these values in (31), (35), (34), (33) and
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(32), respectively, results in: At the optimal pointP, £ must satisfy the following

B B o . o equation (Wheré,, , = k. Prn):
A\ =ko1e 00,1 [8 30,2 +e 61,20 52,3] = ko.1e 60,1 ,—%0,2

(57) oL s
oL _ ONHG(P) 4+ A — —0 (64
)\ — kl_’26_51’2 [8_60'16_52’3 _|_ 6_50’26_51’3} (58) 8P07N+1 O,N+le ( ) + /’LO,N+1 ( )
Gag [0 —b1a —00n] - 52—
A= lkpge %7 [e70% 4T e 0N ] =y e e 1(’359) and the followingN equations« = 1,..., N):
60)  pp,, = Fone L™
, =

A\ = ko 26—50,2 [6—50,1 + 6—51,26—51,3] = ko 26—50,26—50,1
(61) —|—Ze Sisit H 350JH6 65, N+1

Equations (57) and (61) imply thaty1 = koo while N1 o
equations (59) and (60) imply tha 3 = k3. Both equalities  + >~ e i+ H e %0 H e %N+
are impossible and the corresponding solution is not féasib  i=n j=itl

As a conclusion, the optimal solution corresponds to egtire
dedicating the total power to one of the links S-D, SR
S-R;-D, S-R-Re-D and S-RB-R;-D according to (19)-(22).

+A—jlon =0 (65)

and the followingN equations«#{ = 1,..., N):

N
= ko n 6*50,N+1 e*“j,NJrl
8P7L,N+1 A |:Hl
APPENDIX B 7
POWERALLOCATION WITH N RELAYS I Z o0t H o= 00,3 H e 0Nty
Proposition 2 will be proven by induction. From proposition J=itl

N

1, this induction holds fofV = 2 relays. Assume that it holds il e H e H o—Eh 41

for N — 1 relays and let us prove that it holds fof relays.

While all paths withN or less hops are considered in {1é —

1)-relay system by induction, the proof reduces to provings well as theV — 1 equations{=1,..., N — 1):

proposition 2 for the N + 1)-hop paths S-R----Ry-D and

S-Ry-- - --R;-D of the N-relay system. or » s e L
Construct the sef asS = {(0,1),...,(0, N+1),(1, N+ P hiipre SN [H e %0 [ e oo+

1),...,(N,N + 1),(1,2),...,(N — 1,N)} and define the ’ _ =t =it

vectorP asP = [{_Pm.,n}(m,n)es]- We next apply the method N ﬁ 0. liI T

of Lagrange multipliers with the solution satisfying the KK

+)\_/147L,N+1:0 (66)

i=n j=i+1 j=1

+A—piit1 =0 (67)

conditions. From (28), we construct the following Lagrayi e =
function: and the following equation:
L= efko,N+1P0,N+lG(P) Z P, n—1= 0 (68)
(m,n)es
+ )\ Z Pm,n -1 - Z Mm,an,n (62)
(m,n)eS (m.n)eS As in appendix A, the KKT conditions are given by:
where, from (28),G(P) £ erov+1Pont1p, and it can be pmnPmn=0 ;5 (mmn)eS (69)
written as: Pmn >0 5 (m,n)eS (70)
N N
G(P) =[] e toitos 4 [[ e tovnifine Consider the path SR - - -Ry-D where the corresponding
j=1 j=1 solution is characterized by, # 0, P2 # 0, ...,
B B B Py_1n # 0, Py ny11 # 0 and the remaining components
kiit1Pii ko,; Po,; kj, P; ) d ) i X
+ Z e ThERTRI (H e "I HH6 R of P are zero. From (69)u,1 = 0. Replacing this value in
Jj=1

N ; (65) forn = 1 results in:
+ H e Fo.ifo,j H ekj,NHPj,NH)
i N
j=i+1 j=1 o s
No1 ( i N A=ko, |e —d0,1 + Z Oiyit1 He d0,j H e 0i N1

+ Z e Fiit1Piiv1 H e ko.ilo,; H e Fi.N+1Pj N+1 j=1 j=i+1
i=n Jj=1 Jj=1i+1 N—-1
N . i X - = ko1 e %01 4 e 90,1 o= 0N,N+1 E e diit1| = ko,le_(so'l
—ko,j P05 —kjN41Pi N1
+ H ¢ H € (63) i=1
j=it+1 J=1 (71)



In the same wayuy n+1 = 0 from (69). Replacing this

value in (66) forn = N results in:

A=knnNi1 |:6 5NN+1+§ e~ m+1He*50J H 651N+1:|
Jj=i+1

N-1
76
_kN,N 1e N,N+1

=1

(72)

Finally, from (69),p12 = ---
the following N — 1 equations form (67)i(= 1 N —1):
A= ki,iJrle_(si'Hl [6—50,18—5N,N+1 + 1} - ki7i+1e—5i,i+1

(73)
and (73)
eliminating \)

Now, solving (68), (71), (72)
Poy1,Pi2,...,Pv_1,n,Pvnt1 (while
results in the solution given in (22).

We next determine the conditions for which the total powg\%

is dedicated to the path StR- - -Rx-D. From (70),u0 n+1 >
0 implying that (64) can be written as:

—4 -4
to,N+1 = A — ko nti[e "0t 4 e ONNFL
N—-1
+ Z e*5i,i+1[e*5o,1e*5N,N+1 + 1”

i=1

S\ ko e%ﬂ+eMWH+§:e%~qzo (74)

i=1

which, from (71), (72) and (73), implies that:

+Zk - (75)

ikl kN,N+1 ko,N+1

showing that the inverse-strength of the link $-R--Ry-D
is smaller than that of the direct link S-D.

In the same way, (70) implies thaty,, > 0 for n # 1.
Consequently, (65) can be written as (fok£ 1):

n—1
_ —80,1 —8iit1
MOn—A_kO,n € T+ € ’
=1

N—-1
+ e~ “+1 50,18—5N,N+1

i=n
n—1

A — kOn[e 5°1+Z

=1

“+1‘| > 0 (76)

which, from (71) and (73), implies that:

1 = 1
N <

koa = ki1

77
< Tom (77)

-5 —5; ; . -5
14e 0,1§ e 1’1+1:|:]<7N,N+1€ N,N+1

= un—1,§y = 0 resulting in

for showing that the path R - -

11

these inequalities in (66) implies that (far#£ N):
n—1

—ON,N41 +Z e*5i,i+1e*50,1e*5N,N+1
i=1

+Z ““]

=X —knNt1 [6 NN+ 4 Z %, ”11 >0 (78)

Hn,N+1 = A=k N1 [6

which, from (72) and (73), implies that:

N-1

1 1 1

+ < 79
EnnNs1 — kaNt1 (79)

ki1

1=n

-Ry-D is preferred over the path

R,,-D.
Now, let us compare théN + 1)-hop link S- Rl --Ry-D
ith a (Ny, + 2)-hop link of the form S-R,-- -Rm EN,- D

hereNh # N — 1. Adding the inequality in (77) fon =
and the inequality in (79) fon = m + N}, results in:

1 1 1
k01 Z + Z <—+

TN, Kiiv1 k‘N,N+1 kom  km4Ny,, N41
Adding the termy_ "+ Nr =1

(80)
to both sides of the above
inequality results in:
Z 1
k:

1,041 kN ,N+1 kO m

kL i+1
Kiit1

m~+Np —1 1 1
+ Z ki,i+1+/€m+Nh,N+1
(81)
showing that the inverse-strength of the link $-R--Rx-D
is smaller than that of the link S;R- - - -R,, 4 n,,-D.

Finally, let us perform a similar comparison witi{ &},+2)-
hop link of the form S-R, 4 v, -- - - -R,,-D. Adding the inequal-
ity in (77) for n = m + N, and the inequality in (79) for
n = m results in:

m~+Np—1

1 1 1 1
— +
ko1 ; Ki i1 ; Kiit1 kN,N+1 = kominN, Km,Nt1
(82)

Adding the term~7" ¥ =" L to both sides of the above

inequality results in:

k‘L +1 = kiit1 TN, kii+t1  kN,N+1
m+Np—1
1 1 1
< + + 83
~ ko,m+Ny, = Kiit1 m,N+1 (83)
implying that:
1 m~+Np—1 1 1
< + +
Zkzz+1 k?NN+1 ko,m+ N, o kiit1  km,N+1
(84)

since all involved quantities are positive. Equation (84Qvss
that the inverse-strength of the link S-R- - -Ry-D is smaller
than that of the link S-Ryn, - - - -Ry,-D.

showing that the path S1R - --R,, is preferred over the path  Finally, the inequalities in (75), (81) and (84) complete th

S-R..

Finally, (70) implies thaj,, x+1 > 0 forn # N. Replacing for the link S-Ry-- - -

proof of proposition 2. By symmetry, a similar analysis ®ld
-R;-D.
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