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Abstract—Serial relaying is analyzed in the context where the fixed number of total subchannels, we propose an algorithm
Free-Space Optical (FSO) communicating nodes are equipped that optimally assigns the available apertures to the hos i
with multiple apertures. We derive asymptotic expressionsfor way that maximizes the achievable diversity order. Redéyiv

g‘n% Oyvgggvglfgtzb”tﬁé ogf,rértgfy ggggz-%ig}mga:]adggg ;g]hﬁgxr;:clj similar optimizations were carried out in the context of tiaul

by combining the multi-hop and multi-aperture techniques. A hop SISO systems where power allocations were proposed
recursive algorithm that optimally allocates the apertures to in [1] and [6] while optimal relay placements were derived

the hops is also proposed. Results highlight the importancef in [5]. The optimization that we perform in this paper dif-
aperture allocation for multi-nop-multi-aperture systems where  forg supstantially from the previously considered protsem
significant performance improvements can be gained. in the sense that integer solutions are sought which further
Index Terms—FSO, MIMO, serial relaying, multi-hop, gamma-  complicates the problem. Unlike [1], [6] that require the
gamma, diversity order, optimization. knowledge of the channel and [5] that requires placing the
relays at positions that might be infeasible following freime
l. INTRODUCTION topology of the network, the proposed solution is capable of

. i achieving enhanced diversity orders without the knowleafge
In order to mitigate the degrading effects of the turbulenc@,e channel and for any relay placements.

induced fading over Free-Space-Optical (FSO) links, caffé
diversity techniques have been proposed including seeial r
laying [1]-[6]. By relaying the information over a number of ) ) ) )
shorter hops, enhanced performance levels were reported. |Consider a multi-hop DF-FSO system with Intensity-
[1], an outage analysis and optimal power control strategiMOdmat'on and Direct-Detection (IM/DD) wherd/,. relays

were presented in the context of Decode-and-Forward (DR Placed serially between a source node (S) and a destinati
serial relaying. Amplify-and-Forward (AF) serial relagiover N°de (D). MIMO links are assumed and we denoterhyand

gamma-gamma fading channels was studied in [2] while [&» the numbers of transmit and receive apertures, respegtivel
compared the AF and DF techniques. Through a Bit-Errgfiong then-th hop forn =1,..., N, + 1.
Rate (BER) analysis, it was proven in [4] that multi-hop FSO We adopt the gamma-gamma fading model where the prob-
DF systems profit from significant reductions in the mean BERPIlity density function (pdf) of the irradiance is given:by
as well as in the variance of the BER. 2a3) (@ t8)/2

Despite the rich literature on multi-hop FSO systems [1]- f++(]) = %I(wm/g_lf%ﬁ (2 Oéﬁf) (1)
[6], these systems were studied only in the context of Single _ . _
Input-Single-Output (SISO) hops. In this work, we highWhere K.(.) is the modnjed Bessel function _of the second
light the utility of combining multi-hop communications thi Kind of orderc andI'() is the Gamma functione and /3
Multiple-Input-Multiple-Output (MIMO) techniques thrgh &¢ given In 1[13]6and they depend on the Rytov variange=
an outage probability analysis over gamma-gamma fadifig3Cn® /8d'1/5 whered is the link distance is the wave
channels. By appropriately approximating the gamma-gamr‘ﬁ'émber and”? is the refractlye index structure parameter. The
sum-distribution near the origin, we derive tractable arRrameters of the-th hop will be denoted by, andg,..
closed-form asymptotic expressions for the outage prdibabi RePetition Coding (RC) is implemented at each MIMO
which readily provide the diversity orders that can be agide NP where the transmit power is evenly allocated between
by multi-hop MIMO systems. Unlike related works on thdhe transmit apertures in the absen_ce of _channel state- infor
gamma-gamma channels that often involve the complicat8tftion at the transmitter and receiver sides [7]. The non-
Meijer G-function [2], [3] that fails in offering clear inghts coherent receiver performs Equal-Gain-Combining (EG@) an

on the achievable performance levels, the derived exmmzssithe equivalent irradiance along theth hop can be written as:

Il. SYSTEM MODEL

are simple and involve conventional mathematical funation P, Qu
The analysis of the multi-hop MIMO systems shows that In=> > Iupg (2)
these systems are very vulnerable to the specific allocation p=1g=1

of the apertures among the hops. Under the constraint ofyfierer, , , stands for the irradiance between hth transmit

_ _ _ aperture and the-th receive aperture along theth hop. In
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The outage probability along theth hop is given by [8]: The coding gain in (9) quantifies the power margin im-

1 P 1! [ om provement at a given small value of the outage_ probability.
PouLn:Pr<_In<|: } )ZPr(In< n ”) (3) In other words, for the same value af, that fixes the

by VQn Pm slopes of thePyy,, versusPy, curves,g. quantifies the shift
where Py, stands for the electrical power margin define@etween the corresponding curves. In this case, the maximum
in [8]. In the first equation of (3), the normalization Hy, coding gain can be obtained by placing all apertures at the
ensures the same transmit power as in single-aperturarsystéeceiver (i.e. SIMO system witlP, = 1 and @, = K;)
while the division by/@,, results from theQ,,-fold increase While the minimum coding gain is obtained by placing all

in the noise variance resulting from EGC [8]. apertures at the transmitter (i.e. MISO system with = 1
and P, = K,). From (9), the coding gain (resp. loss) of
[1l. OUTAGE PROBABILITY AND DIVERSITY ORDER the P, x Q, MIMO n-th hop with respect to the corre-

The random variabl&Z,, in (2) corresponds to the sum-SPONding?, @, x 1 MISO (resp.1 x P,Q, SIMO) hop is
mation of K,, 2 P,Q,, independent gamma-gamma randorh010219(v/@n) dB (resp.101og,(v/F,) dB). Note that SIMO
variables. The characteristic function (CHF) of this sunfystems outperform MISO systems because of the enhanced
distribution has been previously derived in the context Gnerdy capture achieved by the additional receive aperture
performance analysis of diversity reception [9], [10]. hist  Despite the superiority of SIMO systems with respect to
section, we derive an asymptotic expression of the CHF tHi€ corresponding MIMO systems (for the same value of
yields an approximate expression of the pdf near the origifie productP,@,), MIMO systems might be desirable for
This pdf is then integrated to yield an asymptotic expressié€ following reasons. (i): For practical purposes, there a
of the outage probability in (3). limitations on the number of apertures that can be placed at

From eq. (20) in [9], the CHF of,, can be written as:  €ach communicating node. This follows mainly from the size

Ko e of the transceivers and from the need of sufficiently spatting
. n Kn—k k apertures in order to reduce the correlation between the sub

Pz, (W) = Z ( k ) (Getn, (W) (Gonan @I (4) channels. (ii): For the same value of the prodiGt = P, Q,,,

A oo R the1xK,, SIMO (as well as thd{,,x1 MISO) systems require
whereG,. ,(w) ijm:o am (z,y)l'(m + y)(—iw)™™"¥ and  the |argest number of apertures that is equakip+1. In this
am (z,y) £ (F””(ym))r ;)Fr(fnﬁgy;f;i,) case, the minimum number of apertures needed by the MIMO

If o, > B, (43‘ can be further approximated by the terrgystem to achieve the same diversity ordefSis+ D where
obtained fork = 0. If o, < 3,, (4) can be approximated by D stands for the largest integer {n, ..., K,—1} that divides
the term obtained fok = K,,. Defining §,, = min{w,,B,} K,. Evidently, this number is less thaki, +1 and MIMO
and p,, = max{ay, 3,} while approximating=, ,(w) by the systems require at most the same total number of apertures as

k=0

term atm = 0, (4) can be written as: SIMO systems to achieve the same diversity order.
5. T (pn — 6n) 5 Kn The outage probability of a serial relaying system with
Pz, (W) ~ {(%pn) " # (—iw) " (5) N, relays is given by [5]:Pout = 1 — ngl (1 — Poutn)
n r+1

. _ . N which scales asymptotically aBout =~ > ,," Poutn- This
Applying the inverse Fourier transform of (5) results’in - outage probability can be further approximated By ~

1 5 Sn 5] Kn maxp=1,... N,+1 Poutn Where, for large values o?,,, the hop
fr, (I~ [( nfn) " T (pn=0n) JHnon—1 (6) that manifests the highest outage probability is the one for
I (Kndn) ' (pn) i which the exponenk,,d,, is the smallest following from (7).
Replacing (6) in (3) results in: Therefore, the diversity order is equal to:
1 Kn, —Knon = i = i
P, ~ 1 (éﬂpn)énr(pn_én) PZW K n:l,r.I,l.l,?VrJrl{Kn&n} n:lml,IJ%/T+1{PnQn6n} (10)
U T (K0, 1) T(pn) Pov/Qn
@) IV. OPTIMAL APERTUREALLOCATION

-, —d,
Writing (7) under the formFou, N (AnPar) ™" ShOWS  Maximizing the diversity order can be expressed as a
that the diversity order is equal t, = Ko, = PrQndn. N maximin optimization problem as follows:

the same way, the coding advantage takes the value: N
rt

B 1 T'(pn) o 1 max { min [Kn5n]} s.t. Z K, =Kt (11)
A, = NN [F(pn — 671)} NKpop+1)Feda (8)  Ki,oEny41 | n=1,,Npt1 —

Writing (8) asA,, (P, Q) shows that the coding gain of awhere Kit stands for the total number of sub-channels along
P x () system with respect to B x Q’ system is given by the muIti—hop link and it is a fixed quantity. Note that the
(WhereK,, = PQ = P'Q’ so thatd,, is the same): considered problem is not an integer linear programming)IL

e problem since the objective function in (11) is nonlineasn€
M =10log m (dB) (9) sequently, the algorithms developed for solving ILP praide
An (P, Q') Y\ PVQ ied in thi
n\t s can not be applied in this case.

1The same expression was derived independently in [8] ustmrpletely It is worth nOtin_g that the diverSity order depends On_ the
different calculation methodology. number of transmit apertureB, and the number of receive

ge=101log;, (



apertures@,, only through the parametek, = P,Q,. In will always be equal td K. ., |dr,.,+1. On the other hand,
other words, different values d¢f2,, Q),,) that yield the same if any one of these values, sdy<;| (h € {1,..., Krem}) is
value of K,, will result in the same diversity order. Once thalecreased, then the minimum of (14) will be at mp&t, |5,
optimal value ofK,, is derived,P,, and(@,, can be derived by which is smaller thaQK}(remHJ(SKremﬂ sinceh < Krem+ 1.
solving the equatio, Q,, = K,, that might admit more than In other words, the first iteration yields the optimal values
one integer solution all achieving the same diversity arder &, = [K]]| forn = 1,..., Kiem- The same procedures as
Assume that the functions141, ..., Kn,+10n,+1 intersect the ones described above need to be repeated recursively for
at a certain point. In this caséwill be maximized at this point determining the remaining values df,, where after each
of intersection. In fact, for any other point, one of the ftions iteration K needs to be replaced by — foj"l‘ K,.

K161,..., KN, +10xn,+1 will be smaller than the others antl  In what follows, K = [K,...,Ky,41] is defined as
will decrease. Consequently, (10) is maximized f6r6; = the optimal integer solution outputted by the algorithm. We
-+ = Kn,4+10n,41. Solving theseV,. equations as well as thealso defineA as a subset of1,..., N, + 1} containing the
constraint equatioEfj;J{l K, = Ko results in the following indices of the hops whose numbers of subchannels need to be
solution that will be denoted byk” } N1 optimized. Finally, the variablé/ stands for the remaining
K, number of subchannels that need to be allocated.
K| = S — s n=1,...,N.+1 (12) The proposed algorithm is described by the following steps:

Ny+1 1 -
Wit - Sep 0: SetK = [0---0], A = {1,...,N, + 1} and

The values of K/ in (12) are not necessarily integers M = Kiqt.

and we need to derive the corresponding integer solution- Step 1. EvaluateK; = # fori € A.
.. .. . . v JjE ;
that maximizesd. The optimization problem in (11) can _ Sep 2: Construct the(N, + 1)-dimensional se€ whose
be written asmin {max[—K,d,]} which is known to be a ith element is equal tdK’|5; if i € A and to oo
convex problem following from the convexity of the funct®n otherwise. !
—K,6,. Consequently, it can be conjectured that the optimal _ Sep 3: Construct the sef that contains the indices of
integer solution will not be very “far” from the non-integer the M — 3, | K!| smallest elements df.
solution. Therefore, as an initial condition, we first flobet Sep 4 Findletﬁe olptimal valuest — [K.] fornes
values of K/, in (12) in order not to exceefli,. At this level, - Sep 5.' SetA—A\S andM:M—nZ ”K If |A| :'0
the corresponding Set&" (LK1 )61, Ik 1 Jw1) gt a1, setica— M and ext. Go foep 1
— _ T ! H ) . .

and Krem = Kiot — 3,71 | K] remaining subchannels need | ;0. noting that the above algorithm will be invoked
to be added to the hops in order to maximize the minimum o[ . in thi h
C© (where|z| roundsz to the largest integer smaller thah at most.\, times. However, even in this extreme case, the

. ; computational complexity of the proposed algorithm rersain
Without any loss of generality, we assume that the eleme%%ch smaller than that of the brute-force exhaustive method

0) . . .

of () are arranged in an ascending order in what follows.

Observaion 1: The best way to add the remainiigen oo oo EEH TEER0R T BB WE ST Sl
subchannels is to select tfigem smallest elements @) and P Ve

1o assian one additional path to each one of the corres ndorder, then the proposed aperture allocation will maximize
g /p . , PINAiRe diversity gain with any power allocation strategy. listh
hops. In other words|, K | will be transformed to[ K] for

- : y , . . context, the joint aperture-power optimal allocation can b
n=1,..., Ken while LKKremHJ’.""LKNWlJ will remain realized by first invoking the proposed algorithm to yield
unchanged. Now, for any integeirsandj in {1,..., N, + 1}, h imal I . 4 th imize th
the following relation holds: the optimal aperture allocation and then optimize the power

' allocation conditioned on the fact that the optimal apertur
[K[6; > K[6; = K;ﬁj > LK§J5,7' (13) allocation is as derived in the first step.

where the equality follows from (12). Consequently, at the

. : A V. NUMERICAL RESULTS
second iteration, the corresponding set whose elements ar\eN 02 = 17510~ m-2/3 and A — 1550
arranged in an ascending order is: e setC, = 1.7x m and A = nm.

An extensive numerical analysis showed that the proposed
c = (K ki1 Okemt 1+ s L 110N, 41, algorithm a_lways yi(_elds the optir_nal solution. We assume tha
(K61, [K 16k} (14) the transmit power is evenly split among the hops.

LI oo 15 Krem | @ frem Fig. 1 shows the performance with two relays f6g; = 10
implying that the minimum is now K. ., |dx,,+1. Note where MISO links are considered. The source and destination
that if the Kem Subchannels were assigned in any possible waye separated by 5 km and the lengths of the hops are 1
among the smallest em—h values ofC(?) (whereh > 0), then km, 1.5 km and 2.5 km. Results show the accuracy of the
the corresponding minimum would B . |0k.,—n+1 derived outage probability expressions that are very ctose
which is smaller than the minimum of (14). the exact results for large values &f,; and, hence, can

Observation 2: [K1],...,[K} ] are the optimal integer accurately predict the achievable diversity orders. In Eigll
values assigned to the corresponding links. In other worgmssible aperture allocations are considered while réispec
these values do not need to be reconsidered in the nth condition that longer hops must be assigned a larger
iteration. In fact, increasing any one of these values wilf nnumber of apertures in order to enhance the diversity order
change the minimum value of (14) where the minimum valua (10) (note thatd decreases with the length of the hop).
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Fig. 1. Performance of a three-hop system for a link distasfcekm. Solid  Fig. 3. cdf’s of the diversity orders for a 10 km link with 5 agb.
and dashed lines correspond to the exact and approximatiesrasspectively.

10 g techniques forKy = 12, 18 and 24. Once again, results

highlight the importance of aperture allocation where high

Ne diversity orders can be achieved by the proposed algorithm.
\}} Moreover, the cdf’s corresponding to this algorithm aregées

e indicating a reduction in the variability of the diversityders.

. VI. CONCLUSION

Combining multi-hop relaying with MIMO techniques re-
sults in significant improvements in terms of the achievable
outage probabilities and diversity orders. Adequatelgcalt-
ing the available subchannels or apertures among the hops
el ‘ ‘ ‘ ‘ is of critical importance for exploiting the full capabiés

) of such hybrid-diversity systems. We proposed a recursive

15
Py, (@B)
algorithm that fulfills this task in an optimal way while hag
Fig. 2. Performance of a two-hop system for a link distancé &m. Solid gn acceptable level of complexity.
and dashed lines correspond to the exact and approximatiésrasspectively.
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