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Abstract—This paper targets the performance analysis of
Multiple-Input-Multiple-Output (MIMO) point-to-point,  single-
aperture relay-assisted and MIMO relay-assisted Free-Spae
Optical (FSO) communications. The objective of the paper is
to compare the different FSO diversity methods via an outage
probability analysis over gamma-gamma turbulence channal in
the case of independent fading among the different apertue
of the communicating nodes. Through a well-tailored calcudtion
method, we approximate the gamma-gamma distribution and
the gamma-gamma sum-distribution by appropriate gamma
distributions. This method resulted in simple closed-formoutage
probability expressions that are accurate for average-tdarge
values of the signal-to-noise ratio (SNR) and in asymptotic
expressions that are useful for evaluating the diversity gas and
coding gains. In particular, we derived the diversity gains of
MIMO repetition coding (RC), MIMO transmit laser selection
(TLS), MIMO all-active relaying (AR) and MIMO selective-
relaying (SR). We prove that MIMO-RC and MIMO-TLS, on
one hand, and MIMO-AR and MIMO-SR, on the second hand,
achieve the same diversity gain and we evaluate the codingiga
of TLS with respect to RC and of SR with respect to AR.
By comparing the MIMO and cooperative methods with point
receivers, we reach the central result that it is always bedr,
from a diversity gain point of view, to add more apertures to
the source and destination rather than adding more relays in
their vicinity despite the fact that the fading variance alang FSO
links decreases with the distance. For receivers that implaent
aperture averaging, we derive conditions under which MIMO
techniques are unconditionally better than cooperative tehniques
with any network topology.

Index Terms—Free-space optics, FSO, MIMO, cooperation,
relaying, relay-assisted, fading, diversity, gamma-gamian

I. INTRODUCTION

the maximum irradiance at the receiver and this solution
requires a feedback link as well as acquiring the CSI. On
the other hand, relay-assisted methods constitute disdb
spatial diversity solutions where neighboring nodes (tay®
denoted by R) assist the communications between a source
node (S) and a destination node (D). Of particular interest
are the parallel-relaying decode-and-forward solutiok- [
[17]. In a way analogous to the MIMO-RC and MIMO-TLS
methods, all-active [5]-[14] and selective relaying [18]A
solutions were proposed and analyzed. For all-active gy

all neighboring relays forward the decoded message to the
destination, while for selective-relaying, the strongesy

is selected. While selective-relaying is superior to ative
relaying, the implementation of the former requires adqgir
the CSI of all intermediate channels as well as adding fegldba
links between the communicating nodes.

Despite the huge literature on MIMO and relay-assisted
FSO systems, these techniques were neither compared nor
combined before. In this paper, we analyze the performance
of MIMO systems as well as all-active and selective relaying
in the case where the intermediate links between the differe
nodes are equipped with multiple apertures. The perforemanc
is evaluated via an outage probability analysis over gamma-
gamma atmospheric turbulence FSO links where the parallel-
relaying scheme is considered. The system model of parallel
relaying is depicted in Fig. 1 where the transmission betvaee
pair of nodes in the network is performed by using a dedicated
pair of transceivers each equipped with multiple apertures
Of direct relevance to this paper is the work presented in
[9]-[11] in the case of all-active relaying. In [9], an ouéag

Multiple-Input-Multiple-Output (MIMO) techniques and analysis was performed with one relay. The diversity gaithwi
relay-assisted communications constitute two populamad any number of relays was derived in [10] through an average
mitigation techniques that were studied extensively in th&ror probability analysis. Moreover, the diversity gaarsd
context of Free-Space Optical (FSO) systems. MIMO systemlizersity-multiplexing tradeoffs of all-active relayingith one
are localized diversity methods where several transmit-apeelay were evaluated in [11]. While [9]-[11] all consider
tures (lasers) and receive apertures (photodiodes) aceclagamma-gamma channels, the main difference with our work
at the transmitter and receiver sides, respectively. MIMBDF s as follows. First, Single-Input-Single-Output (SIS@)kk
systems were associated with either repetition coding (R@gre considered in [9]-[11] while our work considers the

[1], [2] or transmit laser selection (TLS) [3], [4]. For RGhe

more general case of MIMO links. The second difference

same information symbol is transmitted from all aperturas aresides in the detection/combining scheme implementetkat t
this solution can be implemented in the absence of changeistination in the case of all-active relaying. Unlike [@J4
state information (CSI) and feedback. In contrast to RC, thghere the signals falling on the different transceiverceta
TLS solution corresponds to activating the laser ensurieg D are detected separately, these signals are added up prio
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to detection in this work. The adopted diversity combining
scheme is superior to the switching scheme considered in
[9]-[11] where D consents the decision made by any of its



receivers that are not in outage. For the scheme considered i
this work, even if the links RD and R-D are in outage, yet
the superposition of the signals transmitted frognaRd R; to
D can still not be in outage resulting in a superior perforogan
The diversity combining scheme adopted in this paper is
the same as the one proposed initially in [12] and that was
further analyzed in [13]-[15]. In [12]-[15], D is equipped
with a single aperture having a wide field of view where the
signals transmitted from S and the relays get superimposed
at D. The performance analysis with this combining scheme
is more challenging since it involves the evaluation of the
probability density function (pdf) or cumulative distrifian
function (cdf) of the weighted sum of a certain humber of
random variables corresponding to the square of the patisgai
The analysis in [12]-[14] holds for lognormal fading chalsne
where, using conventional tools, the above sum of a numbié. 1. A cooperative FSO network with,- relays.
of lognormal random variables can be further approximated
by another lognormal random variable which substantially
simplifies the analysis. On the other hand, [15] consider&@nstitute novel findings as well. We also study the impact of
a gamma-gamma fading model; however, in the case of gPerture averaging on the derived results.
active relaying the gamma-gamma sum-cdf was evaluatedthe closed-form outage probabilities, diversity gains and
numerically thus limiting the interest of the adopted apio coding gains derived in this paper are based on the calonlati
Moreover, an expression for the achievable diversity gath w methodology proposed in [18]. In this context, the gamma-
the combining scheme is still missing. gamma pdf is approximated by a gamma pdf near the origin.
The main contributions of this paper are two-fold. Firstl his calculation method is suitable for the analysis of MIMO
we evaluate the outage performance of MIMO relay-assisté§sp- all-active relaying) systems that involves the samm
FSO systems with all-active (deploying diversity combinat tion of identically (resp. non-identically) distributecagma-
D) and selective relaying over gamma-gamma fading channégmma random variables and that, hence, can be approximated
where these schemes were associated with RC and TR%,a conveniently-scaled gamma distribution. The adopted
respectively. Based on this analysis, we derive the dit;ersfnethOd is alsp of crucial importance since it rgsults inetbs
gains achieved by both relaying strategies and we prove th@#m expressions that are accurate over a wide range of the
they are the same while quantifying the superiority of slec signal-to-noise ratio (SNR); these expressions do notilenta
relaying in a closed-form expression of the coding gain thgeries with infinite number of terms and only conventional
we derive. To the author's best knowledge, despite the righgthematical functions appear in the final results.
literature on all-active relaying [5]—-[14] and selectikaedaying
[15]-[17], it was not demonstrated before that these sjiese Il. SYSTEM MODEL
are capable of achieving the same diversity gain nor wasConsider the cooperative FSO network wifli. relays
the coding gain previously derived. The second contrilbutihown in Fig. 1. For communicating along the link-R;,
resides in proving that MIMO systems are strictly superiovz, ; transmit apertures are placed at While N, ; receive
to relay-assisted systems under the constraint of the saapertures are placed at; RFor notational simplicity, S and
total number of apertures with point receivers and in th® will be denoted by R and Rv, .1, respectively. The FSO
case where the relays are added for the mere objectivesgtem under consideration employs Binary Pulse Position
assisting S in its communication with D as in [12]-[15]. Inviodulation (BPPM) with Intensity-Modulation and Direct-
other words, if the transmit (resp. receive) apertures wemgtection (IM/DD). This paper targets mainly the case ofpoi
removed from the relays and placed at S (resp. D), then th&eivers that do not deploy aperture averaging. The case of
diversity gain will be enhanced. It is worth noting that thisiperture averaging will be considered separately in seatlo
diversity gain is associated with a reduced system coniplexi The received electrical signal at thi¢h node resulting from
where adding apertures to the transmitter or to the rec@verthe optical signal transmitted by thieth node can be written
much more cost-effective than deploying relays thus p@vims [12]:
the inadequacy of this last approach to FSO systems. On the [ s } {

S
other hand, if the relays are independent entities that have v; ; = | %/ RTb(Gi’jTi’in’thth) T 1)
their own information to exchange with S and D as in [5]- RT,Ep + n;
[11], [16], [17], then taking advantage of the presence eféh where 7 ; and ¢} ; are the received electrical signals that
relays (that can not be removed since they are not deployamrespond to the signal and non-signal slots of the BPPM
solely for assisting S) can not but improve the reliabilifylee  symbol, respectivelyr is the photodetector’s responsivity and
communications between S and D. Other contributions irelud; stands for the bit durationP, stands for the power of
deriving the diversity gains of MIMO systems with RC andackground radiation whil&’, stands for the total transmitted
TLS as well as the coding gain of TLS compared to RC whiabptical signal powerr; ; is a power normalization factor that

Yij



stands to the fraction of the total power allocated to thk lirmndo = 0.43 dB/km, respectively. The operating wavelength
Ri-R;. nj andn;? stand for the additive noise terms at R the is set to 1550 nm.
signal and non-signal slots, respectively. As in [12], weuase After removing the constant biaBT;, P, from both BPPM
background noise limited receivers implying that each ef trslots in (1), the SNR of the link RR; can be written as [12]:
above noise terms can be modeled as a signal-independent R2T2G2 42 T2 P2

i i i i ; i b Ui T gti it
white Gaussian noise with zero mean and variaNg¢2 in Vi = ARG ALY (8)
the case where Ris equipped with one receive aperture. Ni,jNo

In this work, we adopt the gamma-gamma fading model The outage probability of the link RR; can be written as:
where the pdf of the irradiancd & 0) is given by:

_ 2aB) B2 sy e pij £ Pr(vij <vum)=Pr|Z; <
R Ka_p (2 aﬁ]) )

Wheref(.) is the Gamma function anﬁc(.) is the modified Wherepju A RTP; denotes the power margin angl is the

Bessel function of the second kind of orderThe parameters gNR threshold above which no outage occurs and the signal
« and 3 with point receivers are given by: can be decoded with an arbitrarily small probability of erro

B 9 12/5, 76 4] The diversity gaind; ; is defined as the negative slope of
a(d) = {eXp (0'490R(d)/(1 +1.1105"7(d)) ) 1} ®3)  the curvep; ;(Py) on a log-log plot for large values dPy,
-1
B(d) = [exp (0.51012%((1)/(1 + 0.690}5/5((1))5/6) - 1} @)
ij ==

[19]:
whereo?(d) = 1.23C2k7/%d1/% is the Rytov varianced is Far=eo log(_&”) _
the link distancek is the wave number and? denotes the re- in other words, the outage probability along the link-i;
fractive index structure parameter. From(3)-(4), the peaters will vary asymptotically asP]\}di’j for large values ofP,,.

of the link between nodesandj can be written as:
A N . I1l. PERFORMANCEANALYSIS OF SISO, MIMO AND
Qi = oldig) 5 Big = Bldis) ©®) MULTI-SOURCE TRANSMISSIONS
whered; ; stands for the distance between &hd R;. A. Performance Analysis of SISO Links
MIMO all-active relaying will be associated with RC and

this system can be implemented in the absence of feedbac . . .
and CSI. On the other hand, MIMO selective-relaying will b% and K. We consider the case whgre B equped with
associated with the TLS scheme where this system achievééj = 1 laser source and Ris equipped W'thN_ EA
higher performance levels at the expense of entailing faeldb photodetector. In this case, (9) can be written as:
communications and necessitating the knowledge of the CSI. pi; = Pr (Ii-j < [Gi,jriyjPM]il) (11)
The termZ; ; in (1) depends on the implemented MIMO ' '

scheme and can be written as [1]-[4]: whereZ; ; £ 1{:" was written ad/; ; for simplicity.

+ZM1::,J' N;j ].(”.“"), MIMO-RC: Given that I; ; is gamma-gamma distributed, then (11)
Iij: M, ; m=1 n=1 %4,j

Gi,jrij Pym

N, )

d i Lo8(Pis) (10)

@t a first time, we examine the FSO link between nodes

(6) can be evaluated in terms of the Meijer G-function using
the cdf of the gamma-gamma distribution [11]. However, the
Meijer G-function is difficult to tackle mathematically and
consequently, the obtained results will fail in offeringeat
and intuitive insights on the performance over the FSO link.
Moreover, this approach can not be further extended to the
§cenarios of MIMO and multi-source transmissions, as will
2 explained later.

Based on the above, we next resort to approximate the
optical signals falling on the receive apertures are adged gamma-gamma pdfin (2). By using the POWEr SEries expansion
then the variance of the noise ternfsandn” in (1) would be of the mOdIerd Bessel function near the origin, (2) can be
equal to; ;Ny/2 where it is assumed that the noise terms &PProximated by [20]:
the different receive apertures are independent. Fory (1) = aol? ' 4 a, I° (12)

Finally, G; ; in (1) is a gain factor associated with the link ] ) ) )
R-R; that might be shorter than the direct link S-D. In thigvhere only the first two terms in the power series expansion

maxm—1,.. 1, Sont I, MIMO-TLS.

where IZ(T") stands for the irradiance between theth
transmit aperture of Rand then-th receive aperture of R

The normalization byV; ; in (6) with RC, where all laser

transmission level as in the case of SISO links. Note thdt wi
TLS, this normalization is not needed since only one Iasg
source is emitting. In the case whefg ; > 1, since the

context,Go n, 41 = 1 and from [12]: were considered and where:
[(a—p) Lla—p) (op)*!
d ? = === o = 13
Gi,j = (%) e*d(di,j*do,NTJrl) (7) ao F(Oé)r(ﬁ) (Oéﬁ) a1 F(Oé)r(ﬁ) (1 — a4+ ﬁ) ( )
1,J

. . . The key step in our subsequent calculations resides in writ-
whereo is the attenuation coefficient. .

B-1 ay i i
In what follows, the refractive index structure constand anIng (12) asaol al(l + a; I) which can be further approxi
a0

the attenuation constant are set@ = 1.7x 1074 m~2/3  mated byao/? e’ where the approximation methodology
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proposed in [18] was adopted. This methodology resides in
approximating the exponential function near the origin log t
first two terms of the Taylor series expansion so that the
obtained function can be related to the gamma pdf. Replacing
ap anda; by their values from (13), the pdf of the irradiance
along R-R; around the origin can be advantageously approx-
imated by:

10"

Outage Probability

Fyy(I) = Cij fy (I, Bij, Aij)

where f., (I, k,0) = Wlkfle*z/" stands for the gamma
pdf with shape parametdr and scale parametér In (14),
C; ; and A; ; are two constants related to the parametgrs

andg; ; of the link R-R; by:

(14)

=+ 3 km link, exact
|| =#= 3 km link, approximate
+: 3 km link, asymptotic
—— 5 km link, exact
=-= 5km link, approximate
=+ 5 km link, asymptotic
=€~ 10 km link, exact
-0~ 10 km link, approximate
Q' 10 km link,
T
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IN(eTY
( W) Fig. 2. Outage probability over SISO FSO links.
iy —Biy—1
Ajj=—1—0 (16)
@i jBi,j

Note that the function to the right hand-side of (14) is natistances of 5 km and 10 km. For the shorter link distance of
a pdf since the area under this function is equalCto; # 3 km that suffers from lower levels of fading, (18) accuratel
1. However, this function better approximates the exact pgdfedicts the outage probability for values &f,; exceeding
f+~(I) near the origin resulting in accurate approximations at.5 dB. In this scenario, (20) is close to the exact expressio
the outage probability for average-to-large values of tNRS for values of Py, exceeding 15 dB while it is very far from
From (14), the outage probability in (11) can be evaluatdtle exact expression for smaller valuesiyf. Moreover, this
using the cdf of the gamma distribution as follows: asymptotic expression suffers from the fact that it exceleds
C for extremely small values oP,;. Fig. 2 shows the interest
F(ﬁij-) (17) of the adopted calculation approach where the new expressio
J derived in (18) accurately predicts the performance of SISO
wherey(s,z) = [ t*~'e~'dt stands for the lower incompleteFSO links over a wide range of values Bf,.
gamma function.
Besides its usefulness in evaluating the performance of
MIMO and cooperative systems, (17) is a new result that & Performance Analysis of MIMO Links
beneficial for writing the outage probability of a pointjoint For MIMO links, {Ii(T’n)}m.,n are identically distributed
SISO FSO link with parameters and § in closed form as:  according to a gamma-gamma distribution with parameters
(a — B—1)°T(a - pB) a3 . Qg j and_ﬁi,j. Our sub§equ¢nt calcula_tions are based on the
T(a)T(3) v (ﬁ, P 1PM ) (18) assumpt!on that these |rrad|ances_, are independent ashivl.
assumption holds for the scenario where the elements of the
where, for the point-to-point link(¥; ; = 1 andr; ; = 1.

¢ _ o transmit and receive arrays are sufficiently spaced resyiti
Using the relationy (s, z) ~ *- for small values ofr, (17) jndependent channel fades.

can be further approximated by the following expression for 1) Repetition coding (RC), no feedback: From (6) and (9)

v (Bij, [Ai,;jGigri i Pl ™)

Pij =

Pout ~

large values ofPy,:
U(vij — Biy) (i Big)P
C(ij)T(Bij)  Biy

implying that the outage probability of a point-to-pointS®)
FSO link in (18) tends asymptotically to:

L(a=B)d)’ , s

(Gy,j7i;Par) %09 (19)

Pij =

Pout ~ (20)

the outage probability of the link RR; can be written as:

I\liyj N,;,]‘

mon G, P
pij = Pr ) < | JT M (21)
7 mZ:u; i M; j\/Ni;

From (14), given that each one of the tel’lﬁ;{_’ ™) can be
approximated by a gamma distribution, and following from

AONCED the fact that the sum of independent gamma random variables
showing that the diversity gain is equal#oWhile expressions with the same scale parameter is a gamma random variable
similar to (20) were previously reported in the literatut§], having the same scale parameter and a shape parameter equal
to the author’s best knowledge, approximations in the fofm @ the sum of the shape parameters, the pdm, 7l

n *i,j
(18) are novel. can be approximated as follows:
In Fig. 2, we compare the exact outage probability with

the approximate and asymptotic expressions in (18) and (20)“Z
for various link distances. Results show that the closedhifo

and simple expression in (18) is extremely close to the exaghich shows the interest of the adopted approach in approx-
outage probability over the entire range Bf; for the link imating a gamma-gamma pdf by a gamma pdf. (22) implies

C]\'fi J

.3

~
~

fmem (1) M (I My N B, Avg) (22)

m,n Ti,j



that (21) can be approximated by: which tends asymptotically to:

M5 Nig - M; jN;,; —M; ;i Ni Bi,;
. g o 0, N B Ai jGigri i P i~ Ci; A; iG55 P
? T T(M;;NiiBig) SR MG /N 7 PNy Big + 1M V/Nij
(23) _ _ y (30)
which tends asymptotically to: Equatlons (29) and (30) constltute_qddmonal contritngio
NN My N B of this work where the outage probability ofid x N MIMO
Cp A;;GigriiPu| 7 FSO link deploying the TLS scheme over a gamma-gamma
Dij~ T(MiNiBi; + 1) Mi,jm fading channel with parametersand 3 can be expressed as:
(24) 5 MN
Results in the form of (23) and (24) are novel and of p . ~ 1 {(O‘_ﬁ_ 1) F(O‘_ﬁ)]
particular interest for expressing the outage probabditgr [L(NB)M [(a)
gamma-gamma MIMO links in closed-form. From (23), the o Py M
outage probability of a\f x N MIMO FSO link deploying lv <Nﬁ,_7_1 (—> )] (31)
RC over a gamma-gamma fading channel with parameiers «—f VN
and s can be written as: and where the corresponding asymptotic approximation is:
b1 [la=B-1)Ta-p]"" po 1 [rm - ﬂ)(amﬁ]m< Pu )M“
out = T(MNpB) { T'(a) ] T TWNB+ M I'(a) VN

_ (32)
o g, o ( Py ) ' (25) WhereC; ; and A; ; were replaced by their values from (15)
a—pB-1\MVN and (16), respectively, and where we &gt; = 1 andr; ; = 1.
which, from (24), tends asymptotically to: ReplacingM = N =1in (31) and (32) results in (18) and
(20), respectively.
1 I'(a— B)(ap)? MN Py \ MY 3) Diversity gain and coding gain: Equations (26) and (32)
(MNB+1) { I'() ] (M\/ﬁ> show that the diversity gain of aW x N MIMO FSO link over
(26) a gamma-gamma channel with parameteend is equal to
whereC; ; and A; ; were replaced by their values from (15)A/ N3 whether RC or TLS is deployed. In other words, the
and (16), respectively, and where we 6gt; = 1 andr; ; = 1. presence of feedback does not enhance the diversity gain as
ReplacingM = N = 1 in (25) and (26) results in (18) andexpected.
(20), respectively. Writing the outage probabilities in (26) and (32) in the form
2) Transmit laser selection, with feedback: From (6) and (¢.P,,)~* wherev is the diversity gain (equal td/ N 3) and
(9), the outage probability of the link;ARR; can be written as: 4. is the coding gain, we can deduce that the advantage of

Poutxl—\

Ni -1 TLS over RC resides in a coding gain of:
pij=Pr| max 1o < | Gualig P T(NG+1) |7
? m=1,...,M; ; 1 b Ni,j 1010g10 <M |: ( ﬁ"’ ) . :| ) (dB) (33)
M; N . [(MNG+1)|™
= H Pr (Z ]f?l»”) < Gijrig Py ) A numerical analysis of (33) shows that the coding gain is
=1 =l VNij an increasing function al/ and the link distance (decreasing

function of 3) while it is a decreasing function a¥.

_ M;
Nig (mn) Gijrij Py ' In Fig. 3, we compare the exact outage probability with the
= |Pr Z L7 < N, . (27)  derived approximate and asymptotic expressions givensjt (2
n=1 I (26) and (31)-(32) for RC and TLS, respectively. We consider

where the last two equations follow sind?’") are inde- @ link distance of 3 km resulting i¥ = 1.53. Results show

pendent and identically distributed for = 1,.. ., M;; and the accuracy of the approximate expressions for average-to
n—=1 N ' large values o), and of the asymptotic expressions for large
=1,...,N;;.

In a way similar to (22), and SinCENi,j 7™ can be values ofP,;. While the asymptotic expressions exhibit a slow

n=1"4,5 . .
approximated by the sum of; ; independent gamma randonconvergence towards the exact outage probability especial

variables with the same scale parametgr, then the pdf of Ior_ 3 ;s sysfterps, the approxmart]e exp;ressmns T\rethcharac-
this random variable can be approximated by: €rized by a laster convergence where, for exampie, they can
correctly predict the performance 8fx 3 systems for values

fs= g (I) ~ ng‘jfw(I,Ni,jﬂi,j,Ai,j) (28) of Py exceeding 8 dB. As predicted by our calculations,
t the diversity gain is equal to 6.12 and 13.77 with 1 and

3 x 3 systems, respectively, whether in the absence or presence
—1) ] Mii  of feedback. Moreover, as predicted by (33), TLS results in

implying that (27) can be written as:

N‘Lyj
Cig N AijGijrii Py
i.554.4>

\/N'L,j

coding gains of 2.06 dB and 0.9 dB compared to RC with
4 x 1 and3 x 3 systems, respectively. Results shown in Fig.
(29) 4 for a link distance of 5 km show that the accuracy of the

Dij ~

-y
L'(Ni,3Bi,5)
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— 4x1RC, exact
102H == 4x1 RC, approximate
-+ 4x1 RC, asymptotic
|| 0= 4X1TLS, exact
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O 4x1 TLS, asymptotic
16| | == 3x3 RC, exact
[1 == 3x3 RC, approximate
+' 3x3 RC, asymptotic
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=0~ 3x3 TLS, approximate
§ 3x3 TLS, asymptotic
T
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-+ 4x1 RC, asymptotic
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[1 == 3x3 RC, approximate
+' 3x3 RC, asymptotic
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¢ 3x3 TLS, asymptotic
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Fig. 3. Outage probability over 3 km MIMO FSO links. Fig. 4. Outage probability over 5 km MIMO FSO links.

approximate expressions in (25) and (31) is further entdinoghere (37) follows from the mgf of the gamma pdf in (22) and
with increased link distances. The coding gains increase whereC; ; and A; ; are given in (15) and (16), respectively.
2.37 dB and 1.07 dB fot x 1 and3 x 3 systems, respectively. Expanding (37) for large values of
M M, Ni,jBi
C. Performance Analysis of Multi-Source Transmissions Mz, (s)= H C%,Ng] H (Gflil) _
The utility of (14) resides in the fact that it lends itself to ies ies b , ’; R
the analysis of multi-source (MS) transmissions as weIIsThM Ni,jﬁi,j( M;,; S> T ’+(’)< 1 )]
4,

analysis of the MS transmissions constitutes an internedia 7 GijrijA §Mi,j Ni,;Bi,i+2
step for the outage analysis of cooperative networks with al (38)
active relaying. Consider the case where the nod®scs

are transmitting the same PPM symbol simultaneously to tiéich can be written under the form:

node R. In a way similar to (8), this multi-source transmission MooN | [eo c1 1
results in the following expression for the SNR at R Mz (s) = lH C; i ”] [S_r T T O (ﬁ)]
€S
- RTPTE P (34 (39)
VS No ZieS Ni,j where:
where the random variablEs ; takes the following form: T = Z M; i N; i Bi 5 (40)
€S
GiiTij = N\~ j(mn) M; ; Mi,s Vi34
ISJ- = Z A Z Z Ii j ' (35) co = <71J > (41)
i Mg oo 11;[3 Gi,jrijAi;
where since (14) follows as a special case from (22) by $ettin The terme; is given by:
M; ; = N;; = 1, we considered the general case of MIMO
nodes in (35). M, M; 5 Ni ;B 5+
The distribution ofy>,, , 17" can be approximated as C1 = =D Mi;Ni;Bi (ﬁ)
in (22) and the random variabts ; can be approximated €S BRI
by the weighted sum ofS| independent and non-identically My Mu g Nir.3Be.5 (42)
distributed gamma random variables. We adopt the approach ] Gy jrir jAi
proposed in [18] for approximating the pdf d&fs,; by a v

conveniently-scaled gamma pdf. Given that the random Va\g\i/hich, after straightforward manipulations, can be wnitss:
ables appearing in the summation to the right-hand side%)f (3

are independent, then the moment generating function (mgf) M} ;N; B;. 43
Mz, ,(s) = E[e~*Ts4] can be written as: €1=~¢ ; GiriiAis (43)
Mz, (5) = H Mg o (Gj\j”d 5) (36)  Based on (39) and proposition-1 in [18], the pdfff; can
€S e b be approximated byi[], s C%JNJ] %I“lecb_lrl which
—M; ;N ;8,5 i O lati i .
M; ;N; G745 I after straightforward manipulations can be written as:
= H Ci,j R (1 + 7]\471] J Ai,js) (37)

€S fzs,(I) = Ks,jfy (I,7s,5,As ;) (44)



wherers ; = 7 which from (40) results in: that is more amenable to a diversity gain analysis with MIMO
links over gamma-gamma fading channels:
= Z M; ;Ni ;B (45)

i€S

and whereAs ; = —<r which from (40) and (43) results in: Pout = Z Z H Do,k H (1= pow) P{{oyuz, ;}, N1

=0 j=1 |k€Z; ; ke, ;

Ao — 2ies MijNijBi 46 (51)
S, = M2, N, B (46)  wherei corresponds to the number of relays that are in outage.
i€S G ri Aig Tin, .-, I, () are all possible subsets 6f, ..., N,.} having
and whereKs; = |[Lcs CM”N” coAZ? which from i elements each whil€, ;, = {1,...,N,}\Z; ;. The term

inside the double summation in (51) corresponds to the case
where the relays irZ; ; are in outage while the remaining
relays (inZ, ;) are not in outage; in this case, relays in
(47) Z;; as well as the source node will transmit simultaneously
to D and the corresponding outage probability would be
whose general form is given in (49). Outage

(41), (45) and (46) can be wntten as:

1/Bi;
Ks;j=Agy Gy Mis
, ics \ GiaTigAig

From (34), the outage probability of the multi-source trang {{0}uUZ; ; }.N,+1

M;,j N, jBi,j

missions from nodes i5 towards B can be written as: probabilities of the fornp 5, in (51) are provided in (17) and
: (23) in the cases of SISO and MIMO links, respectively.
P B Propositionl: The diversity gain achieved by all-active
ps,; = Pr(vs; <ym)=Pr|Zs; < TMN} relaying over gamma-gamma fading channels is:
€S ']

_ _ 48) v = Mo N,+1No,N,+180,N,+1+
which, from (44), can be approximated by:

NT
. Ao P -1 Z min{ Mo nNo,nBo,n, Mn,N,+1Nn,N,+15n,N,+1}  (52)
Psj = %’Y T | el (49) ! _ o _
(7s,5) >ies Niig Proof: The proof is provided in appendix A. ]

Approximating (51) by the term that scales asymptotically

TS as P;” results in:
which tends tox ( Agrs Lﬂj for large M :

+1) V2ies Nij
values of Pyy. Invok|ng (15), (16), (45) and (47):
Pout = H P0,n | P{{O}UV(S)},N,+1 (53)
=11 D(ci = Big) [MijoiiBis]™\ VD)
ps,j = 1 T(a ;) Gi jTi; where V(D) (resp. V(S)) stands for the set of relays
1€ ’ ) )

R, for which My, No 0o, is less (resp. greater) than
1 ( Py >_Zi€5 A’“'jN(igg;j M. N, +1Nn N, +18n.N,+1. For SISO links (or MIMO links
N in the case where the produti; ; N, ; is constant)V(S) and

I (Zies MijNiifis +1) 2ics Ni V(D) stand for the set of relayj/s in the vicinity of( S) and D,

which reduces to (24) fofS| = 1. respectively, since the channel paramefeis a decreasing
Equation (50) shows that the diversity gain in the cadenction of the link distance.

of multi-source transmissions is equal to the sum of the

diversity gains achieved by each of the transmitting sairte B, Selective Relaying

particular, the diversity gain of the transmissions froR) };c s

In selective relaying, the information symbols are trasmi

o R; is > ses MijNijfij- ted along the strongest path among tNg + 1 paths S-D,
S-R-D, ..., S-Rv,.-D where along each constituent link the

IV. PERFORMANCEANALYSIS OF COOPERATIVESYSTEMS  transmit aperture ensuring the highest path gain is aetivat

A. All-Active Relaying (TLS scheme). In this case, D is in outage when the above

For all-active relaying, the transmit power is evenly spli{VT +1 paths all suffer from outage resutting in:

among the2N,.+1 S-D, S-R and R-D links that are all acti- Nr

vated. In this case ; is set tog=— in the outage probability ~ Fout = Po,n,+1 H [Po,n + Pn,N,+1 — Po,nPn,N,+1]  (54)

expressions of the constltuent "SISO, MIMO, or MS links in n=1

(17)-(19), (23)-(24) and (49)-(50), respectively. Notattior where the term inside the product follows since SHRis not
MIMO all-active relaying, RC is applied at the intermediatén outage when both links S;Rand R,-D are not in outage;
links and the resulting system can be implemented in thieat is, with probability(1 — po ,)(1 — pn,n,+1). The outage
absence of CSI and feedback. The outage probability of ghirobabilities of the fornp; ; in (54) are provided in (17) and
active parallel-relaying FSO systems with SISO links ovéPR9) in the cases of SISO and MIMO links, respectively. Note
lognormal channels was first derived in [12]. In particulathat for selective relaying, multi-source transmissionsnt
equation (31) in [12] can be written under the following fornoccur since, for a ceratin channel realization, only oneenod
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Fig. 6. The simulation setup of Fig. 5.

The asymptotic values @ ,, andp(oyuv(s)y,n,+1 I (53)
are given in (24) and (50) while the asymptotic valuep©f,
andp,, n,+1 in (55) are given in (30). Moreover, (53) and (55)
(whether S or a relay) is transmitting towards D. For thelging differ by the value ofr; ; that is equal to;g! for all-active
hop path S-D, we set y, .1 = 1 in (17) and (29) for the relaying and tol or 3 for selective relaying.
evaluation ofpy n,+1. For the two-hop path S;RD, we set Replacing (24) and (50) in (53) and (30) in (55), and after
Ton = Tn,N,+1 = 3 for the evaluation opy,, andp, n,+1.  Straightforward calculations, we can prove that the achgat

Following from the asymptotic expressionygf; in (30) that of selective relaying compared to all-active relayingdesiin
scales asymptotically a®;,""#"77 (and that comprises @ coding gain given in (56) shown at the top of the next page.
SISO links as a special case), (54) shows that the diversify(56),v;; = M; ;N; ;3; ; while v is the diversity gain given
gain achieved by selective relaying is as in (52). In othé® (52). The coding gain in (56) stems out from the following,
words, the diversity gain achieved by a cooperative FS@®: the transmit laser selection protocol implemented athe
network is the same whether selective relaying or all-actilink, (ii): the relay selection protocol that ensures the best
relaying (with diversity combining at D) is implementéd path is selected and (ii)): the fact that the power is spread
This constitutes one of the findings of the paper that was r@ter a smaller number of links (one or two links for selective
reported previously in the literature. Despite the fact gk  relaying versugN, + 1 links for all-active relaying).
active relaying, that is based on evenly distributing thevggo ~ In the case of SISO links, which constitutes the case that
among the FSO links, is far from being optimal especialljas been considered so far in the literature, (56) reduces to
when the distances of the links are remarkably differerig, th
§imp|e scheme thgt can be implemerjted !n the.absence of C30 o A (2Nr + 1)u /—|V1(S)|Zn6\\//(5)ﬁn,NT+l
is cap_able of ach@vmg thg same diversity gain as the morg, 9810 2 L evis) BrNet1 +1)
complicated selective-relaying scheme.

Note that the optimal power allocation strategy (PAS) in the
case of parallel-relaying corresponds to selecting thet"lf&- H LB, N1 +1) (57)
R-D link and optimally allocating the power among the two nev'(s)

hops of this link [16]. Consequently, the difference betlweg,vhere V/(S) £ {0} UV(S). E :
. ! . . = . Equations (56) and (57) are
the optimal PAS and the considered SeIeCtIVe're"”‘y'ngmeheadditional contributions of the paper and they directlyklin

resides in adapting the values of, andr, y, 41 to the the coding advantage of selective relaying (over all-activ

strengths of the two hops rather than settigg = ry, n,+1 = relaying) to the topology of the FSO network.

1 as in (54). However, from [16], the optimal PAS does

2 ' i ~
not change the diversity gain. Consequently, the presen e(fgr.]deshozvz thef?r;olir:qar;(;er m;hcgzg (r)?:%%[-)relags
comparison between MIMO and relay-assisted systems ho ﬁ% S-D S“};k_isR&_x 1 Iink. (Mp2 = 2 and Ny = 1)y ’

in the case of the optimal PAS as well since this comparis%pe S-R link is a2 x 2 link (Mg, = No; = 2) and the

° It:)gf(:\i c;rr: ttfc])(taica\(jz;ﬁ\ézbclx; dIV(eST)Itz:/agnagqu.a roximated by R D Nk 18 a1 x 2 link (Mo = L and Ny = 2). The
ymp M PP Y simulation setup is better illustrated in Fig. 6. Resultsvgh

the term that scales &3, resulting in: the accurac . ; : -
y of the approximate expressions in determining
the performance for average-to-large valuesiaf as well
Pout = po,N,+1 H Do,n H DPn,N,.+1 (55) as the accuracy of the asymptotic expressions for predictin
nev(D) nev(s) the diversity gains and coding gains. As expected, sekectiv
INote that for all-active relaying with the switching schef®-[11], the relaymg and all-active relay_lng achieve the same dlwerSIt
outage probability takes the form in (54) and (55) whefg needs ‘to be gains where the correspondlng outage curves are paraﬂel fo

replaced byzr— . Consequently, [9]-[11] achieve the same diversity gailrge V‘?‘lues ofPyy. Thg superiority of Sele.Ctive relaying is
as selective relaying and all-active relaying with divigrgiombining. also evident whether with SISO or MIMO links.

Fig. 5. Performance with 1 relay fatsp = 3 km.
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performance analysis of MIMO systems in subsection IlI-B,
Fig. 7. Performance with 2 relays falsp = 5 km. the diversity gain of the MIMO system is:

N,

2

Fig. 7 shows the performance with two relays fyp, = YMIMO= [NO,N,\+1 + Z(N07n+Nn,N,‘+1)‘| Bo,n,+1 (59)
5 km, (dsg,,dr,p) = (1.7,3.75) km and (dsg,,dr,p) = n=1
(2.5,3.3) km. For the case of MIMO-relays, the S-D link is Proposition2: varao in (59) is greater thaWR in (58)
a2 x1link (Mys = 2 and Ny 3 = 1), the S-R link is a for all values of Ny v, +1 and {No,n, Ny, Nﬁ—l}n , and for
1 x 2 link (Mo = 1 and No; = 2), the S-R link is a all values of8o v, 11 and {Bo.n, Bn v, 11}, Satisfying (4).
2 x 2 link (Moo = Noo = 2), the R-D link is a1 x 1 Proof: The proof is provided in appendix B. [ |
link (M3 = N;3 = 1) and the R-D link is a 1 x 3 link For example, in Fig. 5, the SISO and MIMO cooperative
(My3 = 1 and No 3 = 3). The simulation setup is betternetworks achieve the diversity gains of 3.79 and 7.58, @spe
illustrated in Fig. 8. Results show the enhanced accuracy tyely, whereas the equivalefit< 3 and5 x 5 MIMO systems
the derived expressions for such longer distances. (56) afdieve the diversity gains of 13.77 and 38.26, respegtivel

(57) accurately predict coding gains of 4.38 dB and 4.47 dB Finally, note that while proposition 2 holds in the case of
for MIMO and SISO links, respectively. independent fading, future work needs to target the imphct o

correlation between the multiple apertures of the same .node
V. OPTIMIZING THE NUMBER OF APERTURES

In this section, we compare the diversity gains of cooper-
ative systems and MIMO systems under the constraint thatAll of the previously presented calculations and resultsiho
the total number of apertures is the same. For simplicity, vi the case of point receivers where the receiver lens diamet
consider the case where the number of transmit and rece(¢dgnoted byD in what follows) is equal to zero. In particular,
apertures along each intermediate FSO link is the same; tHg expressions of the channel parameterand 3 in (3)-
is, M; ; = N, ; for all values ofi and. (4) as well as the power series expansion in (12)-(13) hold

From (52), the diversity gain achieved by cooperative sy#! this special case oD = 0. For receivers that implement

tems (whether with the all-active or selective schemes) is: aperture averagingD > 0 resulting in a decrease of the
variance of intensity fluctuations. In this case, the gamma-

V1. EFFECT OFAPERTUREAVERAGING

N
o = N2 +5 " min{ N2, By, N2 " gamma statistical model can still be used but with modified
r = Non,+100,N+1 nz::l {No,nB0,m Niy N1 O, N1 parameters: and 3 [21], [22].

(58) The impact of aperture averaging on the presented cal-

The above diversity gain will be compared with that o€ulations is that (12)-(13) do not hold anymore since for

a MIMO system (whether with RC or TLS) where all theD > 0 the paramete can be greater than the parameter

transmit apertures will be placed at S and the receive agsrtuc unlike the case of point receivers. However, this can be
at D. In other words, the MIMO system i/, x Ny,; System easily remedied since in the case @f> «, (12)-(13) can
where Nyo: = No N, +1 + Z,]:];l(NO,n + Ny.n,+1). From the be written asf,(I) = agI®~' + a;I* where, in this case,
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::”:‘:m::;%X?m:gm:m when the turbulence-induced fading becomos s_trong_erjsthat
o Seccive, s Dom for larger values ofCZ, longer source-destination distances
10°4 S Slecive, agympioie, bomm |l and smaller values ob. As an extreme case, fab = 0,
N | T A s b0 Z = [0 dsp] and, consequentlyD is always included
s ?gi:ppmf’mt‘?}:mm in Z highlighting the unconditional superiority of MIMO
g7 T At s b techniques for all network configurations in this case. As
c; %g”}{p:?"ém‘l‘oé’glfzom:m an example, fordsp = 3 km, Z = [0.77 2.23]_(k_m) for
E | 'A Selectve,asymptot, b=100mm ] C? = 1.7x107"® m=2/3 and D = 50 mm. This interval

reduces to the empty interval when increasifigabove 100
mm (while keeping the same value 612) and it extends
over the entire interval0 3] (km) (meaning that MIMO is
always better) when increasing® abovel.7x 1013 m~2/3
| : I A 2 - . (while keeping the same value @f). On the other hand, for

P, (dB) dsp = 10 km, T = [01 99] (km) for 0721 = 1.7x1071

m~2/3 and D = 50 mm. In a similar way, MIMO techniques

Fig. 9. Effect of aperture averaging on the performance Rittelays for gre always superior to cooperative techniques for source-
dsp =3 km. destination distances exceeding 3 km for all value®oénd
for large values ofC? exceedingl.7 x 1013 m=2/3,

For the simulation setup of Fig. 9, takes the values of
[0.075 2.925] (km) and [0.348 2.652] (km) for D = 50
mm andD = 100 mm, respectively. Given that the distances
dSR1 = deD = 1.5 km anddSR2 = ngD = 1.55 km
fall in both intervals, then MIMO systems are superior to
relay-assisted systems for this simulation setup. In @aHr,
vmivo = 13.77 and vr = 7.97 for D = 0 mm, VMIMO =
38 andvg = 16.21 for D = 50 mm andvy o = 42.98
andvgr = 23.55 for D = 100 mm.

s a conclusion, the above analysis highlights the interest
IMO systems over long communication distances and/or

—a o) (aB)et
ag = F(a)r )(aﬁ) and a; = FF((QB) ) (1 B)+a These

expressions are similar to (12)-(13) wheré the rolesv@fnd
8 need to be interchanged whén> a. As a conclusion, all
of the derived outage probability expressions, diversiing
and coding gains will still hold by replacing with min(«, 3)

and « with max(«, 3).

Fig. 9 shows the performance with two relays fyp = 3
km, dSR1 = dqu = 1.5 km and dSRg = ngD = 1.55
km in the case of SISO-relays. The lens diameferis
varied between 0 mm and 100 mm and a zero inner scal
of turbulence is assumed. Results show the accuracy of . .
derived outage probability expressions. In particulae, gap under strong atmospheric turbulence and/or for receives t

between the exact and approximate expressions is redut Blement#mm:ﬁ Ievlels of ap?rturg a\_/((jeragwl;g.tNote tsh'at ('j D
for increasing values of). Finally, as in the case of point € case where the relays are placed miaway between s and L,

receivers, all-active relaying and selective relayingi@ahthe _the distances i_rD have higher probabilities to fa_II Within. the
same diversity gain. interval Z that is always centered dkp /2 thus highlighting

Regarding the comparison between MIMO and reIa;}he advantage of MIMO systems in this scenario as well.

assisted systems, the result in proposition 2 that shows the
superiority of MIMO techniques for all network configurati® VII. CONCLUSION
follows mainly from the relation given in (77) in appendix B.
While (77) holds for all link distances and values@f in the
case of point receiverd) = 0), this relation does not always
hold when aperture averaging is performéd £ 0). In this
case, the superiority of one diversity technique over theeot
depends on the specific topology of the network.
Defining D = {do,n, dn N,+1} T, as the set of all source-
relay and relay-destination distances, and following fribwa
proof in appendix B, MIMO techniques will be superior t
cooperative techniques if all distancésin D satisfy the
following relation:

For point receivers, adding relays for the purpose of as-
sisting a couple of FSO nodes in their communication is not
useful since an equivalent MIMO system deploying the same
total number of transmit and receive apertures is capable of
achieving a higher diversity gain. In other words, to upgrad
an existing FSO network for combatting fading, it is better t
invest in adding more apertures to the communicating nodes
rather than adding more relays in their vicinity. This fol®
%rom the non-broadcast nature of FSO transmissions where th
communication between a relay with S and D requires two
separate transceivers. This does not mean that cooperstion
B(d') —-1/2 d ) not use_ful for _FSO _syotems. Nevertheles_s, cooperation must
|:ﬁ(d/SD)] ; d' =d,(dsp —d) (60) be realized with existing nodes (that will serve as relays)

where this operation mode does not require any additional
and, on the other hand, if not all distances 7n satisfy infrastructure and where taking advantage of the presence
(60), then MIMO techniques may or may not achieve highef the neighboring nodes constitutes an additional degfee o
diversity gains than cooperative techniques dependinghen freedom that is incontestably beneficial. In the case where
specific network topology. aperture averaging is performed at the relays and destimati

We defineZ as the subinterval df) dgsp] for which (60) is MIMO techniques maintain their superiority over coopera-
satisfied (MIMO is always superior). The size Bfincreases tive techniques for all network configurations under strong

~ dsp
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turbulence. In the cases of weak to average turbulence, th&he term inside the summation of (66) can be written as
superiority of one diversity technique over the other deflsenmin{vj n,+1,v0.%} completing the proof of proposition 1.

on the specific topology of the network. While the findings

of this paper are limited to the case of independent fading, APPENDIX B

future work must consider the impact of channel correlation

on the achievable diversity gains and on the superioritynef o Equation (59) can be lower-bounded by:

diversity method over the other. N,
APPENDIX A VMIMO > lN&NTH+Zl(No,n+Nn,NT+1)21 Bo,n,+1 (67)
The probability po, in (51) scales asymptotically as N,
P, from (19) and (24) wheres; ; = M, ;N; ;3; ;. On [N&NTH+Z(Nn,mm+zvn,w)2] Bo,N,+1 (68)
n=1

the other hand,p{{o}ui 1Nt scales asymptotically as

~ X ke{{0}UT, ;} Yk Nr b1 where the inequality in (67) is strict since the number of
apertures is nonzero. In (68), min 2 min{No n, Np N.+1}
and Ny, maz = max{ Ny n, Ny N, 41}

In an attempt to upper-bound (58), the cooperative network
v=roN41t ming Z Y0,k t Z Vk2,No+1 ¢ (61)  will be compared with a second hypothetical network. The

I=1os (Nf) ki€Zi s k2€T; 5 positions of the relays in this second network are obtained

Adding and subtracting the termZkzez Vkg N, 41 from projecting the positions of the relays of the first netivo
inside the double minimization in (61),” and sinc&long S-D. Denoting the relays of the hypothetical network
ZkzeL Vg Notl F DokacZ,  Vka N1 = Zkg | Vhs Nyt by R_’l, ...,R’~n,. where each relay is placed at the projected
is independent of and j, then (61) can be written as: position, thends r, < ds,r, anddgr, p < dg,,p for all

values ofn. Consequently,Bon < ﬁOn = ﬁ(ds r;) and
N1 < B = B(dr: p) where, from (4),5 stands
V=2 kNt + o, > (ok = vin.41)p (62) fif th(Jer paraénéj\t[é;rcljf thg(chanm)-:‘l at the prOJect(ec)i rﬁelay|p03|t

.....

Py, from (50). Consequently, the diver-
S|ty gain of (51) is given by:

N,

k=0 J=t (NT) keli Therefore, (58) can be upper-bounded as:
The minimization fori = 0,...,N, andj = 1,..., (") N,
is equwalent to the m|n|m|zat|on over all p035|ble subsﬁts vp < No ~.+150, N7+1+Z mln{No wBons N2, 2y 1B 41}
{1,...,N,.} and (62) can be written as: =1
N, (69)
v= Vg N.+1+  min  {vs} (63) N
Z SC{l 7777 NT} < NON +150 Ny+1 + Z nmazﬁ;z,mim (70)

A n=1

Whel’el/s = Zkes(VO,k — Vk7N7‘+1)'
We will next prove that the minimum value of; is attained where 3/, ..~ £ min{f,,, N, 1) and B, =

by the setN" = {n | vo.n < v n,+1}- The following cases are max{ﬁéyn,ﬁjhmﬂ}. Equation (70) follows sinceN, <

possible. (i):S = ¢. In this caseys = 0 while vnr < 0 since N, ez ANA N, N, +1 < Ny mag-

it corresponds to the summation p¥/| terms that are either  On the other hand, given that the minimum of two functions

zero or negative. (ii)S C N. In this casepy can be written is maximized at one of their points of intersection, then the

asvy = vs+vans implying thatvy < vs sincevyn s (overa ultimate maximum (for integer and non-integer values\gf,

subset of\) is negative or zero. (ii)S C {1,...,N,}\N.In andN,, y,1) of the minimization in (69) is achieved for the

this caseps > 0 while vpr < 0 implying thatvy < vs. (iv):  not-necessarily integer values &% ,, andV,, v, +1 satisfying:

S =8 U8, whereS; ¢ AV while S;  {1,...,N.}\N. In N2

this caseys = vs, +vs, Wherevs, > vy from case (i) and No nﬁo n=Nun, +15n N,+1

vs, > vy from case (iii) implying thatvs > vxr. Therefore, In other words, the value of

I(r(1336)1”si$1il;ﬁﬁéysj\[to§ vs and minsc, ...} {vs} = va and min{Ng,, 3., N2 x 113 .41} achieved for integer
values ofNQn and Np,n,+1 would be less than the value
a Ny achieved for the values d¥ ,, and N, n, 41 satisfying (71).
v=> mnt Y, (wk—wne) (64 From (71), it 35 ,, is less than3], y ., then Ny, will be
= e greater thanV,, n,4+1 and vice versa. Consequently, (71) can

V0, kS<Vk Np+1 -
Equation (64) can be written as: be written as:

(71)

Al N N121 mamﬁ;z,min = N121 mznﬁ;,mam (72)
v= Z Vi, N1 + Z min{0, vo.x — Vi, N, +1} (65) . . o
k=0 k=1 Subtracting (70) from (68) and applying the relation in (72)
Ny N,
=von 41+ Y (kN 41+ min{0, 10k — vk.n,41}) (66) vaino = VR > Boirt S N2 masln (73)
k=1

n=1



(3]
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[l

5

—_

6

—

(7]

Fig. 10. The function[ﬁ(d)/ﬁ(dsp)]*% vs. the normalized distance [8]

d/dsp.
[

where:

/
n,min
!/

n,max

/
n,min

ﬁO,NT—i—l

[10]

Ay =1+ (74)

. . (11]
We will next prove thatA,, > 0. Given thatg,, ., and
/

.max Ar€ the channel parameters of a hypothetical relai/
along S-D, then these quantities can be written, from (4),

1
6’:7,777’7,(11 = 6(d) ) B;L,mzn = ﬂ(dSD _d) ; d< idSD (75) (13]
where 3, ... and g, .. are associated with the minimumy;4

and maximum distances, respectively.
Following from (75), equation (74) can be written as:

[15]
5(dSD - d) ’ /
B(dsp) | I | o
, 1 L hil e
where A/, N ECIEET + y/B(dsp—d)/B(dsp) while
Bo.n,+1=PB(dsp). Typical plots of the funcuonm (17]

versus the normalized distan%gg are provided in Fig. 10.
The analysis of this function shows that it is always abou&s]
the first bisector. Note that while the results in Fig. 10 are
provided forC? = 1.7x10~* m~2/3, similar variation trends [19]
were reported for all values a@f?. Consequently:

1 d [20]
—_— > —— (77)
3(d)/B(dsp) — dsp [21]
and 1 dsp—d jmplying that A/, > 1.

V/B(dsp—d)/B(dsp) —  dsD . .
Therefore, the third term in (76) is positive. Given that finst

two terms are always positive, thek,, > 0. Replacing this
inequality in (73) implies thaty;ravo0 — vr > 0 completing
the proof of proposition 2.

[22]
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