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Abstract—In this paper, we propose a novel multipoint-to-
multipoint cooperative diversity scheme for multiuser Free-Space
Optical (FSO) communications. This scheme is motivated by
the inherit immobility and directivity of FSO communicatio ns
where several transceivers mounted on a given building can
be easily interconnected for achieving enhanced diversitylevels
through joint encoding/decoding. In this case, theN users are
clustered in a number of groups depending on the state of
the FSO network. Users of a given group transmit the same
encoded symbol comprising the information of all these users
while Maximum-Ratio Combining (MRC) is implemented at the
receive apertures. We present an asymptotic analysis of thebit
error rate and derive the achievable diversity orders over the
gamma-gamma turbulence-induced fading channels affectedby
pointing errors. Results show that while grouping all usersin
one group achieves the highest diversity order, this partitioning
is suboptimal for practical ranges of the Signal-to-Noise Ratio
(SNR). In this context, the partitioning of the N users turns out to
be of crucial importance where the optimal grouping outperforms
the all-user grouping by several orders of magnitude.

Index Terms—Free-Space Optics (FSO), cooperation, diversity,
performance analysis, gamma-gamma, order statistics, partition-
ing, Maximum Ratio Combining (MRC).

I. I NTRODUCTION

Atmospheric turbulence, or scintillation, constitutes one of
the major sources of nuisance for Free-Space Optical (FSO)
communications [1], [2]. This renders fading-mitigation tech-
niques inevitable for future FSO networks in order to attain
reliable high data-rate communications. These techniquesin-
clude the collocated Multiple-Input-Multiple-Output (MIMO)
methods as well as the distributed cooperative diversity solu-
tions. Cooperative communications benefit from the presence
of multiple communicating nodes in the network for realizing
spatial diversity gains by diversifying the paths along which
the information-carrying light signals propagate.

The vast majority of the investigated cooperative diversity
methods corresponds to the point-to-point cooperative schemes
also referred to as the relaying techniques where a number
of neighboring communicating nodes serve as relays for the
sake of assisting a source node S in its communication with
a destination node D. The point-to-point cooperative schemes
include serial relaying and parallel relaying. In the case of
serial relaying, the signal is retransmitted sequentiallyfrom
one relay to another until it reaches D [3], [4]. On the other
hand, parallel relaying typically involves the two source-relays
and relays-destination communication phases [5]–[12]. For
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both relaying schemes, either the Amplify-and-Forward (AF)
[5]–[7] or the Decode-and-Forward (DF) [5], [8]–[10] retrans-
mission strategies can be envisaged. In a similar way, either the
totality of the relays or a subset of these relays can participate
in the cooperation effort depending on the availability of the
Channel State Information (CSI) where these two variants are
referred to as all-active relaying [5]–[10] and selective relaying
[11], [12], respectively. More recent solutions include inter-
relay cooperation where the relays exchange information with
each other before the transmission phase to the destination
[13], [14].

The point-to-point solutions in [3]–[14] present a number
of limitations that vary depending on the role played by the
relay nodes. In fact, the relays in a cooperative network can
correspond either to independent entities that have their own
information to communicate or to dedicated entities that are
added with the mere objective of assisting S in its communica-
tion with D. The main implication of the first scenario resides
in the fact that a relay can assist S only if it has no information
to transmit during a certain communication session. In other
words, the relays are not available on demand and their
availability will drop within the peak times during which
cooperative transmissions are much needed. Consequently,
this solution seems to be more adapted to Radio-Frequency
(RF) wireless systems with Time Division Multiple Access
(TDMA) rather than FSO systems where all nodes in the
network can transmit simultaneously without suffering from
interference following from the high directivity of the FSO
links. In the former case, the retransmissions from the relay
(that are dedicated for assisting the source) will occur in the
source’s time slot while the relay will proceed with the trans-
mission of its own information in its own dedicated time slot.
This cooperation scheme is known to be spectrally efficient for
TDMA-RF systems and the relay can uninterruptedly assist
the source by switching its transmissions during the different
TDMA slots [15]. On the other hand, the second scenario is
not cost-effective because of the infrastructure that needs to
be added while taking into account a number of geographic
constraints [16].

In addition to the point-to-point cooperative FSO systems,
Multiuser Diversity (MD) FSO systems were considered in
[17]–[22]. The system model that is adopted in these refer-
ences corresponds to a point-to-multipoint scenario wherea
central node is equipped withK apertures each dedicated to
communicating with one of theK users. In this case, each
one of theK apertures at the central node is directed to a
certain user where only one of these apertures is active in
each time slot. In [17], a number of scheduling schemes were
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compared in terms of the achievable levels of compromise
between throughput and latency where at a given time instant
the cental node serves the user with the largest channel gain.
This MD system was extended in [18], [19] to the more general
selection scheme where theN -th best user is selected. In
[18] the outage probability, bit error rate, average capacity
and diversity order were derived over lognormal and gamma-
gamma fading channels while [19] targeted the bit error rate
and average capacity over the exponentiated Weibull channels.
The select-max MD scheduling scheme was analyzed in [20]
where closed form outage-capacity expressions were derived
under the assumption of lognormal channels. While the MD
scheduling systems in [17]–[20] are based on Single-Input-
Single-Output (SISO) FSO links, [21] considered the extension
to the case of MIMO links. In this reference, the round robin,
opportunistic round Robin, select-max andN -th best user
selection scheduling protocols were compared over lognormal
channels.

The point-to-point [3]–[14] and point-to-multipoint [17]–
[22] FSO systems are often inspired from RF communications
where we can find the counterparts of these schemes in the
literature on RF wireless communications. In this context,
communicating over FSO channels presents a number of
particularities that clearly distinguish FSO systems fromRF
systems rendering the design of FSO-specific schemes a viable
option that is worth investigating where the additional degrees
of freedom can lead to novel designs that combine simplicity
and efficiency. First, FSO transceivers are static unlike the
mobile nodes in a RF network. Secondly, FSO links are highly
directive unlike the broadcast nature of RF transmissions.
These two differentiating factors and the observation thatsev-
eral FSO transceiver pairs might be present on two buildings
led to the multipoint-to-multipoint FSO-specific cooperative
scheme that we propose in this work. While latency is a critical
issue in the MD scheduling schemes [17]–[22], the proposed
solution does not introduce any latency where any user can
access the channel at any time.

Consider the case ofN FSO transceiver pairs mounted
on two buildings for the sake of establishingN FSO links
between the premises ofN different enterprisers denoted
by users. The proposed scheme is based on connecting the
transceivers installed in the same building by means of wires
following from the geographic vicinity and immobility of these
transceivers. Based on this connection, instead of having each
user transmitting its own data as in noncooperative systems,
a user can now partner with other users to generate a jointly
encoded symbol that is then transmitted over the FSO links of
this group of users. This form of repetition coding is capable
of achieving diversity in the absence of interference. At the
receiver side, Maximum-Ratio Combining (MRC) is applied
on the received signals for the sake of maximizing the received
Signal-to-Noise Ratio (SNR). We evaluate the bit error rateof
the proposed scheme over gamma-gamma turbulence-induced
fading channels affected by pointing errors. The analytical
framework involves the approximation of the probability den-
sity function (pdf) of the sum ofn order statistics (1 ≤ n ≤ N )
and is useful for deriving the achievable diversity orders.The
proposed scheme calls for partitioning theN users in a number

Fig. 1. The proposed cooperative FSO system.

of groups depending on the state of the FSO network. The
developed mathematical analysis guides the partitioning of
theN users and excludes numerous partitions that are always
outperformed by other partitions.

It is worth noting that the proposed multipoint-to-multipoint
scheme differs substantially from the MIMO FSO schemes
[23], [24]. The main difference resides in the fact that the
considered scheme is a multiuser scheme where the informa-
tion fromN users must be accommodated whereas the MIMO
schemes involve the communication of the information of a
single user through multiple apertures. In this context, aperture
grouping is not a concern in MIMO systems where the optimal
solution corresponds to activating all apertures [23] and the
strongest aperture [24] in the absence and presence of CSI,
respectively. On the other hand, for the proposed MD scheme,
the user grouping is of critical importance and the optimal
grouping strategy depends on the number of users. Finally,
for MIMO systems, the apertures are placed within the same
FSO transceiver and are hence very close to each other (order
of centimeters) implying that the signal transmitted by one
transmit aperture will be detected by all receive apertures.
This is not the case for MD schemes where the different FSO
transmitters and receivers are separated by several metersand
hence the optical links of the different users do not interfere
with each other.

On the other hand, the proposed solution can not be per-
ceived as an alternative to relay-assisted systems. While serial
and parallel relaying are inevitable to extend the network cov-
erage, the proposed scheme results in enhanced performance
levels for a given communication distance. In this context,this
scheme can complement relay-assisted networks by boosting
the reliability of the established S-D, S-R and R-D links.

II. SYSTEM MODEL

A. Cooperation Strategy

The proposed cooperation strategy is illustrated in Fig.
1. FSO transceivers are mounted on building rooftops or
under windows in order to realize optical wireless connectivity
between two distant locations. The FSO connections are
highly directive and a distinct pair of perfectly aligned FSO
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transceivers is dedicated to each optical link over which a
user communicates its information. The key observation is that
several optical links might exist between two buildings where
each one of these links corresponds to a different user. The
potential presence of several neighboring transceivers oneach
building motivates the multiuser cooperation scheme that we
propose in this paper. The main idea is to connect transceivers
of the same building by wires that ensure the availability ofthe
information of one user to the other users1. This renders joint
encoding/decoding possible and allows to develop an FSO-
specific fading-mitigation solution by diversifying the links
along which the information signals of each user propagate.

It is worth noting that the proposed scheme constitutes
a cost-effective solution that is intended to work with the
existing infrastructure. In other words, in the case where
multiple links already exist between two buildings, then the
proposed scheme takes advantage from the presence of these
links to boost the reliability of all concerned users. In this
context, no extra FSO units are added and the different users
simply share their existing resources (per-installed FSO units)
in a more efficient way. In other words, the initially established
FSO links, that were designed and deployed to operate in
a conventional noncooperative manner, will be utilized for
cooperative transmissions. A natural choice for the deployment
of wireless networks is to avoid the interference between
the communicating users. In FSO systems, this condition
can be easily satisfied given the high directivity of the laser
beams implying that a reasonable separation of the transceivers
is sufficient for decoupling the optical links and, in most
scenarios, the optical spot at the receiver does not exceed the
physical dimensions of the transceiver.

Consider the case ofN FSO links connecting sites in build-
ings (A) and (B). Denote by TRxX,n then-th user transceiver
on building X. The proposed scheme is based on the following
strategy. (i): TheN users are first partitioned into the subsets
S1,S2, . . . based on the CSI. (ii): For the transmission of
the information from users inSi, a symbol comprising the
information from all of these users is generated. (iii): The
generated symbol is transmitted over the|Si| links TRxA,n-
TRxB,n for n ∈ Si. (iv): MRC is performed on the signals
received at the transceivers{TRxB,n}n∈Si

that are connected
by wires and a decision is made on the transmitted symbol.

While selective relaying outperforms all-active relayingin
the case of point-to-point cooperative FSO systems [11],
limiting the transmission to selected transceivers in the con-
sidered multipoint-to-multipoint scenario will imply that the
information signals will be available only at selected receivers.
This alternative solution is therefore equivalent to Selective
Combining (SC) that is known to be outperformed by MRC
[25]. In fact, MRC is preferred over other combining schemes
since it maximizes the received SNR [25].

B. Basic System Parameters

1) Input-Output Relation: The FSO system under consid-
eration is based on Intensity Modulation and Direct Detection

1Note that information is often encrypted before transmission. Therefore,
the availability of information to all users through the added wires will not
affect the secrecy of the communications.

(IM/DD). Consider the communication over then-th link
TRxA,n-TRxB,n. The received electrical signal at TRxB,n can
be written as:

rn = ηhnsn + wn, (1)

whereη is the optical-to-electrical conversion ratio andwn is
the noise at transceiver TRxB,n that is assumed to be additive
white Gaussian noise (AWGN) with zero mean and variance
N0/2.

2) Channel Scintillation: In (1), hn stands for the irradi-
ance along then-th link. The channel irradiances{hn}N

n=1

are assumed to be independent and identically distributed
following from the facts that the distances of the links TRxA,n-
TRxB,n are approximately the same while the transceivers
{TRxA,n}N

n=1, on one hand, and{TRxB,n}N
n=1, on the other

hand, are sufficiently separated. The assumption of chan-
nel independence is valid since the separation between the
multiuser transceivers deployed on a certain building easily
exceeds the FSO channel coherence distance that is in the
order of centimeters. In this work, we adopt a channel model
that takes into account the combined effects of path loss, at-
mospheric turbulence-induced scintillation and misalignment-
induced fading caused by pointing errors. Assuming a gamma-
gamma turbulence model and a Gaussian spatial intensity
profile falling on a circular aperture at the receiver, the
probability density function (pdf) of the channel irradiance
was derived in [26] and expressed in terms of the Meijer G-
function Gm,n

p,q [.] as follows:

fγγ(h) =
ϕ1ϕ2ξ

2

Ah(l)Γ(ϕ1)Γ(ϕ2)
G3,0

1,3

[ϕ1ϕ2

Ah(l)
h
∣

∣

∣

ξ2

ξ2−1,ϕ1−1,ϕ2−1

]

,

(2)
whereΓ(.) is the Gamma function whileϕ1 andϕ2 stand for
the parameters of the distribution:

ϕ1 =
[

exp
(

0.49σ2
R/(1 + 1.11σ

12/5
R )7/6

)

− 1
]−1

, (3)

ϕ2 =
[

exp
(

0.51σ2
R/(1 + 0.69σ

12/5
R )5/6

)

− 1
]−1

, (4)

whereσ2
R = 1.23C2

nk7/6d11/6 is the Rytov variance,d is the
link distance,k = 2π

λ is the wave number andC2
n denotes

the refractive index structure parameter. In (2), the parameters
A and ξ capture the effect of pointing errors.A = erf2(v)
where erf(.) is the error function withv =

√

π/2(a/ωz)
where a is the radius of the receiver andωz is the beam
waist. ξ = ωzeq

/2σs whereσs stands for the pointing error
displacement standard deviation at the receiver andω2

zeq
=

ω2
z

√
πerf(v)/[2ve−v2

]. Finally, the atmospheric loss is given
by h(l) = e−σd whereσ is the attenuation coefficient [26]. It
is worth noting that large values ofωz and small values ofσs

will result in large values ofξ corresponding to the case of
less severe pointing errors.

The cumulative distribution function (cdf) of the channel
irradiance can be written as [26]:

Fγγ(h) =
ξ2

Γ(ϕ1)Γ(ϕ2)
G3,1

2,4

[ϕ1ϕ2

Ah(l)
h
∣

∣

∣

1,ξ2+1

ξ2,ϕ1,ϕ2,0

]

. (5)
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3) Modulation: In (1), the non-negative symbolssn that are
suitable for IM/DD FSO systems are carved from the following
M -ary Pulse Amplitude Modulation (PAM) constellation:

CM = {m(2A) , m = 0, . . . , M − 1}, (6)

of which the popular On-Off-Keying (OOK) constellation
stands as a special case withM = 2. Normalizing the
energy of the signal set in (6) can be realized by setting
A2 = 3

2(M−1)(2M−1) .
4) Demodulation: For OOK that is deployed in the con-

ventional scenario, a threshold is set atγth = ηAhn and
the Maximum-Likelihood (ML) decoder decides in favor of
m̂ = 0 if rn ≤ γth and m̂ = 1 otherwise. For the
cooperative scheme withM -PAM, MRC is applied and the
decision on the symbol transmitted by users inSi will be
based on the decision variabler ,

∑

n∈Si
hnrn. In this

case, settingγth = ηA
∑

n∈Si
h2

n, the receiver decides in
favor of m̂ if r ∈ [Lm̂ Um̂] where (L0, U0) = (−∞, γth),
(LM−1, UM−1) = ((2M − 3)γth, +∞) and (Lm, Um) =
((2m − 1)γth, (2m + 1)γth) for m ∈ {1, . . . , M − 2}.

It is worth noting that while the information bits of the users
in Si are different, the same decision variabler is used for the
reconstruction of these bits. In fact, based on the proposed
cooperation scheme, the users’ bits are used to generate a
single PAM symbol that is transmitted concurrently by all
users inSi. Since the sequence of|Si| bits can assume2|Si|

possible values, then the PAM symbol needs to be carved
from a 2|Si|-ary constellation where a one-to-one relation is
applied between the bit sequences and the PAM symbols.
In this context, the|Si| replicas of the PAM symbol that
are available at the receiver side need to be combined to
generater. Oncer has been calculated, the PAM symbol can
be reconstructed based on the previously described decision
rule. Now, the values of the|Si| information bits can be
deduced following from the one-to-one relation. Finally, the
joint encoding corresponds to a simple mapping of the|Si|
users’ bits to a2|Si|-ary PAM symbol and can be carried out in
a straightforward manner without incurring significant delays
in the system. In all circumstances, this delay does not exceed
a fraction of the symbol duration and is very small compared to
the delays introduced by the scheduling schemes in [17]–[22]
where a user can be deprived from accessing the channel for
entire coherence blocks that extend over thousands of symbol
durations.

5) Implementation and Complexity: The additional cost of
the proposed solution arises from the additional cabling and
the joint modulator/demodulator units. It can be observed
that upgrading an existing FSO system to implement the
proposed cooperation scheme incurs only marginal levels of
additional complexity. In fact, even in the noncooperativecase,
all the channel iraddiancesh1, . . . , hN need to be estimated
where each irradiance is estimated by the corresponding user
for the sake of fixing the threshold of the ML detector.
In this context, the proposed cooperation scheme does not
require the estimation of any additional parameters. On the
other hand, the transmission of the jointly encoded symbols
does not induce any bandwidth expansion since allM -PAM
constellations occupy the same bandwidth. Moreover, the data

rate of each user is kept the same. Finally, synchronizing the
communication between buildings (A) and (B) is simple and
comparable to the noncooperative case since all users transmit
in a concurrent manner while the distances between any pair
of transceivers are roughly the same. In all circumstances,this
synchronization is by far less challenging compared to relay-
assisted networks.

III. PERFORMANCEANALYSIS: PRELIMINARIES AND

SPECIAL CASES

A. Approximate pdf’s and cdf’s

The pdf in (2) does not lend itself to simple closed-form
evaluation. Therefore, for the sake of deriving closed-from
expressions of the asymptotic error probability, we resortto
approximating this pdf by the following expression near the
origin [27]:

fγγ(h) ≈ ahβ−1 ,
ξ2(ϕ1ϕ2)

βΓ(ϕ1 − β)b

(Ah(l))βΓ(ϕ1)Γ(ϕ2)
hmin{ϕ2,ξ2}−1.

(7)
whereb = 1/(ξ2 − ϕ2) if ξ2 > ϕ2 and b = Γ(ϕ2 − ξ2) if
ξ2 < ϕ2.

Based on this expression, the cdf in (5) can be approximated
by:

Fγγ(h) ≈ a

β
hβ =

ξ2(ϕ1ϕ2)
βΓ(ϕ1 − β)b

(Ah(l))βΓ(ϕ1)Γ(ϕ2)β
hmin{ϕ2,ξ2}. (8)

The performance evaluation with MRC necessitates the
analysis of the random variable (r.v.)h2. The cdf of this r.v.
is obtained from:Fh2(x) = Pr(h2 ≤ x) = Pr(h ≤ √

x) =
Fγγ(

√
x) where the second equality follows since the channel

irradiance is positive. Consequently, from (8):

Fh2(h) ≈ a

β
h

β
2 =

ξ2(ϕ1ϕ2)
βΓ(ϕ1 − β)b

(Ah(l))βΓ(ϕ1)Γ(ϕ2)β
h

min{ϕ2,ξ2}
2 . (9)

Differentiating (9) results in:

fh2(h) ≈ a

2
h

β
2 −1 ξ2(ϕ1ϕ2)

βΓ(ϕ1 − β)b

2(Ah(l))βΓ(ϕ1)Γ(ϕ2)
h

min{ϕ2,ξ2}

2 −1. (10)

B. BER Expressions

For the transmissions from the users in the setS, the
conditional Bit Error Rate (BER) with unipolarM -PAM and
MRC can be written as (M = 2|S|):

Pe|H(S) =
2(M−1)

M log2 M
Q

(

√

3 log2 M

(M−1)(2M−1)

η2Eb

N0

∑

n∈S
h2

n

)

,

(11)
where the relationM = 2|S| follows since the generated
symbol encompasses the|S| information bits of the involved
user. In (11),Eb stands for the energy of an information bit
while Q(x) = 1√

2π

∫∞
x e−

t2

2 dt is the Q-function.
Averaging (11) over the channel irradiances results in the

following expression of the BER:

Pe(S) =
2(M−1)

M log2 M

∫ +∞

0

Q

(
√

3 log2 M

(M−1)(2M−1)

η2Eb

N0
h

)

× f∑
n∈S h2

n
(h)dh ; M = 2|S|, (12)

wheref∑
n∈S h2

n
(h) stands for the pdf of the r.v.

∑

n∈S h2
n.
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C. Diversity Order

A useful metric for capturing the performance of diversity
systems is the diversity order defined as the negative slope of
the BER curve on a log-log plot for large values of the SNR:
δ = − lim Eb

N0
→+∞

∂ log(Pe(S))

∂ log
(

Eb
N0

) .

In an attempt to evaluate the achievable diversity orders, we
observe that the tails of the pdf’s of the different involvedr.v.s
can be written under the following general form:

f∑
n∈S h2

n
(h) ≈ µShνS−1, (13)

whereµS andνS are two constants that depend on the setS
and on the channel parameters. The form in (13) follows from
applying the Taylor series expansion and constitutes a valid
approximation near the origin that is useful in deriving the
asymptotic BERs. Replacing (13) in (12) while approximating
Q(x) by 1√

2πx
e−

x2

2 results in the following expression of the
BER:

Pe(S) =
µS

2
√

π

2(M − 1)

M log2 M
Γ

(

νS − 1

2

)

×
(

3 log2 M

(M − 1)(2M − 1)

η2Eb

2N0

)−νS

; M = 2|S|, (14)

showing that the achievable diversity order is equal toνS .
It is worth noting that the approximations of the irradiance-

pdf and the Q-function are both coherent with the asymptotic
analysis that we develop throughout this paper. In fact,Q(x)

approaches the approximate value of1√
2πx

e−
x2

2 for x ≥ 3
where this condition is easily satisfied for asymptoticallylarge
values of the SNR. In other words, consider the termEb

N0
h that

appears inside the Q-function in (12). At asymptotic SNRs
( Eb

N0
→ ∞), this term will be very large for average-to-large

values of the channel irradianceh resulting in small values
of the Q-function and, hence, in minor contribution of the
corresponding terms to the BER. This justifies the predominant
effect that small values ofh have on the asymptotic BER
justifying performing the Taylor series expansion of the pdf
near the origin. Note that for exceedingly small values of
h, the argument of the Q-function in (12) might be smaller
than 3 highlighting a slight discrepancy between the exact
and approximate expressions. This discrepancy is small since
there is a small probability ofh assuming such extremely
small values since the pdf in (2) is zero at the origin. In all
circumstances, the function 1√

2πx
e−

x2

2 serves as an upper-
bound ofQ(x) for x ≥ 0.

D. Noncooperative Scenario

For the noncooperative scheme, the conditional BER can be
obtained from (11) as follows:

P
(0)
e|H =

2(M−1)

M log2 M
Q

(
√

3 log2 M

(M−1)(2M−1)

η2Eb

N0
h2

)]

M=2

= Q





√

η2Eb

N0
h2



 , (15)

where the pdf of the r.v.h is given in (2).

Following from (10), the pdf ofh2 can be written under the
form given in (13) withµS = a

2 andνS = β
2 . Replacing these

values (along withM = 2) in (14) results in:

P (0)
e ≈ a

4
√

π
Γ

(

β − 1

2

)(

η2Eb

2N0

)− β
2

, (16)

where in (15) and (16) the superscript0 is used to denote
the conventional noncooperative scheme.P

(0)
e|H stands for the

error probability that is conditioned on the channel state
set H = {h1, . . . , hN} that reduces to the single channel
irradiance in the single-user scenario. Similarly, the average
error probabilityP

(0)
e is obtained by integratingP (0)

e|H over
the pdf of the channel irradiance. Equation (16) shows that
the diversity order in the noncooperative scenario is equalto
β/2 in coherence with the previously reported results in the
open literature on FSO.

E. All-User Grouping

A special case of the proposed cooperation scheme cor-
responds to all-user grouping. In this case, a2N -ary PAM
symbol is generated comprising the information from allN
users. This symbol is then transmitted by the transceivers of all
users along theN available optical links. In other words, the
set{1, . . . , N} is not partitioned and the symbols are carved
from a 2N -ary PAM constellation. From (11), this results in
the following expression of the conditional BER:

Pe|H({1, . . . , N}) =
2N − 1

N2N−1
×

Q





√

√

√

√

3N

(2N − 1)(2N+1 − 1)

η2Eb

N0

N
∑

n=1

h2
n



 . (17)

The r.v.
∑N

n=1 h2
n corresponds to the summation ofN

independent and identically-distributed random variables. Fol-
lowing from the approximation in (10), the corresponding pdf
can be written as:f∑N

n=1 h2
n
(h) =

(

a
2

)N
[

h
β
2 −1 ∗ · · · ∗ h

β
2 −1
]

where the convolution∗ needs to be performedN − 1 times.
Applying the same calculation steps as in [28] results in:

f∑N
n=1 h2

n
(h) =

(a

2

)N ΓN (β/2)

Γ(Nβ/2)
h

Nβ
2 −1, (18)

showing that this pdf can be written under the form in
(13) with µ{1,...,N} =

(

a
2

)N ΓN (β/2)
Γ(Nβ/2) and ν{1,...,N} = Nβ

2 .
Replacing these values (as well asM = 2N ) in (14) results
in:

Pe({1, . . . , N}) ≈ aN

√
π

2N − 1

N22N

ΓN
(

β
2

)

Γ
(

Nβ−1
2

)

Γ
(

Nβ
2

) ×

(

3N

(2N − 1)(2N+1 − 1)

)−Nβ
2
(

η2Eb

2N0

)−Nβ
2

. (19)

Equation (19) shows that the BER scales asymptotically

as
(

Eb

N0

)−Nβ
2

revealing anN -fold increase in the achievable
diversity order. However, our subsequent analysis will show
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that the multiplicative term in (19) increases very rapidlywith
N showing that the increase in the diversity order might
be jeopardized by the performance losses induced by the
expansion of the initial OOK constellation especially at low-
to-average SNRs.

Finally, it is worth noting that while the parameters(µS , νS)

assume the values of
(

a
2 , β

2

)

and
(

aNΓN (β/2)
2NΓ(Nβ/2)

, Nβ
2

)

in the
noncooperative and all-user-grouping scenarios, respectively,
their expressions are much more challenging to derive for an
arbitrary cooperating groupS as will be highlighted in the
subsequent section.

IV. PERFORMANCEANALYSIS WITH N USERS

A. Channel Ordering and User Grouping

The partitioning of theN users into different groups will
be based on the values of the channel irradiances. For sim-
plicity of notation, we assume that the channel irradiancesare
arranged in an increasing order:

h1 ≤ h2 ≤ · · · ≤ hN , (20)

where it is worth noting that this sorting does not affect the
analysis presented in Subsection III-E since the sets of all
sorted and unsorted irradiances are the same.

Consequently, in the subsequent analysis, the channel ir-
radiances will be perceived as sample order statistics with
h1 corresponding to theworst FSO link, h2 to the second
worst link, ... andhN to the best link. In this context, even
though the FSO channels are independent and identically
distributed, the newly generated order statisticsh1, . . . , hN are
neither independent nor identically distributed because of the
order restriction. For example, withN = 5, the partitioning
{{1, 2, 3}, {4, 5}} means that 4-PAM symbols are transmitted
over the two strongest channels while 8-PAM symbols are
transmitted over the three weakest channels.

B. Classes of Service

Evidently, any grouping other than the all-user grouping will
be capable of providing different classes of service to the dif-
ferent users in the network. The users can be classified as gold
users, silver users, bronze users... where the corresponding
BERs are arranged in an increasing order. In this context, we
denote the BER of then-th best user byP (n)

e for n = 1, . . . , N

with P
(1)
e ≤ · · · ≤ P

(N)
e . For practical implementation of the

proposed collaborative scheme, the entities that have invested
the most for covering the additional cost incurred by the
upgrade of the system (cabling, hardware...) can be selected
as the gold users who will profit from the highest Quality-of-
Service (QoS). Other entities that are not willing to embrace
additional costs can be designated as the silver or bronze users
who can still profit from enhanced QoS just by making their
transceivers accessible for cooperation. This gives an incentive
for all users to participate in the cooperation effort sincetheir
QoSs will be enhanced compared to noncooperative networks.
In all circumstances, users that are not willing to cooperate,
for one reason or another, are to be excluded from the set
{1, . . . , N}. In this context,N corresponds to the number of

users that are willing to cooperate (rather than the total number
of existing users) and cooperation is limited to these users
in a way that is completely analogous to the point-to-point
cooperative systems.

The average BER of theN -user system under user cooper-
ation can be evaluated from:

Psys =
1

N

N
∑

n=1

P (n)
e . (21)

Evidently, the BER of the system will be dominated by that
of the worst user and the corresponding achievable diversity
order would be:

δsys = min
n=1,...,N

δ(n), (22)

whereδ(n) is the diversity order of then-th best user.
Finally, the partitioning{1, . . . , N} = {1} ∪ · · · ∪ {N}

corresponds to a simple reordering of the users and it is
equivalent to the noncooperative scenario.

C. PDF of the r.v.
∑

n∈S h2
n near the origin

A key point in our analysis corresponds to writing the pdf of
the r.v.

∑

n∈S h2
n under the form given in (13) in an attempt to

derive the diversity order resulting from the joint transmission
of the users inS. Before tackling the general case of sets with
an arbitrary number of elements, we first consider the special
cases of sets with one, two and three users. This approach is
useful in offering more insights on the derivation steps andin
introducing the different involved variables.

1) Special Case: |S| ≤ 3:
Proposition 1: [|S| = 1]: For any value ofN , the pdf

of the r.v. h2
i corresponding to thei-th best channel can be

approximated by the following expression near the origin:

fh2
i
(h) ≈ N !

2(i − 1)!(N − i)!
aiβ1−ihi β

2 −1 , µ{i}h
ν{i}−1.

(23)
Proof: Based on order statistics, the pdf ofh2

i is given
by [29, 2.2.2]:

fh2
i
(h) =

N !

(i−1)!(N−i)!
fh2(h) [Fh2(h)]i−1 [1−Fh2(h)]N−i .

(24)
Replacing the pdf and cdf ofh2 by the approximate expres-

sions given in (9)-(10) and ignoring the high order terms near
the origin results in the expression given in (23).

Proposition 2: [|S| = 2]: For any value ofN , the pdf of
the r.v.h2

i +h2
j with 1 ≤ i < j ≤ N (resulting inhi < hj and

h2
i < h2

j ) can be approximated by the following expression:

fh2
i +h2

j
(h)≈

[

N !

4(i−1)!(j−i−1)!(N − j)!
ajβ2−j(−1)j−i−1×

j−i−1
∑

m=0

(

j−i−1

m

)

(−1)mB

(

1

2
;
β

2
(j−m−1),

β

2
(m+1)

)

]

hj β
2 −1

, µ{i,j}h
ν{i,j}−1, (25)

where B(z; a, b) stands for the incomplete beta function:
B(z; a, b) =

∫ z

0 ua−1(1 − u)b−1du [30].
Proof: The proof is provided in Appendix A.
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µ{i,j,k} =
N !

8(i − 1)!(j − i − 1)!(k − j − 1)!(N − k)!
a

k
β

3−k(−1)k−i

j−i−1
∑

m=0

(

j − i − 1

m

)

(−1)m

k−j−1
∑

m′=0

(

k − j − 1

m′

)

(−1)m′
[

B

(

1

2
; (k − j + m − m

′)
β

2
, (m′ + 1)

β

2

)

B

(

1

3
; (j − m − 1)

β

2
, (k − j + m + 1)

β

2

)

−

+∞
∑

r=0

(

1 − (m′ + 1)β

2

)

r
(

(k − j + m − m′)β

2
+ r
)

r!
B

(

1

3
; (k − m

′
− 1)

β

2
+ r, (m′ + 1)

β

2
− r

)

]

, (27)

Proposition 3: [|S| = 3]: For any value ofN , the pdf of
the r.v. h2

i + h2
j + h2

k with 1 ≤ i < j < k ≤ N can be
approximated by the following expression near the origin:

fh2
i +h2

j+h2
k
(h) ≈ µ{i,j,k}h

k β
2 −1 , µ{i,j,k}h

ν{i,j,k}−1, (26)

whereµ{i,j,k} is given in (27) at the top of the page where
(x)n stands for the Pochhammer symbol:(x)n ,

Γ(x+n)
Γ(x) .

Proof: The proof is provided in Appendix B.
Corollary 1: The transmissions over thei-th, (i, j)-th and

(i, j, k)-th best channels (withi < j < k) result in i-fold,
j-fold andk-fold increases in the diversity order, respectively.

Proof: The proof follows directly from (14) since the
pdf’s in (23), (25) and (26) can be written under the general
form provided in (13) withνS being equal toν{i} = iβ

2 ,
ν{i,j} = j β

2 andν{i,j,k} = k β
2 , respectively.

2) General Case: Consider now the general case|S| = NS
where the setS is written asS = {i1, . . . , iNS} with i1 <
· · · < iNS .

Proposition 4: For any value ofN , the pdf of the r.v.h2
i1

+
· · ·+h2

iNS
with 1 ≤ i1 < · · · < iNS ≤ N can be approximated

by the following expression near the origin:

f∑
n∈S h2

n
(h) ≈ µShmax{S} β

2 −1, (28)

whereµS is given in (29) at the top of the next page.
In (29), the constants{Pn}NS

n=1 are given by:

Pn =







β
2 (i2 − 1 − m1), n = 1;
β
2 (in+1 − in + mn−1 − mn), n = 2, . . . , NS − 1;
β
2 (1 + mNS−1), n = NS .

(30)
while the constants{ξrn

}NS−2
n=1 are determined sequentially

according to the following relation ifrn < 0:

ξrn
= B

(

1

n + 1
;

n
∑

n′=1

PNS−n′ +

n−1
∑

n′=1

rn′ , PNS −
n−1
∑

n′=1

rn′

)

,

(31)
and according to the following relation ifrn ≥ 0:

ξrn
= −

(

1 − PNS +
∑n−1

n′=1 rn′

)

rn

(
∑n

n′=1 PNS−n′ +
∑n

n′=1 rn′) rn!
. (32)

Finally, the setsR1, . . . ,RNS−2 are given by:

Rn =

{

−
n
∑

n′=1

PNS−n′−
n−1
∑

n′=1

rn′

}

∪ N ; n = 1, . . . , NS − 2,

(33)

whereN stands for the set of natural integers. In this case,
each one of these sets comprises one negative integer and an
infinite number of positive integers.

Proof: The proof is provided in Appendix C.
A simple replacement of the involved variables by their cor-

responding values shows that (29) simplifies to the expressions
provided in (25) and (26)-(27) forNS = 2 and NS = 3,
respectively.

Corollary 2: The joint transmission over the channels
{hn}n∈S allows to increase the diversity order by a factor
that is equal tomax{S}.

Proof: The proof follows directly from (14) since the pdf
in (29) can be written under the general form provided in (13)
with νS = iNS

β
2 = max{S}β

2 .
Several conclusions pertaining to the partitioning of the

users can be drawn from corollary 2. For instance, if
{1, . . . , N} is partitioned into L subsetsS1 ∪ · · · ∪ SL,
then the diversity order of the system can be expressed as
δsys = β

2 min{max{S1}, . . . , max{SL}} following from (22).
Therefore, the valuesN, N −1, . . . , N −(L−1) must be each
included in one of the subsetsS1, . . . ,SL in order to result
in an advantage in the achievable user diversity orders for the
same modulation orders. In this case, for a fixed value ofL,
the system diversity order will beδsys = [N−(L−1)]β

2 . All of
these findings allow to disregard numerous groupings of the set
{1, . . . , N}. For example, the partitioning{{1, 2, 3}, {4, 5, 6}}
must be excluded from the candidate groupings since the
alternative option{{1, 2, 5}, {3, 4, 6}} allows to achieve a
higher diversity order while transmitting the same modulated
signal sets (two 8-ary constellations).

D. Extension of the Results to EGC

In what follows, we extend the obtained results to the
case of Equal-Gain Combining (EGC) that constitutes a
simple alternative to MRC. When EGC is applied, the
conditional BER in (11) takes the following expression:

Pe|H(S) = 2(M−1)
M log2 M Q

(√

3 log2 M
(M−1)(2M−1)

η2Eb

NN0
(
∑

n∈S hn)2
)

.

In a way similar to (13), the pdf of the r.v.(
∑

n∈S hn)2 can
be written under the form:

f(
∑

n∈S hn)2(h) ≈ µ′
Shν′

S−1, (34)

where, in what follows,(µ′
S , ν′

S) (for EGC) will be related to
(µS , νS) (for MRC).

Equation (34) implies thatf∑
n∈S hn

(h) = 2µ′
Sh2ν′

S−1

which will be compared withf∑
n∈S h2

n
(h) = µShνS−1 from

(13). Equations (7)-(10) show that the pdf and cdf ofhn can be
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µS =





N !

2NS (i1 − 1)!(N − iNS )!
a

iNS β
NS−iNS

i2−i1−1
∑

m1=0

· · ·

iNS
−iNS−1−1
∑

mNS−1=0

(−1)iNS
−i1−(NS−1)−

∑NS−1
j=1 mj

NS−1
∏

j=1

(

ij+1−ij−1
mj

)

(ij+1 − ij − 1)!

∑

r1∈R1

· · ·

∑

rNS−2∈RNS−2

ξr1 · · · ξrNS−2B

(

1

NS
;

NS−1
∑

n′=1

PNS−n′ +

NS−2
∑

n′=1

rn′ , PNS −

NS−2
∑

n′=1

rn′

)



 h
iNS

β
2
−1

. (29)
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Fig. 2. Performance withN = 2 users. Solid and dashed lines correspond
to the exact and approximate BERs, respectively.

obtained from the pdf and cdf ofh2
n, respectively, by replacing

a with 2a and β with 2β. Therefore, the BER expressions
with EGC can be obtained from the BER expressions with
MRC by (i): dividing the SNR byN and (ii): replacingµS
with µ′

S and νS with ν′
S in all of the previously derived

approximate expressions. In this case,µ′
S (resp.ν′

S) can be
obtained fromµS (resp.νS ) by replacinga with 2a, β with
2β while dividing the obtained answer by2. Performing
this operation withνS = max{S}β

2 , from (29), results in
ν′
S = 1

2 max{S} 2β
2 = νS showing that MRC and EGC are

capable of achieving the same diversity order.

V. CANDIDATE GROUPINGS ANDNUMERICAL ANALYSIS

In this section, we compare the candidate user groupings
over atmospheric turbulent channels that suffer from scin-
tillation and pointing errors. The refractive index structure
constant and the attenuation constant are set toC2

n = 1×10−14

m−2/3 and σ = 0.44 dB/km, respectively. The optical-to-
electrical conversion ratio and the operating wavelength are
set to theη = 0.5 and λ = 1550 nm, respectively. In what
follows, we setσs/a = 3 while the values ofωz/a will
be varied in the simulations where large values of this ratio
indicate less pointing errors. In this section, the exact BERs
are obtained by numerically averaging the conditional BERs
over the corresponding pdf’s that, in their turn, were evaluated
numerically. This numerical method is applied since the exact
pdf’s (of the sum ofn sorted channel irradiances) can not
be evaluated analytically. An extensive simulation campaign
highlighted the extremely close match between the numerical
results and Monte Carlo simulations.

5 10 15 20 25 30 35 40 45 50 55
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G
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e
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Fig. 3. Performance withN = 3 users. Solid and dashed lines correspond
to the exact and approximate BERs, respectively.

A. Cooperation with N = 2 Users

The only grouping option with two users corresponds to the
all-user grouping analyzed in Subsection III-E. In this case,
Psys = P

(1)
e = P

(2)
e where the conditional and asymptotic

BERs can be obtained by replacingN = 2 in (17) and (19),
respectively. This grouping results in a two-fold increasein
the diversity order fromβ/2 to β.

Fig. 2 shows the performance over a 5 km link forωz/a = 8
andωz/a = 25. For this simulation setup,ϕ1 = 4.92 andϕ2 =
1.17 while ξ = 1.34 for ωz/a = 8 andξ = 4.17 for ωz/a =
25. We also consider the cases of SISO and2 × 2 MIMO
transceivers. In the latter case, the transceivers of each one
of the two users are equipped with two transmitting/receiving
apertures. Results highlight the improved performance levels
and diversity orders that are achieved by the proposed scheme
under different pointing error conditions. Results also reflect
the accuracy of the derived asymptotic BER expressions in
approximating the performance for large values of the SNR.
In this context, the approximate BERs are very close to the
exact BERs for large SNRs and are hence useful in predicting
the diversity order. In the case of two users, the cooperative
scheme outperforms the noncooperative scheme for practically
all values of the SNR and, consequently, the extension of
the binary constellation to the 4-ary constellation was not
very penalizing in this case. The performance gains are also
evident in the case of MIMO transceivers. In this context,
the proposed cooperative scheme constitutes a complement to
MIMO solutions where the multiuser diversity achieved by the
proposed scheme adds up to the spatial diversity achieved by
deploying multiple apertures.
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Fig. 4. Performance withN = 4 users. Solid and dashed lines correspond to the exact and approximate BERs, respectively. (a):P (1)
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e ,
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(4)
e , (d): Psys.

B. Cooperation with N = 3 Users

The possible groupings of theN = 3 users are as follows:
{{1, 2, 3}}, {{1}, {2, 3}}, {{2}, {1, 3}} and {{3}, {1, 2}}.
Based on corollary 1 and following from (22), the group-
ings {{1}, {2, 3}}, {{2}, {1, 3}} and {{3}, {1, 2}} result
in the diversity ordersδsys = min{1, max{2, 3}}β

2 =
β
2 , δsys = min{2, max{1, 3}}β

2 = β and δsys =

min{3, max{1, 2}}β
2 = β implying that the first option must

be disregarded. Regarding the remaining options{{2}, {1, 3}}
and{{3}, {1, 2}} that both double the system diversity order,
the first one is preferred for the following reasons. (i): In the
first case, one user profits from the diversity orderβ and two
users profit from the diversity order3β

2 while in the second
case one user profits from the diversity order3β

2 and two users
profit from the diversity orderβ. (ii): While in the first case
the sole user with the smallest diversity order is transmitting 2-
PAM symbols, the two users with the smallest diversity order
are transmitting 4-PAM symbols in the second case. Keeping
in mind that 4-PAM performs worse than 2-PAM, the first
option is preferable sincePsys is dominated by the worst user.

As a conclusion, the candidate grouping options to be
considered are{{1, 2, 3}} and {{2}, {1, 3}}. In the second
case, the weakest channel iscombined with the strongest
channel where these channels will carry the same 4-PAM
symbol while the average channel carries regular 2-PAM
symbols in order to avoid 8-ary modulation as in the first
partitioning. The grouping{{1, 2, 3}} is calledG1 for which
P

(1)
e = P

(2)
e = P

(3)
e = Pe({1, 2, 3}) whose asymptotic

expression is given in (19). The grouping{{2}, {1, 3}} is
called G2 for which P

(1)
e = P

(2)
e < P

(3)
e resulting in a QoS

differentiation between two gold users and one silver user.The
asymptotic expression ofP (1)

e = P
(2)
e = Pe({1, 3}) is given

in (14) with ν{1,3} = 3β
2 and µ{1,3} as given in (25) while

P
(3)
e = Pe({2}) assumes the asymptotic value in (14) with

ν{2} = β andµ{2} as given in (23).
The above grouping strategies are compared in Fig. 3 for a 3

km link andωz/a = 10 (ϕ1 = 4.04, ϕ2 = 1.53 andξ = 1.67).
Results reflect the high performance gains that can be achieved
by the proposed multiuser cooperation scheme. ForG1, the
performance of each one of the users is enhanced by 16.5 dB at
a BER of10−3; for G2, the performance of the two gold users
is enhanced by19.5 dB while the performance of the third
silver user is enhanced by around13.75 dB at10−3. Regarding
the average BER of the network,G1 is evidently superior to
G2 for large SNRs which is expected sinceδsys = 3β

2 for G1

while δsys = β for G2. However, for SNRs below 33 dB,G2

manifests a slightly superior performance by about 0.5 dB.

C. Cooperation with N = 4 Users

Based on corollary 1 and the analysis presented in Subsec-
tion III-E, the best candidate grouping solutions in the case of
N = 4 users are as follows:

- The all-user groupingG1 = {{1, 2, 3, 4}} for which
δsys = 2β where each one of the 4 users profits from the
diversity order2β while transmitting 16-PAM symbols.

- GroupingG2 = {{3}, {1, 2, 4}} for which δsys = 3β
2 .

For this grouping, 3 gold users profit from the diversity
order 2β while transmitting 8-PAM symbols whereas
the remaining user profits from the diversity order3β

2
while transmitting 2-PAM symbols. As usual, the PAM
constellation with the lowest cardinality is assigned to
the user with the lowest diversity order in an attempt to
enhance the worst-user performance that dominatesPsys.
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Fig. 5. Performance withN = 5 users. Solid and dashed lines correspond to the exact and approximate BERs, respectively. (a): gold users, (b): silver users,
(c): bronze users, (d):Psys.

- GroupingG3 = {{1, 4}, {2, 3}} for which δsys = 3β
2 .

For this grouping, 2 gold users profit from the diversity
order2β while the other 2 users profit from the diversity
order3β

2 . In this case, all users transmit 4-PAM symbols.

The above grouping strategies are compared in Fig. 4 for
a 4 km link in the absence of pointing errors (ϕ1 = 4.41,
ϕ2 = 1.28 andξ → ∞). Results highlight the key observation
that whileG1 achieves the highest value ofδsys, it manifests
the worst performance for the practical SNR range below
40 dB whether in terms of the user BERs{P (n)

e }N
n=1 or

in terms of the system BERPsys. As explained before, this
poor performance originates from the high cardinality of the
16-PAM constellation needed to embed the information from
all four users. In this context, Fig. 4 shows thatG2 and
G3 constitute appealing alternatives to the all-user grouping
G1. While G3 results in the smallest values ofP (1)

e and
P

(2)
e (diversity order of2β with 4-PAM), G2 is appealing

for minimizing P
(3)
e (diversity order of2β with 8-PAM) and

P
(4)
e (diversity order of3β

2 with 2-PAM). In other words, the
2 gold users ofG3 have lower BERs compared to the gold
users ofG2 (Fig. 4.a) while the BERs of the 2 silver users of
G3 are higher than the BERs of the gold and silver users of
G2 (Figures 4.b and 4.c, respectively). In terms of the average
system performance, Fig. 4.d shows thatG2 constitutes the
best solution over the practical range of the SNR. At a BER
of 10−4, G2 and G3 outperformG1 by 3.3 dB and2.1 dB,
respectively.

D. Cooperation with N = 5 Users and N = 6 Users

The performance of a cooperative network with 5 users is
shown in Fig. 5 for a link distance of 5 km andωz/a = 10
(ϕ1 = 4.92, ϕ2 = 1.17 and ξ = 1.67). The following

groupings are compared. (i): The all-user groupingG1 =
{{1, 2, 3, 4, 5}}. (ii): G2 = {{4}, {1, 2, 3, 5}} where the sim-
ulations show that this partitioning results in 1 gold user and
4 silver users for practical values of the SNR below 50 dB.
This holds despite the fact that the diversity order of the gold
user (2β) is smaller than the diversity order of the silver users
(5β

2 ). (iii): G3 = {{3, 4}, {1, 2, 5}} with 3 gold users and 2
silver users whose diversity orders are5β

2 and2β, respectively.
(iv): G4 = {{3}, {2, 4}, {1, 5}} where the results show that
the users can be divided as 2 gold users, 2 silver users and
1 bronze user profiting from the diversity orders5β

2 , 2β and
3β

2 , respectively.

Results in Fig. 5.a show that the 2 gold users ofG4 profit
from the lowest BER followed by the 1 gold user ofG2

and the 3 gold users ofG3. In this context, forG4, two of
the users are profiting from an extremely high QoS where a
performance gain of about31 dB at a BER of10−3 can be
observed with respect to noncooperative transmissions. While
the gold user ofG2 profits from the second best BER, the
4 silver users suffer from the highest BERs compared to the
silver users ofG3 and G4 as shown in Fig. 5.b since 16-
PAM symbols are transmitted in the first case while 4-PAM
symbols are transmitted in the last two cases. Even the bronze
user ofG4 experiences a huge performance gain of23 dB at
10−3 compared to the case of noncooperative transmissions
as shown in Fig. 5.c. Regarding the average performance,
Fig. 5.d shows thatG3 is the best grouping for all practical
values of the SNR not exceeding 50 dB. The all-user grouping
manifests the worst performance among all grouping strategies
with a performance gain of 20 dB followed byG2 with a
gain of 24 dB whileG4 andG3 attain the performance gains
of 26.3 dB and 27.3 dB at a BER of10−3, respectively.
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TABLE I
OPTIMAL GROUPING

N 3 4 5 6
Optimal Grouping {{2}, {1, 3}} SNR<33 dB {{3}, {1, 2, 4}} {{3, 4}, {1, 2, 5}} {{4}, {3, 5}, {1, 2, 6}}

{{1, 2, 3}} SNR≥33 dB

10 15 20 25 30 35 40 45 50
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

E
b
/N

0
 (dB)

B
E

R

No cooperation
{1,2,3,4,5,6}
{{5},{1,2,3,4,6}}
{{4,5},{1,2,3,6}}
{{3,4,5},{1,2,6}}
{{4},{3,5},{1,2,6}}
{{3,4},{2,5},{1,6}}

Fig. 6. Performance withN = 6 users for a link distance of 3 km.

While Psys of G3 andG4 are comparable for small values of
the SNR, the performance of the latter grouping deteriorates
rapidly for large SNRs because of the limited diversity order
of δsys = 3β

2 . For small SNRs, the selection amongG3 and
G4 could be based on the desired level of QoS differentiation.

Fig. 6 comparesPsys for different groupings withN = 6
users and a link distance of 3 km andωz/a = 25 (ϕ1 = 4.04,
ϕ2 = 1.53 and ξ = 4.17). Results show that the grouping
{{4}, {3, 5}, {1, 2, 6}} achieves the best BER performance
with gains of 20.5 dB and 12 dB compared to noncooper-
ative systems and all-user grouping, respectively. This latter
grouping manifests the worst performance among all grouping
options and even performs worse than noncooperative trans-
missions for SNR values below 30 dB.

As a conclusion, the performance of the proposed scheme is
highly dependent on the user grouping. The optimal groupings
for different numbers of users have been determined numeri-
cally since closed-form analytical optimization is very tedious
given that the pdf of the sum ofn sorted channel irradiances is
not known in closed-form. In some scenarios, the optimal par-
titioning is SNR dependent while, in other scenarios, the same
partitioning ensures the optimal performance for the entire
practical SNR range. The optimal groupings pertaining to the
simulation setups considered in Figures 3-6 are summarized
in Table I.

E. MRC versus EGC

Fig. 7 compares EGC with MRC for a link distance of 3
km in the absence of pointing errors (ϕ1 = 4.04, ϕ2 = 1.53
and ξ → ∞). The groupings{{1, 2}}, {{3}, {1, 2, 4}} and
{{3, 4}, {1, 2, 5}} are considered in the cases of 2, 4 and 5
users, respectively. In coherence with the analysis presented
in Subsection IV-D, the numerical results show that EGC is
capable of achieving the same diversity order as MRC where

5 10 15 20 25 30 35 40 45
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

E
b
/N

0
 (dB)

B
E

R

No cooperation
2 users, MRC
2 users, EGC
4 users, MRC
4 users, EGC
5 users, MRC
5 users, EGC

Fig. 7. Comparison between MRC and EGC for a link distance of 3km.

the corresponding curves are parallel to each other for large
SNRs. The superiority of MRC resides in performance gains of
0.8 dB, 1.5 dB and 1.6 dB with 2, 4 and 5 users, respectively.

VI. CONCLUSION

We proposed and analyzed a novel diversity scheme for col-
located multiuser FSO communications based on the concept
of user grouping. The proposed solution results in very high
performance gains especially for large numbers of users. In
this context, enhanced diversity orders can be achieved in a
cost-effective manner while avoiding any data-rate reduction
and latency. Moreover, different classes of service can be
created where even the worst user profits from a BER that is
several orders of magnitude smaller than the BER achieved in
noncooperative networks. While this scheme was consideredin
the context of IM/DD, it can be applied with coherent detection
and subcarrier intensity modulation as well.

APPENDIX A

Based on order statistics, the joint pdf ofh2
i andh2

j (with
h2

i ≤ h2
j ) is given by [29, 2.3.2]:

fh2
i ,h2

j
(x, y) =

N !

(i − 1)!(j − i − 1)!(N − j)!
fh2(x)fh2(y)×

[Fh2(x)]
i−1

[Fh2(y) − Fh2(x)]
j−i−1

[1 − Fh2(y)]
N−j

, (35)

where0 ≤ x ≤ y.
Replacing the pdf and cdf ofh2 by the approximate expres-

sions given in (9)-(10) and applying the binomial expansion,
(35) can be written as (0 ≤ x ≤ y):

fh2
i ,h2

j
(x, y) =

j−i−1
∑

m=0

N−j
∑

m′=0

cm,m′x
β
2 (j−1−m)−1y

β
2 (m+m′+1)−1,

(36)
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wherecm,m′ is a constant term given by:

cm,m′ =
N !

4(i − 1)!(j − i − 1)!(N − j)!
ajβ2−j

(

j − i − 1

m

)(

N − j

m′

)

(−1)j−i−1−m+m′

(

a

β

)m′

. (37)

The cdf of the r.v.h2
i + h2

j can be calculated from:

Fh2
i +h2

j
(h) = Pr(h2

i +h2
j ≤ h) =

∫ h
2

0

∫ h−x

x

fh2
i ,h2

j
(x, y)dydx,

(38)
where the boundaries of the double integral follow from the
inequalities0 ≤ h2

i ≤ h2
j andh2

i + h2
j ≤ h.

In order to evaluate the pdffh2
i +h2

j
(h) = d

dh [Fh2
i +h2

j
(h)],

the Leibniz integral rule is applied twice on the functions
∫ h−x

x
fh2

i ,h2
j
(x, y)dy andfh2

i ,h2
j
(x, y) resulting in the follow-

ing expression:

fh2
i +h2

j
(h) =

∫ h
2

0

fh2
i ,h2

j
(x, h − x)dx (39)

=

j−i−1
∑

m=0

N−j
∑

m′=0

cm,m′

∫ h
2

0

x
β
2 (j−1−m)−1(h−x)

β
2 (m+m′+1)−1dx.

(40)

Performing the change of variableu = x
h and solving the

obtained integral results in:

fh2
i +h2

j
(h) =

j−i−1
∑

m=0

N−j
∑

m′=0

cm,m′×

B

(

1

2
;
β

2
(j − m − 1),

β

2
(m + m′ + 1)

)

h
β
2 (j+m′)−1. (41)

The dominant term in (41) for small values ofh corresponds
to m′ = 0. Replacingm′ = 0 in (41) and simplifying the
answer results in the expression given in (25).

APPENDIX B

Based on order statistics, the joint pdf of the three r.v.sh2
i ,

h2
j andh2

k (with h2
i ≤ h2

j ≤ h2
k) is given by [29, 2.4.7]:

fh2
i ,h2

j ,h2
k
(x, y, z) =

N !

(i−1)!(j−i−1)!(k−j−1)!(N−k)!

fh2
i
(x)fh2

j
(y)fh2

k
(z)
[

Fh2
i
(x)
]i−1 [

Fh2
j
(y) − Fh2

i
(x)
]j−i−1

[

Fh2
k
(z) − Fh2

j
(y)
]k−j−1 [

1 − Fh2
k
(z)
]N−k

, (42)

where0 ≤ x ≤ y ≤ z.
Replacing the pdf and cdf ofh2 by the approximate expres-

sions given in (9)-(10) and applying the binomial expansion,
(42) can be written as (0 ≤ x ≤ y ≤ z):

fh2
i ,h2

j ,h2
k
(x, y, z) =

j−i−1
∑

m=0

k−j−1
∑

m′=0

N−k
∑

m′′=0

cm,m′,m′′×

x
β
2 (j−m−1)−1y

β
2 (k−j+m−m′)−1z

β
2 (m′+m′′+1)−1, (43)

where:

cm,m′,m′′ ,
N !

8(i−1)!(j−i−1)!(k−j−1)!(N−k)!
akβ3−k

(

j−i−1

m

)(

k−j−1

m′

)(

N−k

m′′

)

(−1)k−i−m−m′+m′′

(

a

β

)m′′

.

(44)

The cdf of the r.v.h2
i + h2

j + h2
k can be written as follows:

Fh2
i +h2

j+h2
k
(h) = Pr

(

h2
i + h2

j + h2
k ≤ h

)

=

∫ h
3

0

∫
h−x

2

x

∫ h−x−y

y

fh2
i ,h2

j ,h2
k
(x, y, z)dzdydx, (45)

where the boundaries of the integrals follow from0 ≤ x ≤
y ≤ z andx + y + z ≤ h.

Differentiating (45) with respect toh by applying the
Leibniz integral rule results in the following expression of the
pdf:

fh2
i+h2

j+h2
k
(h) =

∫ h
3

0

∫
h−x

2

x

fh2
i ,h2

j ,h2
k
(x, y, h − x − y)dydx.

(46)
Replacing (43) in (46) and solving the integral with respect

to y by performing the change of variableu = y
h−x results in

the following expression:

fh2
i
+h2

j
+h2

k
(h) =

∑

m,m′ ,m′′

cm,m′,m′′

∫ h
3

0

x
β
2

(j−m−1)−1(h − x)
β
2

(k−j+m+m′′+1)−1
×

[

B

(

1

2
; (k−j+m−m

′)
β

2
, (m′+m

′′+1)
β

2

)

−

B

(

x

h − x
; (k−j+m−m

′)
β

2
, (m′+m

′′+1)
β

2

)]

dx. (47)

Eq. (47) can be further split into two integrals. While the
first one can be readily expressed in terms of the incom-
plete beta function, the second integral (involving the term
B
(

x
h−x ; ., .

)

) can not be solved in closed-form. Applying

the series expansionB(z; a, b) = za
∑+∞

r=0
(1−b)r

(a+r)r!z
r [30] and

solving the obtained integrals by performing the change of
variableu = x

h results in:

fh2
i
+h2

j
+h2

k
(h) =

∑

m,m′ ,m′′

cm,m′,m′′h
(k+m′′) β

2
−1

×

[

B

(

1

2
; (k−j+m−m

′)
β

2
, (m′+m

′′+1)
β

2

)

B

(

1

3
; (j−m−1)

β

2
, (k−j+m+m

′′+1)
β

2

)

−

+∞
∑

r=0

[

1−(m′+m′′+1)β

2

]

r
(

(k−j+m−m′)β

2
+ r
)

r!

B

(

1

3
; (k−m

′
−1)

β

2
+ r, (m′+m

′′+1)
β

2
− r

)]

. (48)

The dominant term in the power series expansion provided
in (48) corresponds tom′′ = 0. Replacingm′′ by 0 in (48)
results in the expressions given in (26)-(27).
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APPENDIX C

For simplicity of notation, we setn = NS in this ap-
pendix. Based on order statistics, the joint pdf of then r.v.s
h2

i1 , . . . , h
2
in

(with h2
i1 ≤ · · · ≤ h2

in
) can be written as [31]:

fh2
i1

,...,h2
in

(x1, . . . , xn) = N !

n
∏

j=1

fh2
j
(xj)

n
∏

j=0

[

Fh2
j+1

(xj+1) − Fh2
j
(xj)

]ij+1−ij−1

(ij+1 − ij − 1)!
, (49)

where0 ≤ x1 ≤ · · · ≤ xn, i0 , 0, in+1 , N + 1, x0 , −∞
andxn+1 , +∞.

Replacing the pdf’s and cdf’s of the constituent r.v.s by their
approximate expressions in (9)-(10) and applying the binomial

expansion on the terms
[

Fh2
j+1

(xj+1) − Fh2
j
(xj)

]ij+1−ij−1

for j = 1, . . . , n results in:

fh2
i1

,...,h2
in

(x1, . . . , xn) =

i2−i1−1
∑

m1=0

· · ·
in−in−1−1
∑

mn−1=0

N−in
∑

mn=0

cm1,...,mn

n
∏

j=1

x
Pj−1
j ; 0 ≤ x1 ≤ · · · ≤ xn, (50)

wherecm1,...,mn
is a constant that is given by:

cm1,...,mn
=

N !

2n(i1 − 1)!
ain+mnβn−in−mn

(−1)in−i1−(n−1)+mn−
∑n−1

j=1 mj

n
∏

j=1

(

ij+1−ij−1
mj

)

(ij+1 − ij − 1)!
. (51)

In (50), it is straightforward to prove that the powers
{Pj}n

j=1 can be calculated as follows:

Pj =







β
2 (i2 − 1 − m1), j = 1;
β
2 (ij+1 − ij + mj−1 − mj), j = 2, . . . , n − 1;
β
2 (1 + mn−1 + mn), j = n.

(52)
The next step in our calculations corresponds to deriving the

cdf F∑n
j=1 h2

ij

(h) = Pr
(

∑n
j=1 h2

ij
≤ h

)

where the derivations
must take into account the inequalities0 ≤ x1 ≤ · · · ≤ xn

and x1 + · · · + xn ≤ h. Inspecting the variablexk shows
that this variable must satisfy then − k inequalitiesxk ≤
xk+1, xk ≤ xk+2, · · · xk ≤ xn as well as the inequality
xk + (xk+1 + · · ·xn) ≤ h −

∑k−1
j=1 xj . Adding the above

inequalities results in the following boundaries of the integral
over xk:

xk ∈
[

xk−1

h −∑k−1
j=1 xj

n − k + 1

]

; k = 1, . . . , n , x0 , 0.

(53)
Based on (50) and (53), the approximate cdf of the r.v.

∑n
j=1 h2

ij
can be evaluated by solving then integrals:

F∑n
j=1 h2

ij

(h)=
∑

m1,...,mn

cm1,...,mn

∫ h
n

0

xP1−1
1

∫

h−x1
n−1

x1

xP2−1
2

· · ·
∫

h−
∑n−2

j=1
xj

2

xn−2

x
Pn−1−1
n−1

∫ h−∑n−1
j=1 xj

xn−1

xPn−1
n dxn · · · dx1. (54)

Differentiating (54) with respect toh reduces then integrals
to n− 1 integrals resulting in the following expression of the
pdf of

∑n
j=1 h2

ij
:

f∑n
j=1 h2

ij

(h) =
∑

m1,...,mn

cm1,...,mn

∫ h
n

0

xP1−1
1 · · ·

∫

h−
∑n−2

j=1
xj

2

xn−2

x
Pn−1−1
n−1



h −
n−1
∑

j=1

xj





Pn−1

dxn−1 · · · dx1, (55)

where the Leibniz integral rule was invoked.
The integrals in (55) are not separable since the bound-

aries contain the variablesx1, . . . , xn−2. The solution of the
involved integrals will be provided in what follows.

Proposition 5: The successive solution of the integrals with
respect toxn−1, xn−2 reachingx1 shows that the integral with
respect toxn−k (for k = 1, . . . , n − 1) can be written under
the following general form:

In−k =
∑

r1∈R1

· · ·
∑

rk−1∈Rk−1

ξr1 · · · ξrk−1

∫

h−
∑n−(k+1)

j=0
xj

k+1

xn−(k+1)

x
Pn−k−1
n−k x

∑k−1

k′=1
(Pn−k′+rk′ )

n−k



h−
n−k
∑

j=1

xj





Pn−∑k−1

k′=1
rk′−1

dxn−k,

(56)

where the constants{ξrk
}n−2

k=1 are determined recursively
according to the relation (k = 1, . . . , n − 2):

ξrk
=











B
(

1
k+1 ;

∑k
k′=1 Pn−k′ +

∑k−1
k′=1 rk′ , Pn −∑k−1

k′=1 rk′

)

;

−
(1−Pn+

∑k−1

k′=1
rk′)

rk

(
∑

k
k′=1

Pn−k′+
∑k−1

k′=1
rk′+rk)rk!

.

(57)

where the first expression holds in the caserk < 0 while the
second expression holds in the caserk ≥ 0.

and where each one of the setsR1, . . . ,Rn−2 comprises
one negative integer and an infinite number of positive integers
as follows:

Rk =

{

−
k
∑

k′=1

Pn−k′ −
k−1
∑

k′=1

rk′

}

∪ N ; k = 1, . . . , n − 2,

(58)
whereN stands for the set of natural integers.

Proof: First of all, the boundaries of the integral in (56)
follow directly from (53) by replacingk by n − k.
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The relations (56), (57) and (58) will be proven by induc-
tion. First, we will prove that the relations hold fork = 1. In
this case, from (55), the integral with respect toxn−1 is equal
to:

In−1 =

∫

h−
∑n−2

j=1
xj

2

xn−2

x
Pn−1−1
n−1



h −
n−1
∑

j=1

xj





Pn−1

dxn−1,

(59)
which corresponds to the general form provided in (56) for
k = 1.

Next, we assume that (56) holds fork and we prove that
it will hold for k + 1. Performing the change of variableu =

xn−k

h−∑n−(k+1)

k′=1
xj

, (56) can be written as:

In−k =
∑

r1,...,rk−1

ξr1 · · · ξrk−1



h−
n−(k+1)
∑

j=1

xj





Pn+
∑k

k′=1
Pn−k′−1

∫ 1
k+1

xn−(k+1)

h−
∑n−(k+1)

k′=1
xj

uAk−1 (1 − u)Bk−1 dxn−k, (60)

where:

Ak ,

k
∑

k′=1

Pn−k′ +
k−1
∑

k′=1

rk′ ; Bk , Pn −
k−1
∑

k′=1

rk′ . (61)

The integral in (60) can be readily solved in terms of the
incomplete beta function:

In−k =
∑

r1∈R1

· · ·
∑

rk−1∈Rk−1

ξr1 · · · ξrk−1



h −
n−(k+1)
∑

j=1

xj





Pn+
∑k

k′=1
Pn−k′−1

[

B

(

1

k + 1
; Ak, Bk

)

−B

(

xn−(k+1)

h −∑n−(k+1)
k′=1 xj

; Ak, Bk

)]

. (62)

Since the second incomplete beta function in (62) will
lead to integrals with respect toxn−(k+1), . . . , x1 that can
not be solved, we apply the series expansionB(z; a, b) =

za
∑+∞

r=0
(1−b)r

(a+r)r!z
s on this function [30]. Considering the first

incomplete beta function in (62) (which is a constant) as a
special term in the expansion, (62) can be written in a compact
form as:

In−k =
∑

r1∈R1

· · ·
∑

rk−1∈Rk−1

∑

rk∈X
ξr1 · · · ξrk−1

ζ

xAk+rk

n−(k+1)



h −
n−(k+1)
∑

j=1

xj





Pn+
∑k

k′=1
Pn−k′−Ak−rk−1

(63)

In (63), X = {−Ak} ∪ N and ζ = B
(

1
k+1 ; Ak, Bk

)

if

rk = −Ak and ζ = − [1−Bk]rk

(Ak+rk)rk! otherwise. ReplacingAk

and Bk by their values from (61) shows thatX is equal to
the setRk given in (58) while the constantζ is equal to
the ξrk

defined in (57). Finally, in order to findIn−(k+1),

(63) must be multiplied byx
Pn−(k+1)−1

n−(k+1) following from the
pdf expression in (50). Carrying out this multiplication while
replacingAk and Bk by their values from (61) shows that
(63) can be obtained from (56) by replacingk with k + 1
completing the proof.

Based on the approach presented in proposition 5,
the pdf in (55) can be written asf∑n

j=1 h2
ij

(h) =
∑

m1,...,mn
cm1,...,mn

I1. Setting k = n − 1 in (56) results
in:

I1 =
∑

r1∈R1

· · ·
∑

rn−2∈Rn−2

ξr1 · · · ξrn−2

∫ h
n

0

xP1−1
1 x

∑n−2

k′=1
(Pn−k′+rk′)

1 (h − x1)
Pn−

∑n−2

k′=1
rk′−1 dx1

= h
∑n−1

k′=0
Pn−k′−1





∑

r1∈R1

· · ·
∑

rn−2∈Rn−2

ξr1 · · · ξrn−2

B

(

1

n
;

n−1
∑

k′=1

Pn−k′ +

n−2
∑

k′=1

rk′ , Pn −
n−2
∑

k′=1

rk′

)]

. (64)

In (64), the power ofh is
∑n−1

k′=0 Pn−k′ − 1 =
∑N

j=1 Pj −
1 = β

2 (in + mn) − 1 following from (52). As a conclusion,
the dominant term inf∑n

j=1 h2
ij

(h) =
∑

m1,...,mn
cm1,...,mn

I1

corresponds tomn = 0. Replacingmn by 0 in (51), equations
(29)-(33) follow from (52), (57), (58) and (64).
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