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Abstract—In this paper, we propose novel2 x 2 and 3 x 3 and analog energy detectors is well explored in the liteeatu
noncoherent Space-Time (ST) codes for Impulse-Radio Ultra this problem was considered almost exclusively in the odnte
Wideband (IR-UWB) communications with Pulse Position Mod- of Single-Input-Single-Output (SISO) systems [3]-[7].

ulation (PPM). The code design is based on existing cohereBfl L .
codes where the associated constellation is confined in ord&® In addition to the conventional SISO IR-UWB commu-

achieve full diversity with analog energy detectors. A compehen-  hications, the spatial dimension was explored in numerous
sive performance analysis guides this confinement and higghts  contributions that targeted the Space-Time (ST) code desig

the maximum rates that can be achieved by this specific layede for Multiple-Input-Multiple-Output (MIMO) IR-UWB systers
codeword structure with two and three transmit antennas. Tre 1101 150]. The existing literature covers coherent ST de
proposed cc_)des attain th_ese maximum rates without introduiag for IR-UWB with PPM [10]- [11] and Pulse Amplitude
any expansion to the unipolar PPM signal set. g )
Modulation (PAM) [12]- [13]. Noncoherent ST code designs
for differential TR IR-UWB communications were proposed
and analyzed in [14] and in [15]-[19] for PPM and PAM,
respectively. More recently, the first known noncoherent ST
scheme for PPM with analog energy detection was suggested
Noncoherent communication techniques are appealing jin[20].
scenarios where it is hard to estimate the underlying com-pespite the huge literature on ST coding with IR-UWB,
munication channel. A typical practical application cerrenone of the existing codes in [10]-[19] can be taken off the
sponds to Impulse-Radio Ultra-Wideband (IR-UWB) systemghelf and applied with ED-based PPM communications for
where the energy of the transmitted sub-nanosecond pulg@s following reason. While the detection of these codes is
is spread over hundreds of multi-path components. In ttigsed on the knowledge of the samples of the received signal
context, Transmitted Reference (TR) systems [1], [2] anghether for coherent communications [10]-[13] or diffeiah
Energy Detection (ED) systems [3]-[7] constitute viable4o communications [14]-[19], these samples are not available
cost and power-efficient alternatives to the coherent Rafge analog ED-based receiver that bypasses the ADC. In this
and matched-filter receivers. Moreover, given the exceBsiv context, the energies collected in the PPM slots constihee
large bandwidth of UWB signals that extends over severghly available decision metrics on which the detection pssc
GHz, the sampling frequencies are prohibitively high ang pased. In this context, only the noncoherent PPM code in
consequently, the efficiency and power-consumption of thgo] is amenable to ED. This focal constraint of decodapilit
analog-to-digital converters (ADC) constitute the bigdierin  with analog ED-based receivers drastically differentiatee
the implementation of coherent IR-UWB receivers [8] |rSth|ST code design approach in [10]_[19] as Compared to [20] In
context, the noncoherent TR/ED schemes bypass the hegt, while the coherent codes [10]-[13] and differentiades
ADC where the delay-lines/integrators are implementedé t[14]—[19] are all designed based on the design criteria ij,[2
analog domain. it has been proven in [20] that these design criteria do not
We consider IR-UWB communications with Pulse PositioRold for ED-PPM-ST codes. In this context, two better suited
Modulation (PPM) and ED-based receivers. PPM is advanigesign criteria for ED were derived in [20]. These criteridch
geous because it is easier to control the delays of the UW& the permutation-based layered codeword structurevhat
pulses rather than controlling their amplitudes and phf#es adopted for the design of coherent and noncoherent PPM-ST
On the other hand, energy detection constitutes an atteacttodes in [11] and [20], respectively.
solution that results in limited hardware complexity. In ED |n this paper, we consider the problem of noncoherent ED-
systems, the received signal is first filtered then squareld aWPM-ST code design in the cases of two and three transmit
integrated where such processing takes place in the ana@@iennas. The proposed codes are closely related to the code
domain. At a second time, the ED receiver decides in fav@f [20] where the newly proposed schemes and [20] share
of the PPM slot containing the maximum energy. While thge following key construction constraints. (i): Complanto
problem of noncoherent IR-UWB communications with PPMnalog ED with no ADC. (ii): PPM shaping constraint where
The author is with the Department of Electrical and Compétegineering the ST codes do n.Ot intrOduce.any expansion to the uncoded
of the Lebanese American University (LAU), Byblos, Lebanda-mail: real-valued and unipolar PPM signal set. These two comgsrai
chadi.abourjeily@lau.edu.lb). render the proposed schemes an appropriate solution to low-
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cost carrier-less UWB communications. At the receiver sidslot, then the accumulated energy can be expressed as:

the simple ED-based detection is applied where the ST coding 9

is entirely based on the integrated signal energy. Whilefall Q[T

the above aspects are common to the proposed schemes and ~ ¢P = Z/O > rpqt) +ng(t) | dt, 1)
q=1 peEP

[20], the main differentiators are as follows. While the esd

in [20] can be applied with an arbitrary_nu_mber of transmif,here rpq(t) stands for the end-to-end impulse response
antennas, the proposed ST codes are limited to the caseg&fyeen the-th transmit and-th receive antennas comprising
two and three antennas. Nevertheless, the superiority ®f {je effects of the UWB pulse shaper, the channel impulse
proposed codes resides in the achievable data rates t®x¢esponse and the receiver filter, () is the filtered additive
those attained by [20] with/-ary PPM for all values of/. In  \yhite Gaussian noise (AWGN) at theth antenna with zero

this context, we keep the same codeword structure as in [%%an, single-sided power spectral dendityand single-sided
and we solve for the codebook with maximum cardinality tg5nqwidthiv.

be associated with these codewords.

This work starts by reformulating the design criteria in
[20] thus fixing the structure of the noncoherent ED-PPM-ST
codebook based on excluding some elements from the code-Codeword Structure

IIl. SPACE-TIME ENCODING/DECODING

cardinalities arew and M [M -4+ {w systems, respectively. Fdt =2, the codewords are given by:
in the cases of two and three transmit antennas, respactivel (52)
The provided analysis guides the search for the codebooks C(s) = [ il WSSQ } , (2)

2 1

with maximum cardinalities where we provide the explicit
expressions of several equivalent codebooks that achieset and, for P = 3, the codewords are given by:
maximum cardinalities. This advantageous rate translates
enhanced coding gains in the average-to-large ranges of the s1 m(s3) m(s2)
signal-to-noise ratio (SNR). Compared to [20], the cardina Cs)=| 52 s m(ss) | ®)
ities of the ED-PPM-ST codebooks in [20] ake—=2) R 51
and LDA2MED) with two and three transmit antennas, In (2)-(3),s 2 (s1, s) for P = 2 ands 2 (s1, s, 53) for
respectively, and these cardinalities are exceeded byahe g — 3. The cyclic permutation of ordek is described by:
dinalities of proposed ST codebooks for all values)of .

The remainder of the paper is organized as follows. Section T (m)=(m+k—1) mod M+1, (4)
Il introduces the system model. The structure of the Sgeth ok
encoder and decoder as well as the design criteria to
satisfied by the proposed construction are all highlighted |

Section Hi. F_or the §ake of clarity, a synopsis of the resulE rresponds to the PPM slot that is occupied by the UWB
is presented in Section IV where the ST codebooks are I|st% Ise transmitted by the-th transmit antenna during theth

In Section V, the design criteria are translated into a Sgbypo1 guration. In this context, while th&/-PPM constel-
of confinement rules to be respected by the ST codeboq on hasM dimensions, we use the integers. sp €

n lthef ca;ﬁes O(; tl\)NO kand_t:]hree _transmlt g_ntelqpas. We n%t’ ..., M} to indicate the positions of the transmitted pulses.
solve for the codebooks with maximum cardinalities sabiey The interest in maintaining the codeword structure given

Fhe conﬁnement rules fpr two and thrge tran§m|t antennﬁ]‘s (2)-(3) stems from the much desired property that the
n Sec_tlon VI and Section VI, _respecpvely. Flna_lly, SOM&onstructed codes will be shape-preserving with PPM since
numerical results are presented in Section VIII while Qercti 7(s) € S whenevers € S. One can also identify the threaded
IX concludes the paper. structure of the codewords.
In the context of coherent communicatiosss S” where
Il. SYSTEM MODEL there are no constraints on the selection of the symbols
s1,...,8p from the M-PPM signal set [11]. On the other
Consider aM-ary PPM constellation for which the symbolhand, for noncoherent systems, the diversity gain of the ST
duration is divided inta\/ slots where a signal is transmittedcode will be lost if the entire se8” is considered [20]. In this
in the m-th slot for the communication of thex-th symbol case, the values of the information vectensiust be confined
form € {1,...,M} £ S. The analyzed system correspondg a convenient subseét of S” in order to maintain the full
to a MIMO IR-UWB system withP transmit antennas an@@ diversity advantage as in the coherent case. The objective
receive antennas. The integration time will be denoted’py of this work is to solve for the seaf having the maximum
Analog energy detectors are considered where the decardinality such that the association of the codewords ja (2
sion variables are based on the energies collected in {8 with analog energy detectors will be capable of achigvin
different PPM slots. Assume that the antennas in the sefull transmit diversity gain while exceeding the rates lué t
P c {1,..., P} are pulsed simultaneously in a certain PPModes proposed in [20].

(m1,ma,...) & (7% (my), 7% (ms), ...) for simplicity
notation.
In (2) and (3), the(p,n)-th element of the codeword



B. Energy-Based Noncoherent Detection 1) Criterion 1: At most one transmit antenna can be pulsed

The noncoherent Maximum-Likelihood (ML) detector deduring each PPM time slot.
cides in favor of the codeword that results in the combimatio 2) Criterion 2: The energies of théV pulses received from
of PPM slots that contain the maximum energy. The M@ny of theP antennas must not be all included in the decision
decision rule can be expressed under the following form: variable S0 | E,(s') for any s’ # s. If this is not the
N case, then when comparifg’_, E,(s') with 3 E,(s)
§ = argnax {Z En(s)} 7 (5) (for t_h_e sake of ML detection), the energy rec_e_ived fr_om a
seC | i specific antenna will be common to the two decision variables
and, hence, will simplify out (for high SNRs). Therefore,
transmissions from this antenna will have no impact on the
{\/IL decoder implying a reduced diversity order.
Criterion 2 has been mathematically formulated in [20]. An
equivalent formulation that simplifies the code design Wwél
presented in what follows. Consider theh symbol duration.

where N = P stands for the block length arid,,(s) stands
for the energy collected in the-th symbol duration when the
decoder is testing the assumption that the informationovec
is s.

The energyE,,(s) is given by:

e L Thep-th antenna is transmitting in the PPM s{of ,, (s) while
) : ) A ’
E,(s) = ZZEfzq,cp,n(s)v ) from (6), the ML decoder is adding the energies in the slots
g=lp=1 Cin(s'),...,Cpn(s’) when testing the assumptions thst
antenna in then-th PPM slot of then-th symbol duration. In , N .
(6), Cp.n(s) stands for thgp, n)-th element of the codeword I, , = { (1)’ itﬁerew‘i[sle’. o PH G onls') = Cpn(s); )
C(s) given in (2) and (3). ’ ' @)
Designate byé = {E\%, : =1 Q; n = i
9 y nm o5 4 RARER A wherel, , = 1 means that the energy received from fhth
L...,P; m = 1,...,M} the set comprising alkPM  ansmit antenna is included in the total energy collected i

integrated energies at all receive antennas in the PPM a&lotspe 4,-th symbol duratiori,,(s').

the P symbol durations. These energies need to be collectedy 5aq on the notation in (7), criterion 2 can be expressed
only once in the ST block duration in a way that is completelys 5 set ofP conditions as follows:

analogous to the detection of the non-coherent ST codes in

[20]. In this context, the sef is evaluated independently from (Iipy-- s Inp) #(1,...,1) 5 p=1,...,P. (8)

the tested codeword rendering the complexity of this pattief

receiver independent from the rate of the code. In other syord While the error probability decays exponentially with the
at this level, the decoding complexity of the proposed s&ergsNR [22] for the considered UWB channel model [23], crite-
and of [20] are the same. Moreover, as in [20], the ML decodgon 2 is used to guarantee the full diversity advantagedase
can be completely implemented using adders thus contniputithe performance analysis presented in [20]. In this contegt
positively to the simplicity of the decoder. The impact oéthSER of the ST scheme can be written as the produft@irms
codebook cardinality on the decoder complexity manifests éach related exclusively to a specific transmit antenna) lig(

(5) where|C| possible combinations of elements &fneed not satisfied for a certaip € {1,..., P}, the corresponding

to be tested. In this context, the decoding complexity of thimultiplicative term will disappear from the SER expression
part increases linearly with the cardinality of the coddbodmplying that the P-fold decrease in the SER can not be
necessitating the search among a larger number of elenwentsjuaranteed resulting in a reduced diversity gain. Intecest
the proposed code as compared to [20]. For example, follpwireaders are referred to [20] (eq. (32) and the subsequent
from the cardinalities of the proposed code and of [20] (thahalysis) for more details on the relation between criterio
have been reported in the introduction section), (5) ineslv2 and the achievable diversity gains.

testing% more elements compared to [20] in the case of

two transmit antennas where this ratio decreases Mth
IV. SYNOPSIS OF THERESULTS

C. Design Criteria For the sake of clarity and since solving for the codebook
From (2) and (3), since we are keeping the same codewdtdvith maximum cardinality involves numerous preliminary
structure as in [20], the presented noncoherent ED-PPM-SfRges, a synopsis of the results will be provided in thiiaec
code construction will be based on the design criteria if}.[20 The analysis provided in sections V-A and VI shows that
These criteria are based on minimizing the pairwise errtite codebook with maximum cardinality in the case of two
probability when transmitting the information vectsrand transmit antennas can be constructed as follaWwseven):
deciding in favor ofs’ # s. In particular, the two following
criteria need to be respected by the codeb8dkom which C={7"(1,n); n=2,...,.M/2; m=0,...,M — 1},
the information vectors are to be carvkd 9
. _ _ o , . that attains the maximum cardinality W
It is worth noting that these design criteria constitute aiafesufficient

but not necessary conditions for achieving full diversitiyhwenergy detectors Similarly, the analySiS PrOVided _in sections V-B and VII.iS
and PPM. culminated by the following solution of the codebook with



rate codes. This justifies the enhanced performance levels
compared to [20] where exactly the same set of construction
constraints is satisfied while inserting more informatiats b
per codeword. Based on the above observation, the associati
of the codewords with any subset 6f(in (9) or (10)) will
result, evidently, in reduced SERs.

o
>

Normalized Rate (R)
°
g

V. CONFINEMENT OF THE SETS”

°
S

A. P = 2 Transmit Antennas

o
@

‘ ‘ ‘ 13 1) First Confinement:Respecting criterion 1 by refraining
Kurber of Modtadon Postons () the two transmit antennas from transmitting in the same PPM
slot results in the following relations following from (2):

0.2
4

Fig. 1. Normalized rate of the new-codes (NC) versus the-estious-
codes (BPC) in [20]. $1 # 89 and s; # F(Sz)_ (11)

2) Second Confinemenifhe second confinement follows
maximum cardinality in the case of three transmit antennagrom satisfying criterion 2. We start by defining the followi

logical statements:
C=A{r"1,x(1),7"(1)) ;

n=2....M-3; m=0,....,M -1} U
{7 (1, 7™ (1),7"2(1)) ; n1=2,...,k—1;
no=2n1,...,M —2—mny ; m=0,...,M—1}, (10) From (2), the first antenna is transmitting in slgt of the
first symbol duration and in slat(s2) of the second symbol
achieving the cardinality of\/ [M — 4 + (M5>6(M6>ﬂ_ duration. Based on (5), the ML decoder is collecting the gyner
in slots s§ and s, of the first symbol duration and in slots
s} and w(s}) of the second symbol duration. Consequently,
fernng to (7) Ji1=1if s§ =s;0rsh =5, whilelp; =1
= m(s2) or w(sh) = m(s2). Using the logical statements

o . P — . P —
li:s)=s1 5 la:s)=s2 5 l3:8] =7(s2)

ly:sh=s1 ; ls:8h =350 ; lg:m(sh)=s1. (12)

The integerk is obtained by writingM under the form
= 3k+k" with &’ € {—1,0, 1}. The analysis in sections V,
VI and VIl also reveals the existence of a number of equivale
codebooks that have the same cardinalities as the codebd k‘?
given in (9) and (10). In this context, these equivalent sodd! (12): [11 =1 & L Visandl, =1 < I3V s where
achieve the same performance as (9)-(10) since the reslpeé/teStands for the logicabr operator. Therefore, the condition
construction constraints are the same. In (8) will not be satisfied fop = 1 when:
The normalized rate of a ST code is defined Rs= (Ii1,1o1) = (1,1) < (1 Vi) A(3VIs), (13)
Joe2(CD) \yherelog, (M) is the number of bits for a single- o
Plog, (M) go(M) g .
antenna system withl/-PPM. The proposed codes are tyvhere/ stands for the logicaind operator.
be compared with the codes in [20] that satisfy the sameOn the other hand, the second antenna is transmitting in
construction constraints. Fig. 1 compares the normaliaéesr Slots s2 and s, of the first and second symbol durations,
of the new-codes (NC) and the best-pervious-codes (BPC)rfppectively. Consequently; » = 1if s7 = s2 Or s5 = 55
[20] for which |C| = (¥, !). Results show that the proposedvhile I2» =1 if 51 = s1 or 7(s3) = 51 following from (7).

codes have higher rates for all valuesldt Therefore, using the logical statements in (12), the caoit
Unlike the determinant criterion [21] that is adopted foe thin (8) will not be satisfied fop = 2 when:
design of coherent ST codes where the minimum determinant (Lo Ioo) = (L1) & (bVIs)AL V). (14)

can assume any positive value, the condition in (8) does

not manifest such continuous variations in the sense that itKeeping in mind that criterion 2 follows from the pairwise
is either satisfied or not. Therefore, the coherent-QAM aredror probability of transmitting and deciding in favor of’,
noncoherent-PPM ST code design problems can be perceitieel following proposition holds.

as dual problems where, in the first case, the minimum deter-Propositionl: Criterion 2 is satisfied if (s},s)) #
minant is maximized for a fixed rate while, in the second casgy, 7~ '(s1)) and (s}, s5) # (m(s2), s1). In other words, for
the rate is maximized for a fixed quality-assurance indicatevery elements;, s2) of C, the two elementgss, 71 (s1))
(criterion 2). In this context, for all codes satisfyingterion and (7(s2), s1) must not belong t@.

2 (along with the other design constraints such as ED, shape- Proof: From (13),(l; V l4) A (I3 V I5) is true if either
preserving constraint,...), the SER performance will ewkea one of the following logical statements is trug: A I3 or
with the cardinality of the codebook since more informatioh A l5 or Iy Als or l4 Als. (i): [1 Als is always false since
bits will be included in each codeword without jeopardizing implies thats] = s; = w(s2) where the second equality
any of the desired features of the code. This is especialgntradicts (11). (ii)i; Al5 results in(s}, s5) = (s1, s2) which
true since, for the sake of comparing ST codes with differeist not possible since the pairwise error probability is eastd
rates, the SER must be plotted as a function of the SNietween distinct pairs of symbols. (iijjAl5 < sh, = s1 = 59
per information bit that turns to the good advantage of higlwhich is a false statement singe # s, from (11). Therefore,



the logical statement in (13) is truelif A [5 is true which is ¢ =1,...,11. The derivations are straightforward yet long and
equivalent tos] = m(s2) and s, = s;. tedious and, hence, will be omitted for the sake of brevity. A

Similarly, from (14),(12VIs)A(l1Vie) = (IaAl1)V(I2Alg)V  sketch of the proof and the derivations of some conjugates ar
(Is N1V (Is Nlg). (0): la N1 & 8§ = s1 = so contradicting provided in Appendix A. These derivations are analogous to

(12). (ii): I5 A lg & s1 = w(sh) = m(s2) contradicting (11). those provided for the proof of proposition 1. [ |
(iii): s A1y < (s}, sh) = (s1,52) which is false since’ #s.  Among the conjugates &f the conjugates!’) ands(® are
Consequently(ls Vis) A (11 Vi) < (IaANlg) < (sh,7(s5)) = unconditional conjugates that always exist for any infaiora
(52,51) < (s, 85) = (s2,m *(s1)) completing the proof. m  vectors satisfying (16) while the conjugats$’, ..., s!!) are

As a conclusion, from (11) and proposition 1, the codebodalonditional conjugates that exist only if the components of
C to be associated with the codewords in (2) in the case gdtisfy certain conditions. These conditions follow frohe t

two transmit antennas must satisfy: fact that the conjugates must satisfy (16) so that, in thir,t
they will be included irC. In fact, if these conditions are not
C={(s1,52) €8% | sa#s1, m(s2) # 51, satisfied, then the corresponding conjugates will not keton

(s1,82)* € C, (s1,82)"" ¢C} (15) C and, hence, will not affect the fulfillment of criterion 2.
As a conclusion, from (16) and proposition 2, the codebook
where (s1,s2)* £ (sa,7 ' (s1)) and (s1,52)*" £ (m(s2),51) ¢ to be associated with the codewords in (3) for three transmit
W|" be denoted by the Conjugates @;1, 82) that are d|St|nCt antennas must be constructed as follows:

B. P = 3 Transmit Antennas C={(s1,52,53) €S° | s1# 52, s1# 53, 52# 53,
1) First Confinement:From (3), criterion 1 is satisfied if s1#m(ss) , 527 m(ss) , 1 # m(s2)
the following conditions hold: ;s s ¢ C} , (19)
s1#£82 5 s1£83 3 S27£83 wheres™ ... s(1) are defined in (18).

s1 #7(s3) ;5 s2 £ w(s3) ; s1#£ w(s2), (16)
' (53) 2 (53) ' (52) VI. SOLVING FORC WITH 2 TRANSMIT ANTENNAS
where the elements of each column of a codeword need to b‘?n the caseP — 2. we will next solve for the sef whose

distinct. i i ) . structure is given (15) such that this set has the the maximum
2) Second ConfinementVe define the following additional cardinality

logical statements that complement those defined in (12) forProposition3: The maximum possible cardinality of the

the caseP’ = 3: codebookC whose structure satisfies (15)%(”21—_2).

lrish=s1 ls:sh=s3 ; lg:s|=m(s3) ; Proof: We will prove this proposition by contradiction.
Denote byC the set containing the conjugates of the elements
; ; ; of C. In this case|C|+ |C| < M (M — 2) since every element
ligisy=s3 3 sy =s3 ; hs:m(sy) =s2. (17) so of S can be associated with only — 2 elementss; of the
Proposition2: Criterion 2 is satisfied if for every elementS@Me Set such that the conditions in (11) are satisfied (hate t

(s1, s2,53) of C, the following elements do not belong € (s1,52)" and (s1, s2)™ will satisfy (11) when(sy, s3) satisfy
this equation). Assume thit| < |C|, then at least two distinct

11028/2:71'(83) ; 111283282 ; llgzw(slg)zsl ;

s & (7(s3),51,80) 5 s & (m(s2), m(s3),51) elements(s1, s2) and (s, s5) of C will share either the same
s® £ (n(s3), s2, 1) first conjugate or the same second conjugate. Now the relatio
s 2 (5,51, 53) o if sy £ m(s1) (81,82)* = (s, s5)* will imply that (s1,s2) = (s}, s5) since
s®) 2 (51, 55,7 1(s2)) the function7—1(.) is bijective and the relatiofis;, so)** =
Y (5", s5)** will imply that (si,s2) = (s),s5) as well since
(6) 2 ) o2 ) o AL o2
5(7) N (m(s2), 51, 83) _ the functionr(.) is bijective. This will contradict the fact that
S o 2 (51,83, 32)1 ;o 0f sy # m(so) (s1,s2) and (s}, s5) are distinct implying that the assumption
s®) 2 (53,580,771 (s1)) can not hold andC| > |C|. Combining this inequality with
s £ (51, 7(s3), 52) C| +|C| < M(M — 2) results in|c| < 2A=2), [
s(10) & (7(s3), 89,7 (s1)) 5 if s1 # 72(s3). (18) We will assume thafl/ is even in what follows.
s 2 (55 771(s1), 53) Proposition4: The subset 0% whoseM (M —2) elements
satisfy (11) can be written under the following form:
where the elements()) ... sD) will be referred to as the
conjugates os. So = {7"(1,n), 7™ (n, M) ;
Proof: From (8), (7), (12) and (17)[1,1,121,13,1) = n=2,...,M/2; m=0,...,M—1}. (20)

(1, 1, 1) == (ll VgV l7) A (lg VgV llO) A (13 Vs V 111),
(11,2, _[2,2, I372) = (1, 1, 1) == (ZQ ViV 111) AN (ll ViV 112) AN
(lg\/lg\/llg) and([lyg,jg_’g,jg_’g) = (1, 1, 1) < (lg\/llg\/ll4)/\
(laVisViis) A (11 Vi Vii2). Simplifying the resulting logical
statements while observing that some of them are always falsC = {#"'(1,n) ; n=2,...,M/2; m=0,...,M — 1},
since they violate (16) (o8’ = s) results ins’ = s for (21)

Proof: The proof is provided in Appendix B. [ |
Lemmal: From propositions 3 and 4, the codebabiith
maximum cardinality can be constructed as follows:



Fig. 2. Partitioning ofS2 for M = 4. Solid and dashed lines correspond t

the first and second conjugates, respectively.

which corresponds to the solution provided in (9).

Proof: We will prove that C =
{m"™(n,M); n=2---M/2; m=0---M—1}. In this

A. Structure ofC

Proposition5: The codeboolC C &y with maximum car-
dinality satisfies the following:

{7™(s) ; m=0,....M -1} CC V seC, (22)

implying that all permutations of elements ¢f are also
included inC.
Proof: The proof is provided in Appendix C. |

Proposition 5 suggests that if a certain codebook does not
satisfy the structure in (22) (as is the case of the codebook
%n [20]), then it is always possible to find another codebook
comprising a larger number of elements and, hence, the forme
codebook should be disregarded. Based on proposition 5
and (19), the structure of the codebook respecting the two
design criteria while having the maximum cardinality can be
simplified as follows:

case, the sef5, in (20) is partitioned into the two subsets (¢ — {Wm(l,wﬂl(l),wnzg)) c 83 |ny Z0, nyg -1

C andC (of equal cardinalityw each) where the first
set contains the information vectors to be associated \&ith

( y, e Z0, noZE —1, noZEng, ngZna+1

while the second set contains the conjugates of these sector s om=0,...,.M—1; s . s0¢ C} , (23)

so that (15) is respected.

Let (s1,s2) = 7™ (1,n): (s1,82)" = (7™ (n), 7™ (1)) =
7 (n, M). Similarly, (s1,s0)™ = (#™1(n),7™(1)) =
7™+ (n, M). Consequently, for a given value of, the
conjugates of theM elements ofC, = {7™(1,n)}M_}
are:  {7"(n, M)}MZ3 U {xmT(n, M)YMZS

m=0 -
{7 (n, M)} =g U {x™ (n, M)aloy = {7 (n, M)} ;155 &
C,, sincer™ (s) = n%(s) = s. Therefore, all the conjugates o
M — Mo
the elements of = |J,2, C,, are confined irC = J,>,Cy.

It is worth noting that® (rather tharC) can be selected as the

codebook. In this context; andC constitute two equivalent
codebooks that have the same cardinality.

Finally, while s”* # s* ands™* # s** for s’ # s, the
relations™* = s* can hold. Consider the element&'(1,n)
andr™*1(1,n) of C,, it follows directly that{z™+1(1,n)]* =

[#™(1,n)]** and, hence?,, possesses the following important

property in the interest of maximizing the cardinality ©f
the 2M conjugates of elements ¢f, correspond in reality to

where= and # stand for the equality and inequality modulo
M, respectively. In the same way, for two elemestands’
of 83, the relatiors = s’ (resp.s # s’) means that there exists
(resp. does not exist) an integer such thats = 7™ (s’).
Finally, proposition 5 simplifies the design problem from
solving for three unknowns as in (19) to solving for two
unknowns as in (23). Based on the introduced modulo-
equivalence between the elements ®f, the conjugates in
(18) can be rewritten as follows:

S(l) _ 7Tm+n2+1(1’ ﬂ,fngfl(l)’ ﬂ,nlfn271(1))
S(2) _ ﬂ_m+n1+1(1’ 71'”27”1(1)’ ﬂ_*nl*l(l))
S(3) _ 7Tm+n2+1(1’ T —nz—l(l)’ ﬂ_—ng—l(l))
S = gmna (1,7 (1), 727 (1)

s®) = am (1,72 (1), 7™~ 1(1))

if ni 5_'5 1

S(G) _ 7Tm+n1+1(1’ W_n1_1(1)7 ﬂ.ng—nl—l(l))
s(T) = 77 (1, 7"2(1), 7™ (1))

f

only M distinct elements where each one of these elements is s = qmna (1,712 (1), "2 (1))

concurrently the first conjugate of one elementqfand the
second conjugate of another elementCgf In other words,

if no#£ni+1
s = am(1, 72 T(1), 7™ (1))

while |C,,| = M, C, has the minimum possible cardinality s(10) = pmtna+l(] gra—n2=1(1) 7=n2=2(1))  (24)
of M since a smaller cardinality will imply that at least one (1) = pm+ni (] W’—nl—1(1) an’—nl (1))

element ofC,, is concurrently the first (or second) conjugate

of two or more elements of,, which is not possible. The
partitioning of S? is better illustrated in Fig. 2 fol = 4.

VIl. SOLVING FORC WITH 3 TRANSMIT ANTENNAS

We next consider the casB = 3 and we solve for the
codebookC with maximum cardinality such that its structur
satisfies (19). Denote h§, the subset o&* whose elements

satisfy the conditions in (16) that follow from respecting [S(i)}@ — [S(i)}(i) —s for (i,i)=

criterion 1. Through regular counting techniques, it can
proven thatS, comprisesM (M — 3)? elements.

if no 7_é —2.

It can be observed that the conjugat€s, . .., s'") belong
to Sp whenevers belongs toS,. Moreover, in a way similar
to observation 8 in Appendix C, it is straightforward to peov
that the conjugates in (24) satisfy the following relatidos
any elemenst of Sy:

e [s(l)] v =s? ; [5(2)}(2) =s), (25)

be (1,2),(3,8), (4,4),(5,9), (6,11),(7,7), (10,10).  (26)



n, resulting in:

1 2 3 4 w M5 M4 M3 M2
1 %) Yy =A{="(1,7(1),7"(1)) ;
2 () n=3,....M—-3;m=0,...,M—1}
z Vo = {ﬂ-m(lvﬂ'n(l)aﬂ-72(1)) 5
y n=2....M—4; m=0,....M—1}
" i Vs = {x" (1,7 (1), 7" (1) 5
M-S n=2,....M—4; m=0,...,M—1}, (30)
M-4
M-3 X where each one of these sets contalfis\/ — 5) elements.
s " Elements of)y, )» and Y3 possess all conjugates except

{s® s s®)1 (59 s(10) g1 and {s6) s s}, re-

Fig. 3. Partitioning ofSp. ‘X’ denotes the symbols that do not satisfy criterionSpeCtlvely'

1. 3) The setZ U W: In this case, all statements in (28)
hold and elements of U W possess eleven conjugates. For
convenience, the sef will be further partitioned into three

B. Partitioning of Sy sets as follows:

An extensive investigation of the properties of the conju- z, — {7z™(1,7"(1),7%(1)) ;
gates in (24) revealed that the search for the codebook with n—3 M—3:m=0 M—1}
maximum cardinality can be significantly simplified if thet se T ' T

m n n—2 .
Sy is partitioned as follows: Zy ={r"(1,7"(1),7" (1)) ;
n=4,....M—2; m=0,....M—1}
Sy = (Xl Uiy, U Xg) U (Jil Ur U Ji3)U Z3 = {ﬂ—m(laﬂ—72(1)aﬂ—n(1)) ;
Ly éy n:1,,M—5,m=O,,M—1}, (31)

(M) Y (w)’ (27) where each one of these sets contdifis\/ — 5) elements.

2z 2w The sedV will be further partitioned into two sets as follows

. L . . (m=0,...,M—1):
where this partitioning is better depicted in Fig. 3.

Elements of the same subset of the partition manifest similayy),, — {r™ (1, 7™ (1), 7™ (1) ; ng =2,...,M =5 ;
properties as will be explained later. From (24), we defiree th "o — 4 M=3|ns—m € {2 M—5))
logical statementd’;, F> and E5 as follows: 2 T 2 ! Y

Wr={r"(1,7"(1),7"%(1)) ; ny =5,...,M —3;

Ey:ni#1 ;5 FEy:ngZEni+1 ; FEz:ng# -2, (28) ng=2,...,M—6|n —nye{3,....M—5}} (32)

whereE; A E; A E5 is always false.

1) The setX: For the elements oft, only one of the
statements in (28) holds and, consequently, each one af thesBased on the partitioning &, according to (27), the code-
elements possesses five_conjugatei Elemenﬂs‘lp_fXg ﬂd book( in its turn will be partitioned a€ = Cx UCyuz UCw
X5 satisfy B4 A Ea A Es, E1 N Ey A Es and Eqx A\ Ex A Es,  whereCxy C X, Cyuz C (YUZ) andCyy C W. The locations

C. Partitioning ofC

respectively, resulting in: of the conjugates of the elements of each subse&t,adefine
how these subsets are interrelated and will guide the search
X, = {z="(1,7(1),7*(1)) ; m=0,...,M —1} for the sub-codebook€y, Cy,z and Cy such that|C| is
Xy = {7 (1,7(1), 7 2(1)) ; m=0,...,M—1} maximized.

We define the set of theth conjugates of the elements of

X = {ﬂ—m(laﬂ—_3(1)aﬂ—_2(1)) ;m=0,...,M— 1}a (29) the setA asA(i) where:

where each one of these sets contdifi®lements. In addition A 2 {S(i) . se Ab (33)
to the two conjugategs(’) s(®1, elements oft;, &, and

X3 possess the three additional conjugae®),s(!?),s('1)}, In this case, the relatio() = B indicates that the-th
{s©,5M,s®} and{s®),s*), s}, respectively. conjugates of elements of span the entire sét and, conse-

2) The sefy: For the elements @, two of the statements quently, thei-th conjugation defines a one-to-one relationship
in (28) hold and, consequently, each one of these elemebe&tween the setgl and5. Evidently, A and 5 must have the
possesses eight conjugates. Elements,0f), and); satisfy same cardinality in this case. From the conjugates’ progeert
E1\ AN FEy A Es, By A Es NEs and Ey A E5 A Es, respectively, in (26), the relationd® = B implies thatB() = A.



Fig. 4. Relations between the subsetg)ofind Z.

1) The seCy:
Observationl: The following bijections exist:

W =y M =a, x = . (34)

Proof: From (24) and (29),
that A" {mm B3 (1,73 (1), 72 (1) = A,
aY = et 1),72(1)) = A and
x0 = frmel(1rl(1),772(1)) = X, where

m € {0,...,M — 1} and the integersn + 3 and m — 1

(modulo-M) span this entire set. [ |
Corollary 1: Observation 1 implies thaC~| < M.

Proof: Equation (34) results int® = x,, x{? = x;

and X?fQ) = X; following from (26). Therefore, the inclusion
of one element ofY; in Cx implies that two elements (one
from each of the remaining subset§ j # i) need to be

excluded fronCy following from the one-to-one relationships

between elements of;, X> and Xs. Consequenthy2|Cy| <
|X\Cx|. Combining this inequality withCx| + |X\Cx| =
|X| = 3M results in|Cx| < M. |
2) The seCyyz:
Observatior2: The following bijections hold:
VW =y, 2 =25 (1.5) = (1,3),(2,1),(3,2), (35)
VWO =z, ¥ =z, ¥ =z
y§3) =21, y§4) =2y, 2(5) = Z3 (36)

V=2, =2, W =z

Fig. 5. Relations between the sets ), Z andWV. Solid lines stand for the
first two conjugates while dashed lines stand for the remgimionjugates.

The bijections in (35)-(36), as well as the inverse bijatsio
are better highlighted in Fig. 4.
Corollary 2: Observation 2 implies thd€y z| < M (M —
5).
Proof: Equations (35)-(36) and Fig. 4 show that the
conjugations define one-to-one relationships betweenway t
distinct sets among the six s&¥s, Vs, Vs, Z1, Z2, Z3. There-

it follows directly fore, the inclusion of one additional element of any of theige

subsets inCyz incurs the exclusion of five other elements
from the five remaining subsets following from the one-to-
one relationships. ConsequentyCyuz| < [(Y U Z)\Cyuz|.
Combining this inequality withCyuz| + (Y U 2)\Cyuz| =
| YUZ|=6M(M —5) results in|Cyuz| < M(M —5). ®H
Observatior3: The following inclusion relations hold:
xVcz, yWcz

j=1,23,1i#1,2. (37)

Proof: The proof is similar to the proofs of observations
1 and 2 and, hence, will be omitted. ]
3) The setCyy:
Observatio: The subsets of/V satisfy the following
relations:

WS —wy , W —wy s i=1,2 (38)

(2)
W@)CWU =3, 11 (39)
Proof: The proof is provided in Appendix D. [ |

The relations between the set§ )V, Z and W are better
highlighted in Fig. 5 following from observations 1, 2, 3 and

Proof: The proof follows from applying the conjugation4.
in (24) and performing the suitable change of variable. We wi 4) The setC:
provide the proof for two cases; the proof of the remaining Proposition6: The cardinality ofC is maximized ifCx is

cases follows in a similar manner. Let € {0,..., M — 1}

in what follows. (i) yl“‘) = Z5. From (24) and (30),

®) = famtn (1, pl=n(1), 7" 1(1)) , n=3,..., M — 3}.
Performing the change of variabté = 1 — n results inn’ =
—2=M-2forn=3andn/ =4—M =4 forn=M — 3.
Consequentlyy\® = {zm+1=n"(1, 77 (1), 7" ~2(1) , ' =
4,...,M — 2} = Z5 from (31) where{m +1—n' ; m
0,....M—1}y={m:m=0,....M—1}. (i) V¥ = 2
From (24) and (30))5%) = {zm=1(1,7"+1(1), (1)) , n =
2,...,M —4}. Performing the change of variablé = n + 1
results inV{¥ = {7m=1(1, 77 (1), 7*(1)) , n’ =3,..., M —
3} = Z; from (31) where{m —1; m =0,...,M — 1} =
{m; m=0,...,M—1}. [ ]

chosen to be equal to any one of the sE{sA>, X5 andCyyz
is chosen to be equal to any one of the S@{s)s, Vs.
Proof: From corollary 1 and corollary 2:

|C| =|Cx|+|Cyuz|+|Cw| < M+ M(M—5)+|Cy|. (40)

On the other hand, observation 4 shows that the conjugates
of W are confined inVU Z. In a similar way, the conjugates
of X are confined int U Z and that the conjugates 0f are
confined in) U Z following from observations 1, 2 and 3.

Therefore, the conjugates & and ) can not belong tdV’

and vice versa (refer to Fig. 5).
As a conclusion, the selection 6f = X; (fori € {1,2,3})
andCyyuz = Y; (for j € {1,2,3}) constitutes the best option



for the interest of maximizing the cardinality. (i): Thislse- where it can be easily proven thgd/;| and |W; | are always

tion achieves the maximum limit ahiax {|Cx| + [Cyuz|} = divisible by 3 for all values of\/.

M+ M (M —5) since|X;| = M and|Y;| = M (M —5) for all Given that the first and second conjugates of the elements
values ofi and j. (ii): From observation 1 (resp. 2), the firstof 1)/, are always confined im//;, then this set can be par-
two conjugates ofY; (resp.);) are in X, for ¢/ # i (resp. titioned into three subsets (of the same cardinality) sttt t
Y for j' # j) while the remaining conjugates are always igne subset contaiﬂg@ elements while the other two subsets
Z (from observation 3) implying that the conjugates of theontain the first and second conjugates of these elements,
setx; UY; are always outside this set and outsie C W.  respectively. The same holds fev; that can partitioned into
(iii): At the same time, this selection does not constrai@ thyree subsets of cardinaliﬁy@ each such that if an element

selection ofCyy in W since the conjugates of; UY; can not pe|ongs to a certain subset, then its first and second caefsiga
belong toV. In this context, while the inclusion of elementsy)| iy the remaining two subsets.

of Zin CxUCyuz might allow to achieve the maximum value  gpseryatiors: If Wi, is partitioned aswl, = Wi, U
of max {|Cx| + [Cyuz|}, this approach presents the limitation , R ool ver b1
of constraining the search f@xy (since conjugates of might Wow U Wy = {Um:2WU,h,m} U [Un1:2WU.,v,m] U
belong toW) resulting eventually in a smaller cardinality [Uf{izwff d_m} where (n =0, ..., M — 1):

From proposition 6, the codebooks with maximum cardi= o

nality can be constructed as follows: Wi, = 7™ (L, 7™ (1), 72(1))
C=X,UY;UCwy ; i,j€{1,2,3}, (41) ng =2ny,...,(M —2) —ni}, (45)
/ o m no —ni—1 .
where the search fafy, has been decoupled from the search Woom = {W (L7"(1), = M)
for Cx UCyuz. Solving forCyy is constrained by the conju- ng =ni,...,(M—2)—2n}, (46)
gates that belong tbV since, from (38)-(39), these conjugates Wy, , . = {71, 7" (1), 7" "2 (1))
belong toyW U Z while Z is excluded from the construction. ne=m+1,...,(M—1)—2n}, (47)
D. Solving forCyy thenW'U(_rlh) =Wia andW{,(VQh) =W, implying that, for any

We next solve for the sefy, with maximum cardinality. €lements of W, the elements, s(!) ands®) belong to three
Following from (38),s(Y) ands® belong toW, (resp.wy;) different subsets among/y; ,,, Wy, and Wy, ;.

when s belongs toWy (resp.W.). In what follows, & is Proof: The proof is provided in Append/ié F. o [
defined as the unique integer such thétis written asM = Note that, from (25)-(26), the reIatiohWUy,f,WU_’h) =
3k, M =3k+1orM=3k—1. Wi.as W), implies that

We next check if any of the first two conjugates can bev,") W,\?) = (Wi, Wy, and Wil W) =

equal tos. Note thats(!) = s implies thats() = s and vice (W}, W}, ). Note also that:
versa following from (25). ’ ’
Observatior: The relations = s(*) = s(2) can hold if and 14%% (M —5)(M—6)
Wonl=Wol=Wyal==55 =M | ——F—— |,

only if (m=0,...,M —1): 3
48)
S £ Seelf = where|z| roundsz to the nearest integer that is smaller than
7™ (1,75 (1), %% (1)) € Wu, if M =3k+1; z. _ . -
am (1,726 1(1), 7= 1(1)) e Wy, if M =3k —1. Observatior7: If W; is partitioned asW; = W , U
(42) Wi, UWica 2 |[USTAWE ] U (U5 WE 0| U
Proof: The proof is provided in Appendix E. [ | Ufl;;lzwi dna wherek/ =k —1if M =3k—1andk’ =k

Evidently, symbols satisfying (42) must be excluded from p; — 3k or &7 =3k +1 and v =0,..., M — 1)
Cw. If M is a multiple of 3, then none of the elements can be
equal to the first or second conjugate of itself. As a conotusi ~ Wj , ., = {7 (1, 7~™ " (1),7"*(1)) ;
the construction needs to be limited to the s@t§, = ny =ni,...,(M —3) —2n;} (49)
Wo\{sser} and W, 2 Wy \{sserr}. From (32), if follows - (. g ’1 - o ’
that [Wy| — MOS8 ang | — oG Lo, =17 (La" (1), 7" (1)) ;
resulting in: ng =2n1+1,...,(M—2)—ni}, (50)

2
Wi,d,nl _ {Trm(l,7Tm+n2+1(1),7Tn2(1)) :

(M=5)(M—6) _ :
IWh| = M { s oy L % - g’]z Zrljw oy ne=ni+1,....(M=2)—2n}, (51)
and: (43) thenw;") = Wy, , andW;%) = W;  implying that, for any
elements of W, the elements, s(*) ands(®) belong to three
, MEOMT 1 M =3k -1 different subsets among/; ,, Wi, , andW; .
Wil =M Wv M =3kor M =3k + 1. Proof: The proof is similar to the proof of observation 6

(44) and, hence, will be omitted. [ |
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SNR per bit (dB) SNR per bit (dB)

Fig. 6. Performance of the new-code (NC) versus the bestquecode Fig. 7. Performance of the new-code (NC) versus the besteug-code
(BPC) with 2 transmit antennas and 4-PPM. (BPC) with 2 transmit antennas and 8-PPM.

Proposition7: The maximum possible cardinality 6fy is: SISO non-coherent systems wifli-PPM. For such systems,

WL | (M — 5)(M — 6) after integrating the energy in th&f/ slots, the ED receiver
max{|Cyw|} = TU =M {fJ (52) decides in favor of the PPM slot containing the maximum
_ _ _ _ energy.
Proof: The proof is provided in Appendix G. B Fig. 6 and Fig. 7 show the performance with two transmit
C(_)roll_ary3: From proposition 7, the s€}y with maximum antennas forM = 4 and M = 8, respectively. Results
cardinality can be selected as: highlight the high performance levels that can be achiewed b

YY) Yy Y the proposed code. Regarding the diversity order, the sliyer
Cw =W OF Oy =W, OF Oy =Wyae (53) gains with respect to single-antenna systems are evideg wh
Proof: If Cyy is taken to be equal to any subset amonijje proposed code and [20] achieve the same diversity order
the three subset®V;;,, Wy, or Wy, then the first and where the corresponding SER curves are practically paralle
second conjugates will fall in the two other subsets folluyi to each other for large SNRs. Results show the superiority
from observation 6 while the remaining conjugates will bef the proposed code with respect to [20] over the entire
outside Wy following from (39). Therefore, the conjugatesSNR range and for different numbers of receive antennas.
of elements ofCyy, will be outsideC,y, while, from (48), the The performance gains are in the order lodB and 0.25
cardinality will be equal to the maximum cardinality in (52)dB for M = 4 and M = 8, respectively. It is worth noting
m that the performance df/-PPM enhances with/ despite the
Note that a number of solutions other than (53) can lecrease in the data rate [3]. This clearly distinguishés Ali-
obtained where an element of a subset ambvg,, ¥, dimensional modulation compared to the more conventional
and Wy, , can be replaced by either its first conjugate or itsvo-dimensional QAM and PSK modulations.
second conjugate from the other two subsets. Finally, fromFig. 8 and Fig. 9 show the performance with three transmit
(41) and (53), selecting = 1, j = 1 andCyw = W, antennas folM = 5 and M = 8, respectively. In this case,
results inC = A; U Y U WUh Replacing X1, V; and the performance gains with respect to [20] are in the order of
WUh = Um 2WUh ., by their values from (29), (30) and 0.9 dB and0.3 dB for M = 5 and M = 8, respectively.
(45), respectively, résults in the solution provided in)(10 It is worth noting that the performance gains in figures
6, 7, 8 and 9 can be achieved while respecting the same
VIII. N UMERICAL RESULTS construction constraints as in [20]. In other words, theme c
be perceived as complimentary gains that are not associated

Simulations are performed over the IEEE 802.15.3a U \%nh any consequential limitations.

channel model CM2 [23]. The integration time and filter
bandwidth are set td@; =5 ns andWW =5 GHz, respectively.
The new-codes (NC) are compared with the best-previous-
codes (BPC) in [20] where these codes outperform otherWe have proposed novel encoding schemes that can be
schemes that satisfy comparable construction constréfimts associated with2 x 2 and 3 x 3 noncoherent MIMO IR-
example, the reader is referred to figure 6 in [20]). MorepvddWB systems. The proposed schemes are characterized by
the comparison with [20] is judged to be the most illustrativa remarked simplicity where each transmit antenna is pulsed
since the compared codes satisfy exactly the same setoate per symbol while the receiver is based on analog energy
constraints. Results show the variation of the Symbol4Erraletection in a way that is completely analogous to noncattere
Rate (SER) as a function of the SNR per information bit. I8ISO IR-UWB systems. The main advantage of the proposed
what follows, the curves labelddk 1 correspond to the SER of constructions resides in attaining the maximum achievable

IX. CONCLUSION
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SER

SNR per bit (dB) SNR per bit (dB)

Fig. 8. Performance of the new-code (NC) versus the bestquecode Fig. 9. Performance of the new-code (NC) versus the bestque-code
(BPC) with 3 transmit antennas and 5-PPM. (BPC) with 3 transmit antennas and 8-PPM.

code rates under the PPM-shaping and ED-decodability con- APPENDIXB
straints. Future work must consider possible extensions tolhe setS* can be written asS? = {(z,7"(z));z =
higher numbers of transmit antennas. The expected incheasé - M,n = 0---M —1}. From (11), elements ofS,
the number of conjugates renders solving for the maximurfst satisfyz # 7" (x) andz # 7"'(z) implying that
rate codebooks much more challenging. n and n + 1 must be different from[0 mod M]. Con-
sequently, Sp can be written asS, = Sl) U 852) =
{lom i) 2 ML U (@7 (@) @ =
APPENDIXA MM M 241" Settlng:z: =7"(1)form=0,...,M—1
Consider the relation(l1 3, l23,153) = (1,1,1) & in Sé ) implies that elements of this set can be written as
(s V liz V) A (la VIsVhs) A ViVl @177 1) = (#™(1),7™(n)) = 7™ (1,n) since
where this logical statement can be expanded a& '(1) =nforn =2,... 4 Performmg the change of

Die(8,13,14) 2uje{2,5.15) 2oke{1,612y li A lj Al where variablen — M —n + 1 in S |mpl|es that this set can
this triple summation contains 27 terms. Among thegse written as{(z,7M"(2)) , » = M}M2 Setting
terms, 22 terms contradict (16) or result $h = s while , — amtn=l(1) form =0,...,M —1 |mpI|es that elements
the remaining terms will result in five of the conjugatesf this set can be written agrm (1), aMIm=l(1) =
in (18). The first category of terms includes, for examplgq™(n), 7™~1(1)) = 7™ (n,M) since 7~'(1) = M and
haANlis Nle & s1 = 7(s3), liu ANla A1z & 52 = 83, 7M(s) =s.
lg/\l5/\ll & s =5 andllg/\ll5/\112 <~ S1 = S2 all
contradicting (16). APPENDIXC

The five terms that do not contradict criterion 1 or the Observatior8: The following relation holds:
conditions’ = s aTE(llg/\ll5 /\ll), (lg Als /\16), (114/\15/\112), - @
(lta A 115 Alg) and (li3 A la A l12). Consider the first Vs e Sp,i€{3,...,11} 3 ie{3,...,11} | {s“)} =s.

statementlys A 115 A 11 that results ins’ = (s7, sh,s5) = (54)
(51,83, 7 (s2)) = s® given in (18). Fors’ = s®® to be  In particular, i = 8,4,9,11,7,3,5,10,6 for i =
an element ofC, it must satisfy the conditions in (16). (i):3,4,5,6,7,8,9,10, 11, respectively.

The conditions] # s holds since it implies that; # s3 Proof: We provide the proof foi = 3 and the remaining

where this condition holds sineesatisfies (16). (ii)s5 # s5 cases follow in a similar manner. Let = (s}, s},s%) =
holds sinces; # 7 !(s2) < s # m(s3) from (16). (jii): s = (7(s3), 52, 51). From (18),s'®) = (s4, sh, 7 (s})) =

sy # m(sh) holds sinces; # m(m !(s2)) = so from (sy,s0,53) =s wheres'(®) exists sinces} # 7(s,) following
(16). (iv): sh # w(sy) holds sinces; # m(7m '(s2)) = s2  from s; # 7(s3) which follows from (16). [ ]
from (16). (v): s} # w(sh) holds sinces; # w(s3) from Proposition8: Let C be a codebook with maximum cardi-
(16). While the five previous relations always hold for anpality in Sy. The setSy can be partitioned agy = CU(C’

s € C, the relations; # s, does not always hold. In fact,whereC’ 2 {s(V),... s(!1) | s € C} contains the conjugates
sh # sh & 51 # 7 1(s2) & s # w(s1) where the last of all the codewords. In other words, there are no elements of
inequality does not appear in (16). Consequently, for son$g that are neither codewords (of the codebook with maximum
elements of’, s, might be equal tor(s;). Therefore, fos®)  cardinality) nor conjugates of codewords.

to belong taC, the conditionsy # 7(s1) must be satisfied. The Proof: Assume thatSy\ (C UC’) is not empty and denote
analysis of the four remaining statements follows in a @imilby s an element of this set. We will next prove thatan be
manner. always moved inta.
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Consider first the conjugates®, ... s(!). Assume that ~We will next analyze the sew” for i = 1,...,11.
30 e {3,...,11} | s®) € C. From observation 8, The analysis ofV'" follows in a similar manner. Consider
33| [S(i)](z) = s implying thats is thei-th conjugate of an elements of Wy, the conjugates() can be written as
an element o’ (s € €) and, consequently, must belong tor™ (1,7 (1),7"2(1)) and the following cases need to be

C’ contradicting the fact that € Sy\(C U C’). Therefore: considered.
) an 1 =1: Ny = —ny—1andNs = n; —no—1 from (24). From
s, st g C. (5%) Uy, —np € {3,...,M—4} = N, € {2,..., M —5} implying

that NV, satisfiesU;. FromUs, ny —ny € {5,..., M — 2} =
. o . Ny € {4,...,M — 3} implying that N, satisfiesU;. From
following possibilities arise. _ o _ UL Nz{— Ni=nye %27 ..., M —5) implying that Ny — N\,

Case 1s!) € C ands® € C. This case is impossible sinceg,tisfiess .. Therefores!) « W
[s(”}(l) = s must be outsid€ for s) to be inC. i— 9 ]\?;1 — ny—ny andN, :[inl_l from (24). From{/s,

Case 25!V ¢ C ands® ¢ C. Combining these relations n, ¢ {2, M/ — 5} implying that N, satisfies/;. FromU,
with (55) results ins™), ... s"") ¢ C and, hences can be N, ¢ {4, .., M —3) implying that N, satisfiesl/s. FromUs,
included inC (since its conjugates are all outsid§ thus x;, N, — —p,— 1€ {2,..., M —5} implying thatN, — N;
contradicting the fact that hlas the maximum cardinality.  gatisfiest/;. Therefores® € Wy.

Case 3s( ¢ C ands) € C for (i,¢') = (L2) OF  ; _ 3 N, =y —ny—1 and Ny = —ny — 1 from (24).
(2,1). In this case, by moving") to ¢’ ands to C (since cgse 1: ifn, = 2 thenN; = 1 —ny and Ny = —ny — 1
sV, ...,s!!D will be outsideC), the same maximum cardinal-yhere N, € {4, .. M- 3} following from Us. In this case,
ity is maintained while increasing the number of elements of _ n, — 2 ands® ¢ 2, given in (31). Case 2u; # 2.
C’. This alternative solution of maintaining the same maXimU’@ombining this condition with (56) results in the following
cardinality ofC while increasing the cardinality @’ is more o\ set of conditions:
desirable sinces(’) can concurrently serve as the conjugate
to codewords other thasin C. U :nie{3,....M—-5} , Uy:nyge{5...,M-3} ,

As a conclusion, all elements 65\ (CUC’) can be moved - . e —my € {2,..., M — 6}, (58)
to C (since their conjugates will be outsidd for the sake

of maximizing the size of the codebook while respecting the prom UL, Ny € {5,...,M — 3} implying that N, satisfies
structure in (19). Therefores\(C UC’) is empty andSo = 1, FromUs, —ny € {3,..., M—5} = Ny € {2,..., M—6}

Now, consider the remaining conjugatéd ands(®. The

cuc. B implying that N, satisfiesLo. From U], N — Ny = n; €
Corollary4: If s € C ands’ € C, thenm™(s) and7™(s") {3 ... M — 5} implying that N; — N, satisfiesLs. As a
are elements of.. conclusions® € Wy, for ny # 2.
Proof: From proposition 8s € C = s",....;s") €’ |5 4 way that is analogous to the case- 3, it can be
ands’ € C = s/, s € C". Now, s # s for proven that the conjugates sfc W, satisfy the following
i = 1,...,11 sinces € C ands'® € (C'. Taking the |glations. (@):(s®, 5@, s®)) € Z, x Zy x Z, for n, = 2 and

permutation of ordem of both sides of the mgqgahty implies (s®),s® s()) € W3 otherwise. (ii):(s®,s(V,s®)) € Z; x
that 7 (s) # 7™ (s'?) = [x™(s)]”. In a similar manner, Zyx Z3 forng—n; = 2and(s(®,s(",s(®) € W2 otherwise.
s' # s implying thatr™ (s') # 7™ (sV) = Jﬂm(s)](”- From  (ji): (s9,s19 s(1D)) e 2Z3 x Z; x Z, for ny = M — 3 and
proposition 8, the relations™ (s) # [7™(s’)] D andr™(s') # (s,s010) s11)) ¢ W3 otherwise. As a conclusiony,! =
[ (s)]") imply that the elementsr™(s) and 7™(s') can yy, for i = 1,2 and W ¢ (W, U Z) for i = 3,..., 11.
be readily selected as codewords (and their conjugates will

be readily inC’). Therefore, addingr™(s) and ="(s’) to

C can be accomplished without violating any condition. As APPENDIXE

a conclusion, these elements must be added sihce the

i 1 —
codebook having maximum cardinality. we will solve S B

ﬂ.m-ﬁ-ng-ﬁ-l(l’7.‘_—712—1(1)7ﬂ.n1—n2—1(1)) —
7™ (1,7 (1),7™2(1)) = s. This results in the following

APPENDIXD equations:(m — m’) + no +1 = 0, (m —m’) = n; and
From (32), elements ofW can be written ass = (m —m') +ny = ny. Eliminating (m — ') results in the
77 (1,77 (1), 7" (1)) where the following conditions are WO following equations2n; = n» andny +ny = —1.
satisfied forVy: Adding the last two equations results 3m; = —1. (i): If
M =3k 3n=-1=3n =k@Bk)—1=n =kk—3
Uy:nie{2,....M -5} , Us:no€e{4,...,.M—3} , which is not an integer. (ii): I/ = 3k+1, then it is possible
Us:ng —mny €1{2,...,M -5}, (56) 0 have3n; = -1 if 3n; = (3k + 1) — 1 = 3k resulting in
n1 = k andny = 2k where the obtained element will belong
and the following conditions are satisfied figv: to Wy from (32). (iii): If M = 3k — 1, then it is possible to
have3n, = —1if 3n; =2(3k—1) — 1 = 6k — 3 resulting in
Lyime{5,....M =3}, Ly:ng€{2,....M—6} ,  —2k—1andn, = 4k — 2 = k — 1 where the obtained

Ls:ny—nye{3,...,M —5}. (57) element will belong toV;, from (32).
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First, we check thatWVy,,| + Wy, | + WVl
Wy;|. From  (45)-(47), Wi, WG vy |
Wam, | = M[(M — 1) — 3n1] implying that PV, |

d, o .,
Wil = Whal = MYNLIM — 1) — 3n4]

M {(M —1)(k-2)-3 (@ - 1)} . Therefore|W;, |+

Wl + Wisal = 3M [(M = 1)(k —2) =3 (251 — 1)
where it can be easily proven that this number is equal
IW(;| given in (43) in the cased/ = 3k, M = 3k + 1 and
M =3k —1.
From (24) and (45):
/(1) {ﬂ.ernngl(Langfl(l)vﬂnlfngfl(l))

U,h,n -
; n2:12n1-~-M—2—n1} for ny = 2,...,k — 1
Performing the change of variabl®;, = —n, — 1 results

in Ny = —2n; — 1 = (M— 1) — 2nq for ny = 2n1 and
No =ng — M+1 n1+1f0rn2=(M—2)—n1.
Therefore, W['J(i),m {mm=Nz(1, 7N2(1), 71 N2 (1))

i No=n1+1,...,(M —1)—2n;} which is equal to
Wi 4.n, defined in (47) {m ; m 0,....M -1} =
{m—Ng ] m:0,...,M—1}VN2).

From (24) and (45):
Wlll(jz).,nl _ {Fm+n1+1(1’ﬂ_ngfnl(l)’ﬂ_fnlfl(l))

i ng=2ny---M—2—mny}forn, =2,... k—1. Perform-
ing the change of variablé/s = ny — ny results inNy = ny
for ng = 2n1 anng = (M—2)—2n1 for Nno = (M—2)—7’Ll.
Therefore, W7 = {amtm+l(1,7N2(1), 71 (1))

; No=nq,...,(M —2) —2n,} which is equal toWl’],m1
definedin (46){m; m=0,...,M—1} = {m+n;+1; m =
O,,M—l} an)

APPENDIX G

It can be observed that the sé() ; i = 1,...,11
remains unchanged  is replaced by or s(?). Therefore,
s, stV ands® are equivalent since they generate the sa
set of conjugates. Therefore, without loss of generaltg t
construction can be limited vV, , U W} , where for every
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Proof: Consider two distinct (moduld{) elementss =

7 (1,77 (1), 772(1)) ands’ = 7™ (1,wn1(1),wn’z(1)) of

7 - We will next prove that the relation™ = s'(*) can
not hold for (i,i’) € {3,4,5}2 The following cases need to
be considered.

(i): i = i": s) = ¢'() = s = ¢ contradicting the fact that
s ands’ are distinct.

(i): (i,4') = (4,3): §'G) = s = &' = [sH)]®) from (26).
ksom (24), this relation results in:

s =a™m (1,#7"2(1),7&17"271(1))
D (17Wf(nrnfl(l)’W(n171)7(n271)71(1))
_ [ﬂ,m (1’ﬂ_nlfl(l)vﬂ,ngfl(l))}(l) a S//(l)7

where, following from the structure ofV; , in (47), the
following cases arise. (ii.1)2 € {n1+2,...,(M—2)—2n4}.
In this cases” € W, , implying thats”™) € Wil') =W |
from observation 7. (ii.2)2s = n1+1. In this cases” € W’L,U
implying thats”® e W;')) = Wj , from observation 7.
Therefore, in both cases, = s”(!) can not belong toV] .

(iii): (4,4 (5,4): '@ =50 = ¢ = [sO]W =
7 (1,77"2(1), 7" ~"2~1(1)) following from (24) and (26).
This relation is the same as (59) resulting in the same firsding
as in case (ii).

(iv): (i,7) = (5,3): s® = B = s = [¢@]O) =
o (1,772 (1), W"Q*"'fl(l)) following from (24) and (26).
This relation is equivalent to (59) whene; and n, need
to be replaced byn) and n), respectively. Therefore, by
interchanging the roles of ands’, the same conclusion that
s ¢ Wy, , can be drawn.

(v): The remaining case$i,i’) € {(3,4),(4,5),(3,5)}
follow by interchanging the roles of and s’ in cases (ii),
(iii) and (iv), respectively. [ |

Let Ny £ [Cw N W[,,| and N, £ [Cyy N W] 4| with

(59)

nfev|=Nu + Ni. Following from observation 9 and proposi-

tion 9, no two or more elements 6§, N W; , can share the
same third, fourth or fifth conjugate W, , . Moreover, these

element of W/, (resp. W), ), there are two elements inconjugates must fall outsidgy (i.e. insideWVy; ;, \Cy) for Cyy

Wi, UWI, , (resp. W), UW) ) that share the same set© _ _ Wi =
y } ’ . adCw NWy 4| implying that W, | — Ny > N, resulting in

of conjugates. In other words, for any codebook selecteah fr

constitute a feasible solution. Consequerjilyy; , \Cw| >

— / / H H H
Wi, UW) ,, there exists a number of equivalent codebook$t + Nz = ICw| < Wy | where|Wy, , | is given in (48).
where any codeword can be replaced by its first or second

conjugate without altering the sets of spanned conjugates.
Observatior9: Consider an elemestof W} ,, then either
s® or s ors® fall in Wy,

Proof: Consider the third conjugat#® . Sinces®) € W,
for s € Wi, from (39), thens'® falls in either\V;, , or Wy,
or Wy 4. (): If s ¢ Wy 1, then the proof is complete. (ii): If
s® e Wy, then[s®]() =56 e W) =Wy, where the
last equality follows from observation 6. (jii): (3 e W 4o
then[s®]® = s € W2} = Wy, where the last equality
follows from observation 6. Therefore, in all cases, eitfér
or st or s(® belong toW, . u

Proposition9: An element of Wy, can be at most the
third, fourth or fifth conjugate of one elementiv; .
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